Solutions to Linear Algebra Practice Problems 1

-1
1. We can solve MZ = | —2| first.
-3
13 -4 7 -1
Consider the augmented matrix [M b= [2 6 5 1 —2|. Now we
39 4 5 -3
perform row operations on the augmented matrix.
1 3 -4 7 —1 o 13 -4 7 -1
26 5 1 =2rp:=(=2)r;+ryr3:=(=3)r1+r3|0 0 13 —13 0
39 4 5 -3 00 16 —-16 O
o 13 -4 7 -1
7’2::1—137’2,7“3::%7”3,7’3::7’3—7”2 00 1 -1 0
00 0 0 O
o 130 3 -1
rir:=4ro+7m |0 0 1 —1 0
000 0 O

So the solution is

T +3x2—|—3:v4 =-1
[E3—CL’4:O (1)

T9 and x4 are free.

So
T = -1 - 31’2 — 3.174
T9 IS Iree
_ (2)
XT3 = T4
x4 is free.
—1
Thus the solution of Mz = |—-2] is
-3



T -1 - 3513'2 — 3.1'4 —1 -3 -3
i) i)

0 1 0
T = | = s =10 + 9 0 + x4 BE where
Ty T4 0 0 1
2o and x4 are any numbers.
The solution of Mz = 0 is of the form
I —31’2 — 3[E4 -3 -3
F= " = 2 = ! +x 0
o xTs3 - T4 - 0 4 1
Ty Ty 0 1

where x5 and x4 are any numbers.

2. (a.)
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(2,3,4,5).

(b) The solution in part (a) implies that

Thus (z1, x2, T3, T4)

3. Consider a linear system whose augmented matrix is of the form



11
1 2
3 5

< O O
S =N

(a) For what values of a will the system have a unique solution? What
is the solution?(your answer may involve a and b)

(b) For what values of a and b will the system have infinitely many
solutions?

(c¢) For what values of a and b will the system be inconsistent?

Answer:
(a)

(1 1 0 o (1 1
1 2 01 To + (—1)7”1, T3 + (—3)7’1 01
| 3 5 alb | 0 2
—_ — [ 1 1 O 2 —_ — i 1 0
rs+(=2)rs | 0 1 0| —1 r+(=1)re | 0 1
| 0 0 a|b—4 00

The system will have a unique solution when a # 0. The solution
is (3,—1,24).

(b) The system will have infinitely many solutions if a = 0 and b = 4.
(¢) The system will be inconsistent if @ = 0 and b # 4

4. (a)
1 2 3 4] 1 1 -1
23 4 1 1 -1 1
A=lg 4 | ol dB=1 |
41 2 3] 1 1 1
123411 1 -1 10 6 10
23 4 1|1 =1 1 10 4 10
AB=10 4, 1911 1 1| |10 2 10
412311 1 10 8 10

QOO @ OO



(b) Note that B is a 4 x 3 matrix and A is a 4 X 4 matrix. So BA is
not defined.

1 1 -1 -3 -3 3
1 -1 1 -3 3 -3
() =8B==3-11 | 1|7 |-3 -3 —3
1 1 1 -3 -3 -3
1 1 11
B'=1]1 -1 11
-1 1 11
T
06 101\ g
BTAT = (AB)T = =16 4 2 8
107210 10 10 10 10
10 8 10
o 17
4 =2
5. (a) 0o ol = [v1 v9]. We have v; = —2vs. So the set of column
vectors is linearly dependent.
o 17
(b) | 4 —2]|. The first column vector is not a multiple of the second
2 2

column vector. So the set of column vectors is linearly independent.

(c)

0130 20 00
0014 - . 0130
00 o0 1| move the last row to the first row 00 1 4
2000 0001

This matrix has four pivot vectors. So the columns of the matrix form
a linearly independent set.



—_~—

r3 +4ry,ry + (=5)r;

—_——

T3 + 37”2, Ty + (—4)7"2

-3
-1
0
4 -
0 3]
~1 4
-3 12

D W = O

4 —9]
0 3
1 —
0 0
0 7

interchange first and third row

1
interchange 3rd and 4th row, ?r4

—_——

This matrix has three pivot vectors. So the columns of the matrix form
a linearly independent set.

(e)

The column vectors of

-4 =3
2 -1
1 2
5 4

DD W =

-1
6
-3

2

-3

2

form a dependent set since we have five column vectors in R*. We will
have at least one free variable for the solution of Az = 0.

1 2
6. Let A= |—-1 -3
-2 =5

(a) b lies in the span if the linear system associated with the aug-
b] is consistent. Consider the augmented ma-

mented matrix [A
1

trix[A b = |—1

6

2 bl
-3 by
-5 b5
1 2 by
0 -1 by + by
0 0 by —0by+0s

—_~—

T IIT’1+T2,7’3 IIT’3+27’1

1
0
0

1 0 3
0 —1 4
—4 -3 0
5 4 6
1 0 3

—— |0 1 -4

(=Dr2 1y 3 19
0 4 -9
1 0 3
01 —4
00 1
00 0

9 by

—1 b+ by

—1 2b, + by




by
So this system is consistent if by — by + b3 = 0. Thus b = | by | lies

bs
in the span of the column vectors of A if by — by + b3 = 0.
1 by
(b) Now b= |2| = |[by|. Soby —bys+b3=1—-24+3=2#0. Thus
3 b3
1
2| is not in the span of the column vectors of A.
3
7. (a)
1 1 2 - 11 2
M=1|1 a+1 3 |ro+(=1)r,rs+(=1)r |0 «a 1
1 a a+1 0 a—1 a—1}]
— 112 o 11 2
rgifa—1#0,r9<r3 |0 1 1|r3+(—a)rg > r3 |0 1 1
a—1 0 a1 00 1-a

Thus the column vectors are independent if a # 1. The column vectors
are dependent if a = 1.

8. First, note that

1 [1] 0 0 1 0 0
T(|20)=T(|0f +2[1]| +3|0| =T(|0|)+T(2|1|)+T(3|0})
3 0] 0 1 0 0 1
[1] 0 0
=T(|0|)+2T(|1]|)+3T(|0]| =T(e1) + 2T (e2) + 3T (e3).
0 0 1

We need to find T'(ey), T'(e2) and T'(es).

Since T is linear, we have T'(e; + e2) = T'(e1) + T(e2), T'(e1 — e3) =
T(e1)—T(eqy) and T'(e;+eg+e3) = T'(e1)+T(e2)+T(e3). The conditions

Tl +e5) = [1} T(er —ep) = H

1
1 3 and T'(e; + e +e3) = [_2} can

be written as



e) = {ﬂ , we get 27T(eq) =

es) — (T(e1) — T(e2)) =



