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(2,3,4,5).

(b) The solution in part (a) implies that

Thus (z1, z2, T3, T4)




1 3 -4 7
M=12 6 5 1].
39 4 5]
(1 3 —4 7 o (1 3 —4 7
2 6 5 1 7”2-27"1,7“3+(-3)7"1 0 0 13 -13
3 9 4 0 0 16 —16
;T (1 3 —4 [t 30 3
1—37“2,E7‘3,7“3—7“2 00 1 -1 ri+4r, [0 0 1 —1
00 0 O 000 0
1 3 0 3
So the reduced row echelon form of M isis |0 0 1 —1]|. The solu-
000 O
tion is x1 + 322 + 324 = 0 and 23 — x4 = 0. Thus 1 = —3xy — 314,
T3 = T4.
Any solution is of the form
Ty —3x9 — 314 -3 -3
> | T2 ) - 1 0
I = vl = - = Tg 0 + x4 1
T4 Ty 0 1
where x5 and x4 are any numbers.
(a)
[1 1 0]2 o (1 1 0| 2
1 2 011 7"2+(—1)T1,T3+(—3)T1 01 0 -1
| 3 5 alb | 0 2 a|b—6
1 10| 2 1 oo0| 3
T3+<—2)T2 010 -1 7’1+(—1>7’2 01 0 —1
| 0 0 a|b—4 | 0 0 a|b—4

The system will have a unique solution when a # 0. The solution
is (3,-1,24).

(b) The system will have infinitely many solutions if @ = 0 and b = 4.




(¢) The system will be inconsistent if @ = 0 and b # 4

AB =

BTAT = (AB)T =

N O OO
o O O+
O O = W
O~ = O

W N =

=W N =

— s W N

— o W N
N — oW
W N —

DO = O
Lo DO

—_——

1 1 -1
1 -1 1
amdB:111
1 1 1
1 1 -1 10 6
1 -1 1| |10 4
1 1 1| |10 2
1 1 1 10 8
1 1 11
1 -1 11
-1 1 11
T
610 10 10
4 10
2 10 =6 4
2 10 10 10

move the last row to the first row

10
10
10
10

10 10

2

8

10 10

S OO N

OO = O

O = Ww o

—= s O O

This matrix has four pivot vectors. So the columns of the matrix form
a linearly independent set.



[—4 -3 0]
0 -1 4 ) T )
1 0 3 interchange first and third row
| 5 4 6
(1 0 3]
T3+ 4, ry + (—=5)r) 0 -3 192 (=1)r
0 4 -9
r3 + 3ro,ry + (—4)rg 00 0 interchange 3rd and 4th row, ?m
00 7

This matrix has three pivot vectors. So the columns of the matrix form
a linearly independent set.

The column vectors of

-4 -3 1 5 1
2 -1 4 -1

1 2 3 6 =3
5 4 6 =3 2

form a dependent set since we have five column vectors in R*.

1
| —
L O
I o
Qo =

ot
W

OO = OO O

o O = O

0 1 0 ¢t 1 0 —t
-1 0 t 0f. 0 1 0
0 —t 0 1 interchange 1st and 2nd row, (—1)r; 0 -t 0
—t 0 -1 0 -t 0 -1
1 0 —t 0 10 —t

ERETTN O P e

TR 0 1| BT 0 0

0 0 —1-—1¢ 0 0

1 1

1+ 914

T4,T3 <> T4




M has four pivot vectors so M is invertible. Note that we have used
the fact that 1 4 2 # 0 in the computation.

—_ O = =

e~

—(Dra,r3 + (=1)r2

_ = O

0 0 1
1 0 T2+(—1)T1,T4+(—1)T1 0

1 1 0
110 0 1
01 0 0 — 0
00 -1 0 —(1)7’3,7’44—(—1)7"3 0
00 1 1 0

A has four pivot vectors so A is invertible.

00

11

00

B = 00

01
invertible.

. (a) Let A =

o O =

3
3
—6

—_——

9 + (—2)7“3, T1 + 37"3

So A=l =

—
S

1100
0100
0010
0 001
7 =3]
8§ -1
14 7|
7 =310 0 -
8 —110 1 0 7"2+(—1)T1,7”3+27’1
-14 7 10 0 1
37007 0 3 -
01 0]=5 1 =2 |r+(=7)r
0012 0 1
17
3
-2

|
o |l

S O = =

S = OO

_— o O O
_ T T T RO OO

B has four pivot vectors so B is




(b)Since A~! exists, the equation Az = b has a solution x = A~'b. So

1
the vector b = [2]| lies in the span of the column vectors of A.
3
- (a)
11 2 - 11 2
M=11 a+1 3 T2+<—1)T1,T3+(—1>7”1 0 a 1
1 a a-+1 0 a—1 a—1}]
— 11 2 o 11 2
1T3ifa—17é0,r2<—>7“3 01 1|rs+(—a)yrg<r3|0 1 1
“ 0 a 1 00 1-a

Thus M is invertible if a # 1.

(b) The column vectors are independent if a # 1. The column vectors
are dependent if a = 1.

. First, note that

1 1 0 0 1 0 0
T(|2|)=T(|0| +2|1| +3|0| =T({o])+T(2|1]|)+T(3 |0])
3 0] 0 1 0 0 1
[1] 0 0
=T(|0])+2T(|1|)+3T(|0| =T(e1)+ 2T (e2) + 3T (e3).
0 0 1

Adding T'(e; + €2) = {_11} and T'(e; — e9) = [;} , we get T'(2e1) = B}

3 —
and T'(e;) = {ﬂ Similarly, T'(e; + e2) — T'(e1 — e2) = {_ﬂ So
— 1
2T (eg) = [_ﬂ and T'(ez) = [_5] From T'(e; +ea+e3) —T(e1+e€2) =
1 1

{_12] - {_1},% got T(es) = {_OJ Hence T( |2|) = T(er)+2T(e2) +

o= [ ex [} -[3)-




