Solution to Linear Algebra (Math 2890) Review Problems II

1. (a) Show that the matrix A = [I 0} is invertible and find its inverse.

B 1
1 000
. : 0100
(b) Use previous result to find the inverse of 9 3 1 0
1 2 01
. X Y : : .
Solution: (a) Let C' = 7 Wl Then C'is the inverse of A if
X Y|[I 0] [Io0
AC = 1. So we have 7 W] lB I]_[O I]
X+BYY__IO{:)X+BYY_IO
Z+BW W| |0 I Z+BW W| |0 I
<~ X+BY=1Y=0,Z+BW=0
and W =1

= Y=0W=IX=1-BY=1I-B-0=1
and Z = —-BW =-B-1=—-B.

Hence A~ = [ I O].

-B I
10 00
0 1 00
(b) From part (a), we have 9 31 0
1 -2 0 1
10 3
2. (a) Let A= |1 2 8 |. Find an LU factorization for A.
2 6 23

10 3 o 1 0 3
Solution: A= |1 2 8§ —r1 + 79, —2r 4713 [0 2 5
2 6 23 0 6 17
o 1 0 3
—3r1+r3 |0 2 5].
0 0 2
1 0 0
. . 1 2 0
Consider the matrix 5 o 5 We get
~~ —~— <

divide by 1 divide by 2 divide by 2

1



1 00 100
L= |1 1 0|. Therefore A = LU where L = |1 1 0| and
2 31 2 31
1 0 3
U=10 2 5
00 2
2
(b) Use LU decomposition to find the solution of Az = |1
5
Solution: We have to solve Ly = (1 1 0| |y2| = |1]| and
2 3 1| |y 3
1 0 3 T
Ur= 1|0 2 5| [z2| = .
0 0 2| |z3
10 0f |y 2
First, we solve [1 1 Of |y2| = |1
2 3 1| |us 3

<y =2,y1 +y2=1and 2y; + 3y +y3 =3
S yp=2p=l-y=1-2=-landy3 =3 -2y, — 3y, =
3-2.2-3.(-1)=3-4+3=2.
2
Soy=|—-1].

T3 2

= ag=1,200="% = 3andr; =2—-323=2-3-1=-1

3. Find all values of @ and b so that the subspace of R* spanned by



0 b —2
{ 1 , 1 , 2 }is two-dimensional.
0 —a 0
-1 1 0
0 b -2
: } : 1 1 2
Solution: Consider the matrix A = 0 a —1
-1 1 0
1 1 2
. e 0 b -2
interchange first row and second row 0 a —1
-1 1 0
1 1 2
TRl RO
! Y10 a -1
02 2
1 1 2
. 0 2 2
interchange second row and forth row 0 a —1
0 b —2
1 1 2 11 2
. 01 — 01 1
divide second row by 2 0 a —1 —ary + 13, —brog + 1y 00 —1—al
0 b -2 00 —2—-b

Now the first and second vectors are pivot vectors. So rank(A) = 2 if
—1—-—a=0and -2-b=0.

Soa=—1and b= -2

1 3 0
.Let B={|0 |,]2 |,|0 [} Youcan assume that B is a basis for
0 1 2
RB
1
(a) Which vector x has the coordinate vector [x]p = |—1
2



1 30 1 30 1 1
Let A= 10 2 0|.Soz=A[z]p=10 2 0| |-1 |=|-2
01 2 01 2 2 3
2
(b) Find the (-coordinate vector of y = | —2
3
2
Solution. We have to solve Az = | —2].
3
1 3 0] 2 11 3 0 2 1 3 0] 2
02 0|-2|1ir 0101]72Tr3 01 0f-1
01 23 01 2] 3 00 2] 4
13 0]2 1005
%7“3 01 0|—-1]-3re+mr |01 0]-1
00 1|2 00 1] 2
)
So [yl = |1
2
Let
1 1320
M=1{1 251
1 3 7 2

Find bases for Col(M) and Nul(M), and then state the dimensions of
these subspaces

1130 1 1320 o 1
Solution: |1 2 5 1| —ry 47y, —ro+75 [0 1 2 1| =21, + 15 |0
1 3 7 2 0 2 4 2 0
o4
—2ro+1r3 |0 1 2 1
0 00
1 1
So the first two vectors are pivot vectors and { [1 | , |2 |} is a basis
1 3

for Col(A) and dim(Col(A)) = 2.
The solution to Mx =01is x1 + 23 — x4 = 0 and x93 + 223 + x4 = 0. So

O~ =
o N ow
)



is {

—T3 + X4 -1 1
—2.]73 — X4 —2 -1 .
=13 + x4 . Hence the basis for Nul(M)
T3 1 0
Ty O 1
—1 1
-2 -1 .
1] o } and dim(Nul(M)) = 2.
0 1

. Determine which sets in the following are bases for R? or R®. Justify

your answer

(a) _21 ],{_24 } Solution: Since {_24 } = -2 [_21 1, the set
{ {_21 : _2 4 ] } is dependent.
[—1 1 2
(b) | 2 .1 |,]0 |. Yes. This set forms a basis since they are
1 0 ] (o
independent and span R3.
—1 1
(c) | 2 |1
1 1
This is not a basis since it doesn’t span R*.
(d) _21 } : [_11 } . This set forms a basis since they are independent
and épan R?
[—1 1 2 2
(e) | 2 .11 |,10 |,]1 |. This is not a basis since it is de-
1 0 0 3
pendent.
7. Let A be the matrix
2 11
A=11 2 1
11 2

(a)
(b)

Find the characteristic equation of A.

Find the eigenvalues and a basis of eigenvectors for A.



Solution.
2— A 1 1
1. A=) = 1 2—A 1 .

1 1 2—A
Sodet(A—A)=2=A>?4+14+1-2-X)—-2-X)—(2—-)) =
(A—AX+AD)(2=N)+2—6+3X = 8—8A+2A2 —4A+4A\2 = \3—4+3)
=N +6\2 -9\ +4=—(A—1)>(\ —4). So the characteristic
equation is —(A — 1)%2(A —4) = 0.

2. Solving the characteristic equation —(A — 1)%(A — 4) = 0, we
get that the eigenvalues are A =1 and A = 4.
3. When A = 1, we have
2—1 1 1 1 11 o
A=)\ = 1 2—1 1 ={1 1 1 —T‘1+T2,—T1+T3:
1 1 2—1 1 1 1

111
000
000
The solution of (A—1I)x =01is z1+xs+x3 =0and x; = —x9— 23
I Lo — I3 1 —1
So Null(A—1)={|xza| = T =xo [1| +23] 0 |}
xs3 T3 0 1
1 -1
The basis for the eigenspace corresponding to eigenvalue 1is{ |1|, | 0 |}
0 1
4. When A\ = 4, we have
2—4 1 1 -2 1 1
A=) = 1 2-4 1 =1 -2 1
1 1 2—-4 1 1 =2
o 1 -2 1
interchange 1st row and 2nd row = -2 1 1
1 1 2]
o 1 -2 1 o 1 -2 1
2T1+7’2,—T1+T3: 0 -3 3 T2/3,T2+7’3: 0 1 —1
0 3 -3 0 0 0
o 10 -1
2ro+ri =10 1 —1
00 O



The solution of (A —4l)x =01is z; —x3 =0 and x9 — 3 = 0 So

T3 1

T3 1
1

The basis for the eigenspace corresponding to eigenvalue 4is { | 1| }
1
8. Let A be the matrix
4 {—3 —4]
-4 3|

(a) Find the eigenvalues and a basis of eigenvectors for A.
(b) Diagonalize the matrix A if possible.

(c) Find the matrix exponential e4.

Solution.

-3-\ -4
Sodet(A—A)=(-3—-XN)(B-X)—16=X—-25=(A—5)(A+5)
So the characteristic equation is (A — 5)(A +5) = 0.

2. Solving the characteristic equation (A — 5)(A +5) = 0, we get
that the eigenvalues are A =5 and A = —5.

3. When A = 5, we have

—3-5 —4 -8 4] —— 8 —4
A_”:{ —4 3—5}:{—4 2}_“/2”2:{0 o]'

The solution of (A — 5l)x = 0 is —8x; — 4z = 0, ie. and
_ . o T o T o 1

xg = —2x1 So Null(A—1) ={ LJ = {_21:1} =1 [_2] }.

The basis for the eigenspace corresponding to eigenvalue 5 is { _12 }

4. When A\ = —5, we have

345 -4 [2 —4].—~— [2 —4
A‘”‘[ —4 3+5}_[—4 8}2””2_[0 o]'



The solution of (A + 51)z =0 is 2x; — 4xs = 0, i.e. and z1 = 225
. 1| 2[E2 i 2

So Null(A—1)= {[@] = {M} =Ty [J }.

The basis for the eigenspace corresponding to eigenvalue —5 is

_12 71_11—2_%—§
LetP—[_2 1}.ThenP —5{2 1}—[% %
1 215 o[t -2
_ 5
soa= |5 310 S
1 2] [ed 0 L2 1 2 Led 25
A _ 50 — 5 5
and e” = o 1] {0 65:| P —2 1 [Ze le®
[ i+ e —Zeh 4 ZeP
T |-2ef+2ed 2654 2P

9. Find a good approximation for the vector {2 21 B} for n very large

(say n = 100).

8=\ 6
1.A—>J_[.2 e

So det(A— M) = (8= N)(4—\) — .12 = A2 — 12\ + .32 — 12 =
N—122 +2=A-1)(A—.2)
So the characteristic equation is (A — 1)(A —.2) = 0.

2. Solving the characteristic equation (A — 1)(\ —.2) = 0, we get that
the eigenvalues are A =1 and A = .2.

3. When A =1, we have
8—=1 .6 -2 6| —— -2 .6
A=A = { 2 .4—1} - {.2 —.6] nr = { 0 0}
The solution of (A — Iz = 01is —.2x; + .6xy = 0, i.e. and x; = 3xs So

Null(A - 1) = {{’”1} _ {3"”2} — 2 m ).

) I
The basis for the eigenspace corresponding to eigenvalue 1 is { i) }

4. When A = 0.2, we have

8—2 6 6 6] —— 6 .6
A_M_{ 2 .4—.2]_{2 .2} _“/6”2_[0 0}'

8



The solution of (A —0.21)x = 0is .61 + .6xy = 0, i.e. and 1 = —uy
So Null(A—0.2]) = {{“fl} _ [—fvz} — {—1} N
i) 1

X2

The basis for the eigenspace corresponding to eigenvalue .2 is { _11 }

3 -1 a1 |11 }l
LetP—{1 1].ThenP —4{_1 3}—{
3 =11 0] 3
Rt Y I |
W13 =1 1™ 0
Hence A —[1 1][0 (.2)”] {_i
If n is large then 0.2" ~ 0 and A" z{
3 -1 1[5 5| _[5
1 1][0 0] |3

8 .6]"[2
Hence {2 .4] {2} ~

1
4
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