Solution to Problem Set #2

1. Using vectors, prove that the diagonals of a parallelogram are penpen-
dicular if and only if the parallelogram is a rhombus.(Note: A rhom-
bus is a parallelogram whose four sides all have the same length.)

Solution. Let @ and b be vectors along two sides of the parallelogram.
H

The diagonal vectors of the rhombus can be expressed as @ + b and

— 7 . - 7 T =

a—b.Since a-b =10-a,wehave

) (@—b)=7-T—a-

Thus (@ + 0)- (@ — b) = 0 if and only if |@| = | b |. Therefore @ + b
is perpendicular to @ — b if and only if all fours sides of the parallel-
ogram are the same length, i.e. the diagonals of a parallelogram are
penpendicular if and only if the parallelogram is a rhombus U
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(@ + 4D d-b-b=a-a-b-b=TP-|b

2. Suppose @ and ¢ are nonzero vectors. Show that ||0]|d + ||d||v bisects
the angle between « and v.

Solution. Let & = ||U||d + ||u]|v.

Let 6, be the angle between the vector 4 and .
Let 0, be the angle between the vector ¢ and w.
By the property of the dot product, we have

.

_ _ww __ Tw
cos(th) = iz and cos(0) = i
Note that
a- i = (ol + ||al[7) = ||g]|a - @ +[lalla -7 =@ [l +lla@lle- T
and v - w = U (||v]|a + [|a]|t) = ||0]|7- @ + [[al|v- & = [[¢]| & @+ |[a]| [|7]]
Thus cos(f) = LLIEEEET _ W] )45 5p
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cos(6;) = WLTTHm I _ sl ol
Since v -4 = u - v and ||7|| ||@|| = ||d|| ||0]|, we have cos(0;) = cos(6s). This

implies that the angle between « and w = ||v]|d + ||d]|v is the same as
the angle between ¢ and « = ||v]|d + ||u||v. Thus ||v]|d + ||u]|v bisects
the angle between « and v. O

3. Let W = 2j and let ¥ be a vector with length 9 that starts at the origin
and rotates in the zry-plane. Find the maximum and minimum values

of w-7.
Proof. Recall that w - v = |||V | cos(d). From u = 2j,
we get |u| =|<0,2,0>|=2. Since @ and 7 lies on the same plane,

the angle between them is between 0 and 7. Thus —1 < cos() < 1.
Using |7/| = 2 and | 7| = 9, we have —18 < W - ¥ = |u||7|cos(f) =
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18 cos(f) < 18. The maximum of # - ¥ is 18 and the minimum of u - v’
is —18.
U

4. (a) Suppose that the area of the parallelogram spanned by the vec-
tors « and v are 10. What is the area of the parallelogram spanned
by the vectors 24 + 3¢ and —3u + 4¢7?

(b) Given (7 x 7) - @ = 10. What is ((m 7) x (7 + w>) (@ + ©)?

Solution. The area of the parallelogram spanned by the vectors « and
Uis ||u x ] = 10. We know that the area of the parallelogram spanned
by the vectors 2u+ 3¢ and —3u + 47 is ||(2u + 3V) x (—3u +47)||. Note that
(2 4 3V) x (=3 4 49) = 2u x (=31 + 47) 4 30 x (=31 + 47)
= —06UXU+8UXVT—ITXU+ 120X U=8uU X U+ 9u x ¥ =17d x .
We have used the fact that @ x @ = x ¢ = 0 and ¢ x @ = —i X T.
Hence ||(2u+30) x (—3t+49)|| = ||17ux v|| = 17||ix v| = 170. Therefore the
area of the parallelogram spanned by the vectors 24 + 3v and —3u + 4v
is 170.

By distributive law, we have
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(ﬁxﬁ)-w+<ﬁxﬁ>-ﬁ+<ﬁxw>~zﬁ+ ﬁxzﬁ)-
where we have used the fact that v x ¥ =

U
v = 0. Furthermore, we have
(ﬁxﬁ)-ﬁ: (ﬁxw)-w: (axw)-u:()and

((m@)-ﬁ: <ﬁ><17>w
The expression (ﬁxﬁ -1E+<a’><17) -ﬁ+(ﬁxw>~w+(ﬁxw> U+
((17>< u7> -+ ((ﬁx u?) -4 can be simplified as 2<7I><17> -

Therefore ((m 7) x (7 + w)) (@ + 1) = 2<ﬁ>< 17) =210 = 20.



