Solution to Problem Set #5
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1. (20 pts) Show that v(z,y,t) = e~ % ) is a solution of the heat equa-
tion
U = Ugy +vy,. (Hint: Find v, v,, and vy, first. Then verify v, — vy, — vy =
0.)

Solution. We have
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Note that v(z,y,t) = v(y,z,t). The formula of v, can be obtained
from v,, by exchanging » and y. Thus we have v, — v,, — vy, = 0. O

2. (a) (10 pts) Find an equation of the tangent plane to the surface

z = f(z,y) = y/2? + y? at the point (5,12, 13)
(b) (10 pts) Find the linear approximation of the function f(z,y) =

V22 +y? at (5,12) and use it to estimate /(5.1)% + (11.9)2.
Solution. The partial derivatives are f,(z,y) = \/x+Ty2 fy(z,y) =

f2(5,12) = Z and f,(5,12) = 2.
The linear approximation of f(z,y) at (5,12) is
L(z,y) = f(5,12) + fu(5,12)(x — 5) + f,(5,12)(y — 12)
5 12
= 13+ —(2 — —(y—12).
3+ 13(I 5) + 13(y )

Thus L(5.1,11.9) = 13 + & - 0.1 + 2(-0.1) = 13 — 37 ~ 12.946. Hence
V(5.1)2 + (11.9)2 is about 12.946.
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3. (16 pts) Let z = f(x,y), x = rcos(f) and y = rsin(6).
Show that
0z 0z, 0z 1 0z,
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Solution. Since = = rcos(f) and y = rsin(#), the Chain rule yields:

0z 0z0r 0z0y 0z 0z

E = %E + a—ya = COS(Q)a_ZL‘ + Sln(@)a—y

0z 0z0r 0z0y ) 0z 0z

% - 9290 + 9y 00 —rsm(Q)% + rcos(@)a—y
Squaring these equation gives:

(G = leos(t) - + sin(0)
— C082(9)(%)2 +2sin(6) cosw)%g—; + sm?(e)(g—;y
(G = (rsin) 5 + reos()35)°
_ 2 sm2(9)(%)2 — 2% in(6) COS(@)%Z—Z 2 COSQ(exg_;)?.
Therefore, we have
(G + 255" = (st (0) + o) (G + (] = (G + (0%

4. (a) (10 pts) Find equations of the tangent plane and the normal line
to the surface 22 = y? + 2% — 12 at the point (2, —4,2).

(b) (10 pts) Find the points on the surface 22% = y?+ 22 — 12 where the
tangent plane is parallel to the plane 4z + 4y 4 2z = 1.

Solution. (a) In general, the normal vector for the tangent plane to the
level surface of F(x,y, z) = k at the point (a,b,c) is VF(a,b,c).

The surface 222 = y? + 22 — 12 can be rewritten as 222 — y? — 22 = —12.
We have F(x,y,z2) = 22% —y* — 2 = =12, VF(z,y, z) = (4z, -2y, —2z) and
VF(2,—-4,2) = (8,8, —4) Thus the equation of the tangent plane to the
surface 22? = y? + 22 — 12 at the point (2, —4,2) is
(8,8,—4) - (x — 2,y + 4,z — 2) = 0 which yields
8r —16+8y+32—4z+8 = 0. It can be simplified as 8¢+ 8y —42+24 =0
or2x+2y—z2+6=0.

The normal line equation at (2,—4,2) is v = 2+ 8¢, y = —4 4 8¢ and
z=2—A4t.

(b) The normal vector for the tangent plane to F(z,y,z) = 22? — y* —
z? = —12 at the point (a,b,c) is VF(a,b,c) = (4a, —2b, —2c). The points
(a,b,c) on the surface above where the tangent plane is parallel to
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4x + 4y + 2z = 1 should have its normal vector parallel to (4,4, 2). Thus
(4a, —2b, —2c) is parallel to (4,4,2). We 4 = =2 — =2¢_ Hence b = —2a,
¢ = —a. Since (a, b, c) = (a,—2a,—a) lies on the surface

222 —y? — 2% = —12

, we get 2a* — 4a® — a®> = —12, i.e 3a*> = 12 and a = +2. The points we are
looking for are (a,b,c) = (2,—4,—2) or (a,b,c) = (—2,4,2).

O

5. (24 pts) The temperature at any point in the plane is given by the
function
10

Tlay) = 2 +y*+ 1

(@) Find VT'(z,y).

(b) Find the direction of the greatest increase in temperature at the
point (3,4). What is the magnitude of the greatest increase?

(c) Find the direction of the greatest decrease in temperature at the
point (3,4). What is the magnitude of the greatest decrease?

(d) Find a direction at the point (3,4) in which the temperature does
not increase or decrease.

(e) Find the rate of change of 7" at (3,4) in the direction (5, 12).

(f) Find the directional derivative of 7" at (3,4) in the direction (4, 3).

Solution. (a) We have

20z 20y

VT (x,y) = (T(z,y), Ty(x,y)) = <_(x2 TR0 @ty et 1)2>.

(b) Since

20I - 20y -
T - _
VT(z,y) ( (x2+y2+1)2)2+( <x2+y2+1)2)ja
the direction of the greatest increase in temperature is
60 -~ 80 - 15~ 20 - 5 -
VI(3,4) = — i j = = 27 2 (374 4]
(30 = 6" 76’ = 160’ 160’ = 169> T V)

and the magnitude is |VT'(3,4)| = 12_9 (32 + (42 = %

(c) The direction of greatest decrease in temperature is

~VT(3,4) = %(3Z+ 47)
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which is a positive scalar multlply of 37 + 47.
The magnitude is || — VT'(3,4)| = 2.

(d) If @ is a direction at which the temperature does not increase or
decrease, then D;7'(3,4) = VT(3,4) -« = 0. This is equivalent to say-
ing that is perpendicular to VT'(3,4). If @ = uyi + uyj then we have
0=—2( 3@ + 4}) i = —75(3u; + 4up). We may choose @ = jlz —HSj.
Therefore, the temperature does not change in the direction 4i — 3;.

(e) The unit vector in the direction (5,12) is @ = %(5, 12). Thus the rate
of change of 7" at (3,4) in the direction (5,12) is

.5 5 35
VT (3,4) - @ = @ +4j) 52+ 2j) = o157 (03) =~ 5

(f) The unit vector in the direction (4,3) is @ = 1(4,3). Thus the direc-

tional derivative of 7" at (3,4) in the direction (4, 3) is



