Solution to Problem Set #6

1. Use Lagrange multipliers to find the maximum/minimum and maxi-

(0.0.1)
(0.0.2)
(0.0.3)

mizer/minimizer of f subject to the given constraint.

(@) (50 point) f(x,y) = zy, 422 +y> =1

Solution. Let f(z,y) = zy and gwx,y) = 42 + y>. The necessary
conditions for the optimizer (z,y) are

Vf(z,y) = AVgz,y) and the constraint equations 42?+y* = 1 which
are:

Since Vf(z,y) = (y,z) and Vg(z,y) = (8z,2y), thus (z,y) must sat-

isfy

y = 8\
x = 2\y
1 +y* = 1

Method 1: From (1), (2) and (3), we know X\ # 0 (b/c A = 0 implies

z =0 and y = 0 which is impossible by 42% + 3> =1) , A = & = .

This gives 2y? = 822 and y = 2z or y = —2x. Using 42% + y? = 1, we
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have (I’,y) - (7@77@)’ (7§7 _Tg)y (_Tg, _Tg) or (—Tg, 7§>

R(:call f(fc,y) 2:xy. E\lfaluate f(Ol, 0) 2: 0, f1(\/%7 =1 G %=
—1 f(=%—%) = —; and f(—7, %) = ;. Thus the maximum is
;- the minimum is —j, the maximizers are (7, %), (—J5 — %),

and the minimizers are (-, — %), (— 5. 7%)-

Method 2: From (1), (2), we get xy = 8 \z? zy = 2)\y?. This gives
8Ar? = 2X\y?, 8Az? — 2)\y? = 2\(42? — y?) = 202 — y)(2z + y) = O.
So A = O(impossible by the reason above) or y = 2z or y = —2x.

; 2 2 _ _ 2 _ _ a1
Using 42° 4+ y* = 1 and y = £2x, we get 8z —1andx—i7§. So

_ 1 2 1 2 1 2 1 2
@y9)=(% %) (G %) CHm—For (% %)

Relcall f(ic,y) 2:a:y. E\llaluate f(()l, 0) 2: 0, fl<‘/%, X =1 f(\/Lg, _\/lg) =
-7 f(_Tg’_Tg) = —; and f(_Té’Té) = ;. Thus the maximum is

1 i o1 L 1 2 1 2
7» the minimum is —7, tflle m2aX1mlz(13rs2are (5 %) % —5)
and the minimizers are (75, —78), (_75’ 7§). .

(b) (50 point) f(z,y,2) = 22> — 2y + 2%, 2 + > + 22 =1

Solution. Let f(xz,y, z) = 22* — 2y + 22, gx,y,z) = 2* + y* +2° — 1. The
necessary conditions for the optimizer (z, vy, z) are
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Vf(z,y,2) = AVgx,y, z) and the constraint equations which are:

dr = 2 \z

-2 = 2\y

2z = 2)\z
i+ =1

From (4), we have z = 0 or A = 2.

Casel z = 0: We have y = —1 and X # 0 from equation (5).
From equation (6), we have 2z — 2\z = 22(1 — ) = 0. So z = 0 or
A=1.

Case la z = 0: Since z = 0, z = 0 and 22 + 3*> + 22 = 1, we have

y = =+1. So (z,y,2) = (0,1,0) or (0,—1,0)

Case 1b A\ =1: From y = —i, we have y = —1. Since z =0, y = —1
and z° + y? + 22 = 1, we have z = 0. So (z,y,2) = (0,—1,0).

Case 2 A\ =2 : From equation (5), we have y = —%. From equation
(6), we have 2z = 4z and z = 0. Since Since z = 0, y = —3 and
22+ y*+ 2% =1, we have z = :l:‘/?g. So (z,y,2) = ( ‘/75, —3,0).

The candidates for maximum or minimum are (0, +1,0) or (z,y, z) =
(:I:‘/Tg, —1.0). Recall that f(x,y,2) = 222 —2y+ 2%, we have f(0,1,0) =

29

—2, £(0,-1,0) =2, f(£,~1,0)=2and f(£,1,0) =1L
Thus the maximum is 2, the minimum is -2, the maximizers are
(0,—1,0) and (%2, —1 0). The minimizer is (0, 1,0). O
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