Solution to Problem Set #7

1. (a) (5 pt) If f(z,y) gives the pollution density, in micrograms per

square meter, and x and y are measured in meters, give the units
and practical interpretation of [ [, f(z,y) dA.

Solution. The unit of [ [, f( dA is MRS peter - meter =
micrograms. The meaning of f f » f(x,y) dA is the total amount of

pollution is the region A.
O

(b) (5 pt) Using Riemann sums with two subdivisions in each direc-

tion, find upper and lower bounds for the volume under the graph
of f(x,y) = 2+ zy above the rectangle R with 0 <z < 2,0 <y <2.

Solution. Let f(z,y) =2+ zy. We have f, =y >0and f, =z > 0in
the rectangle R. The lower estimate is f(0,0)-1+ f(1,0)-1+ f(0,1)-
1+ f(1,1)-1=2+2+2+3=0.

The upper estimate is f(1,1) -1+ f(1,2) -1+ f(2,1)- 1+ f(2,2) -1

O

34+4+4+4+6=17.
2. (12 pt) Find the volume of the solid bounded by the surface z =
yv/y?>+ x and the planes x =0, x =1, y=0,y =1 and z = 0.
Solution. The volume is fol fol y\/y? + xvdydr Let u = y?> + z. Then du =
2ydy, ydy = % and [y\/y? + vdy = [ “ldu = =2 4 0 = L 4 o,
1
So [} [y + wdyde = [ L g
0
. 1 (1+I)3/2 (33)3/2 . 2(1+$)5/2 2(x)5/2 1 . 2(2)5/2 2 2
_fo 3~ 5 dr =T — — T3 o 15 — 15— (-0
227 4 _ 8V 4 O

15 15~ 15 15

3. Compute the following iterated integrals.

@ (12 pY) Jfy fy =t dyde

. 1 rl x
Solution. [ [, —\/#Wdydx.
— 22 2 - — d_u N
Let u = 2? + y* + 1. Then du = 2ydy, ydy = 2% and [ \/mdy
U -5 — _
[ simdu= [ =5 du = zu?2 = x(z? + 3> +1 Hencefofomy

da:—fo z(x —1—2)5—95(952—1—1)%)
3

1
fo $(x2+92"‘ 1)2

1 3 3
= (use substitution u = x* + 2)((1222) Sy 221) )| = ((3;2 - (232) —
0
3
2)2
(B -3 =v3-12+1 -
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(b) (12 pt)fo1 f04 evv/x + evdxdy

Solution. [, [\ e¥\/x + evdxdy.
Let u = 2+ ¢Y. Then du = dz and [eV\/z +evde = [e¥\/udu =
J erutlidy = 2R 2T

Hence [ [ ey\/mdxdy = [} [en/r T evdady = | M "
0

5y

fl 2eY (4+e¥)3/2 Qey(ey 3/2d 1 261’(4+ey)3/2 2@ el d 4+ey)5/2 4e2 | _

0 3 —Jo 3 - 15 15 0 -

(M_ﬁ)_(()‘r’/?_i)_w_%_ﬁ_w 4 a
15 15 15 15/ 15 15 15 15°

4. (12 pt) Evaluate [ [, %;dA where D = {(z,y)[1 <z < 6,0 < y < 4z},

Solution. [ [, =#-dA = [} [* Sdyde = [} 5314\ = [} 3 dv. Let
u = z* + 4. Then du = 3z*dz, 2*dz = %du and [ 3?14 = [Zdu =

6
321nyu\+0_ 21p (g3 4 4] + C. Hence [ [, -2.dA = 321n|:c3+4\‘ —
1

3+4
21n(220) — 2 1n(5). -

5. (12 pt)Evaluate [ [, z1/y?> — 22dA where D = {(z,y)[0 <2 <y,0 <y < 3}

Solution. [ [, z\/y? — x?dA = fo fo x\/y? —xQdmdy—fO fo d:pdy.

Let v = y* — 2°. Then du = —2zdz, rdr = —%du and f u)2 _
3 3 1
[ —3uz = —1(y*—2?)3. Hence [; [ z(y*—a?)2dxdy = fo —5(y*—a? i)ody =
3 3 3 3
Is 5w)zdy = [ 3y3dy = éy‘*‘o =82 O

6. (15 pts) [, [ e’ dudy
Solution. Let D = {(z,y)|ly < z < 1,0 <y <1} Then 0 < y < z and
0 <z <1.So D is the same as {(z, y)\nggl 0<y<uz}.
xT z2
We have fol fyl e drdy = fol Iy e dydx = fol e$2y‘ dr = fol e rdr = =16 =
0

1
3¢

N

U
7. (15 pts) fol fle 23 sin(3y3)dydx

Solution. Let D = {(z,y)|0 < = < 1,z*> < y < 1}. Since z? < y, we
have 2 < /y, 0 <z < (/yand 0 < y < 1. So D is the same as
{(z,y)|0 <2< \y,0<y <1}
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We have fo f 23 sin(3y3)dydr = fo Y 23 sin(3y3)dady = fo —sm (333 ) ydx =

— cos 3y —cos(3)
fo 4sm (3y3)dx = s = + =.

0



