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(1) (a) Let v = az + by + c. Smceg—;—a%—bd‘” and dy— (ax + by + ¢), we have

D = a+bF(az+ by +c) = a+bF(v). ThusfaerF(v) [ dx.

(b) Let v =¥, ie. y = 2v. Using & = v+ 2% and & = F(¥) = F(v), we have
v+ x— = F(v). It can be rewritten as lel” = F(v) — v which can be solved by
J7==1%

(c) Let v = ylfn./ We have In(v) = (1 — n)In(y), (In(v))’ = (1 — n)(In(y))" and

r=(1- n)% Dividing the equation equation ¢y + P(z)y = Q(z)y" by v,

we have y—/ + P(z) = Q(z)y™'. Use ¥ = (1 — n)% and v = y'™" we have

v

Y 1w and y"~' = v~ So the equation %’ + P(x) = Q(x)y™ ! can be

Yy l-n v =

written as 1%— + P(x) = Q(z)v~!. Multiplying ﬁ% + P(x) = Q(z)v™! by
(1 —n)v, we obtain

v+ (1 —=n)P(x)v = (1—-n)Q(x).

(2) (a) Since [ (y:i?)% = [6tdt, we have y = (t* + C)* + 1.
(b) Since t% = y(1 +2¢*) and [ a;—y = [ 224t we have y(t) = Cte”.

(c) Since (%) = €¥(=2t + 1) = —2te* + ¢¥, we have y = L2t _
% =1—t+Ce?.
e 3t cos
(d) Since (e 3ty)" = e 3! cos(2t), we have y = # — —3 cos (2)+2 sin (20)+
Cedt,

e y(t): 1 —2t+063t

(
(£) Note that [ At = 2In(f + 1) and M+ = (2 4 12, y(t) = L32C

)
)
(&) y(t) = §+Ct‘-
)
)

Q@

(h) y(t) = 2(t+1)2 + Ot + 1)~
(i Rewrlte ﬂ;e eqélation t‘fj—? — 6y = 12t4y? ags CC% — %y = 1263y Let vlz yl =2 T Yyt
We have & + %0 = —12¢° and v(t) = —2t* + Ct7%. Thus y(t) = + = T

()Letv—x—l—y Since 2 =1+ % and % = (v + y)? = v?, we have £ =1+
Thus [ %5 = [dx and arctan( ) =2+ C. Thus v = tan(z + C) and y =
U—x—tan(a:—i-C')—x

(k) Let v = z+y. Since % —1+dy and dy— L = %, we have d”zl—i-v%:@.

(z+y)? d v?
Thusfmdv—fdx,f e dv—fdxand
v —arctan(v) = x + C. Hence z 4+ y — arctan(z + y) = z + C and

y = arctan(z +y) + C.

(1) Let v =% ie. y = av. Usmgd —v+x and —w —2v/1 412,
we have v +xdm = v —2v1+0v2 It can be rewr1tten as x = =21+ v?

which can be solved by [ \/% = [ =2dz. Thus In(v+ V1 + v2) = —2In(z) +¢
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and v + V1 +v?> = Cz~2. Note that [ \/% = In(v + V1 + v2) by substituting
v = tan(6). This implies that V1 + v2 = Cx 2 —v, 1+0v? = C?z~1 20z 2v+0?

_ 2* _ Ca? — oy = & _ Ca!
and v = 75 5—. Hence y = a:vd— el 3 ) 1
— — i _y — _U ay _ =y _ 1-v
(m) Let v = £, ie. y = av. Using 3 = v+ 252 and ¥ = Ty = 1T We have
_ _ 1
v—l—xd = 1=v Itcanberewrlttenas:cd“—lv—v:1”“+” = -1

1o = 1 T 1+v
which can be solved by [ (“+11)2dv = fd:c Thus [(:45 — 25 1)2dU = [dx

In(v—1)—2-L =z+c v+vV1+0>=Cr 2 Hence In(¥ —1) =245 =z +c.

(n) The equation fl—@t’ = ﬁ% can be rewritten as
(4y + 3t* — 3ty*)dy — (y> — 6ty)dt = 0. Let M(t,y) = 4y + 3t*> — 3ty? and
N(t,y) = —(y*> — 6ty). Note that E’a—]\f = 6t — 3y%. and %%f = —3y? + 6t.
Thus (4y + 3t? — 3ty?)dy — (y> — 6ty)dt = 0 is a exact equation. We have
y? + 3t%y —ty3 = C.

(3) It is obvious that y = 0 and y = 3 are the only equilibrium solutions. Since 1 +
24+ 9% > 1> 0, we have % =yB—-y) 1+t +4y?) >0if 0 <y < 3. Thus y is
increasing if 0 < y < 3. By the uniqueness of ODE, we know that 0 < y(t) < 3
if 0 < y(0) < 3. Now y(0) = 2,80 0 < y(t) < 3 and y(¢) is increasing. Thus
limy ., y(t) = L exists. We have 0 < L < 3. Suppose 0 < L < 3, we have
limy oo ¢/ (t) = limy 0o y(3 — y) (1 +t* +y?) = L(3— L) limy (1 +t* +y?) = co. But
this will imply that lim; . y(t) = co. Therefore L = 3 and lim; ., y(t) = 3.

(4) (a) Let f(y) = y*> —3y> +2y. We have f(y) = ¢° —3y° + 2y = y(y* — 3y +2) =

y(y —1)(y — 2). Thus f(y) < 0 when y € (—00,0) U (1,2) and f(y) > 0 when
€ (0,1) U (2,00). Therefore {1} is an asymptotically stable equilibrium point
and{0, 2} are unstable equilibrium points.

(b) Let f(y) = (y* — 3y* + 2y)(y — 3)*>. We have f(y) = (y° — 3y* +2y)(y — 3)* =
y(y — 1) (y — 2)(y — 3)% Thus f(y) < 0 when y € (—o0,0) U (1,2) and f(y) > 0
when y € (0,1) U (2,3) U (3,00). Therefore {1} is an asymptotically stable
equilibrium point,{0, 2} are unstable equilibrium points and {3} is a semistable

equilibrium point.

(5) (a) y(t) = cre™ + coe™.
(b) y(t) = cle*” + cpte™?.

(c) y(t) = cre™? cos(2t) + cote™ sin(2t)

(d) The characteristic equation of y(®(¢) + 64y(t) = 0 is 7% + 64 = 0. Note that
—64 = 64€!™2%7) where k is an integer. Solving 7% + 64 = 0 is the same as
solving 70 = —64 = 64¢!™+2k7)  Therefore r = /6de e
2(cos(H2)) 4 g sin(TH2)) ) where k = 0,1,2, -+ , 5.

Let r, = 2(003(%) - isin(—(”Jrgk”))) where £ = 0,1,2,---,5. Therefore
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= 2(cos(T)+isin(Z)) = V3+i, r1 = 2(cos(5)+isin(%)) = 2i, ro = 2(cos(F)
@sm( ) = —V3+i, g = 2(008( ) +isin(F)) = \/3 — 1, 7y = 2(cos(2)
isin(3)) = —2i and r5 = 2(cos(1) + isin(1T)) = v/3 — i. Note that ro = 75,
r1 =74 and ro = 3.

The general solution is y(t) = c1e¥3 cos(t)+ eV sin(t) 4 c3 cos(2t) +cq sin(2t) +
cse V3 cos(t) + cge V3 sin(t). This solution is unstable.

+
+

(e) y(t) = cre 2 cos(2t) + coe 2 sin(2t) + c3te™* cos(2t) + cute ! sin(2t) + c5e® +

cete?t + crt?e® + cg + cot. This solution is unstable.

(f) Try y = t". We have v/ = rt", 3/ = r(r — 1)t""2 and 2y"(t) + 2ty'(t) — 2y =

rir =1t +2rt" —2t" = (r+r —2)t" =0ifr’ +r—2=(r+2)(r — 1) =0, ie.
r=2and r=—1 So y(t) = c;t 72 + cot.

(g) t*y"(t) + 2ty/(t) — 2y = 0. Try y = ¢". We have ¢/ = rt", ¢ = r(r — 1)t"2

and t%y"(t) + 5ty'(t) + 4y = r(r — D)t" + 5rt" + 4" = (r* + 4r + 4)t" = 0 if
rP4+dr+4=(r+2)?=0,ie. r=—-2and r = —2 So y(t) = c1t7% + cot > In(t).

(h) t2y"(t) + 5ty'(t) + 8y = 0. Try y = t". We have v/ = rt", ¢/ = r(r — 1)t" 2

and t%y"(t) + 5ty (t) + 8y = r(r — )" + 5rt" + 4" = (r? + 4r + 8)t" = 0 if
r?4+4r+8 =0, ie. r = =2+ 2i. So t?** = ¢2cos(21In(t)) + it *sin(21n(t)).
So y(t) = c1t™2cos(21n(t)) + cot 2 sin(21In(t)).

(i) 3y"(t) = 3ty'(t) + 3y = 0. Try y = t". We have y = rt", y' = r(r — 1)t" 2,

y" =r(r—1)(r—2)t""3 and 3" (t) =3ty (t)+3y == r(r—1)(r—2)t"=3rt"+3t" =
(r3=3r2—r+3)t" =0if (P =3r2—r+3) =r?(r-3)—(r-3) = (r*—=1)(r—3) =
(r—=1)(r+1)(r—=3)=0andr = —1,r = land r = 3. So y(t) = c1t ' +cat +c3t>.

(G) v"(t) + 5Y'(t) + 4y = g(t) with y(0) = 0 and y'(0) = 0 where

0, 0 t<2,
glt)y=14 3(t—2), 2< t <4,
6, 4 < t.

0, 0< t<2,
gt)y=14 3(t—2), 2< t <4,
6, 4 < t.

We have g(t) = 3(t — 2)ug4(t) + 6us(t) = 3(t — 2)(ua(t) — uq

3(t —2)ua(t) — (3t — 12)uy(t) = 3(t — 2)ua(t) — 3(t — 4)uy(t). Let h(t —2) =t —2
and k(t —4) =t — 4. Then h(t) =t and k(t) = t. So g(t) = 3h(t— 2)us(t) —
3k (t — 4)uy(t) and L(g(t)) = L(3h(t — 2)uz(t) — 3k(t — d)us(t)) = 3e* L(h(t)) —
3e ™ L(k(t)) = 3“5 — 35

L(y"(t) + 5¢'(1) + 4y(t)) = ( (1) = 3% — 35

= (s2+5s +4)Y(s) = 3¢ — 32"

ua(t)) + Gua(t) =

s

52



ODE Review: page 5 of 18 MAT 3860

6—23 6—43

= Y(s) = 332(82tgs+4) - 332(52+_élf+4)

= Y(s) = 332(si1)(s+4) - 352(Sj1)(s+4)

Using partial fraction, we have m S+ = b+ i s+—4 . This implies
that 1 = as(s+1)(s+4) +b(s+ 1)(s+4) + cs (s +4) + ds*(s + 1). Plugging
ins =0, we get b = i. Plugging in s = —1, we get ¢ = % . Plugging in

—4, we get d = —5z . Hence 1 = as(s + 1)(s +4) + 3(s + 1)(3 —|—4)

1 2(3 +4) — & 2(5 +1). Plugging in s = 1, we ha;wle 1 = 10(11—1—1 + —1 —lﬂ
ThlS glVGS a = = —16" NOW we have m = 168 -+ 152 + 3541 48544 -
Let f(t) = L7 (=355 + 3% + 357 — ds51) = —16 T2t t3¢ '+ —ge " Then

2s —4s

y(t) = L_1(332(5i1)(5+4) - 352(5+1)(3+4)> = 3ug(t) f(t — 2) — Buy(t) f(t —4).
y"(t) +4y'(t) + by = ¢(t) with y(0) = 0 and 3/(0) = 0 where

0, 0 t<2,
gty =14 1, 2< t <4,
0, 4< t.

We have g(t) = ug4(t) = ua(t) — ug(t) and L(g(t)) = e — e~**. Taking the
Laplace transform, we get L(y" (¢)+5y'(t)+5y) = L(g(t)) and (s*+4s+5)Y (s) =
6723 _ 6748‘

2s —4s

= Y(S) - (s2i:ls+5) - (823-43—1—5)'

Note that (s2+4113+5) :_2(s+21)2+1 a11_(4i ft) = L_l(m) = e *sin(t).

Then y(t) = L_l((s2i4;+5) - (82i45+5)) ( )f(t - 2) - U4< )f(t - 4)

y"(t) + 5y (t) + 4y(t) = §(t — 2), with y(0) = 0 and 3'(0) = 0.

Taking the Laplace transform L(y"(t) + 5y/(t) + 4y(t)) = L(6(t — 2)), we have
(s2+5s+4)Y(s) = e 2.

. e7? e~ 2s _ ,—2s(1_1 11
=Y(0) = mma = Gier — ¢ G T 30
1 6—23 1 6—23
T 3541 3 st4- .

-1 E—
L (8+4) =e

Let f(t) = L™ (;17) = ¢* and g(1)
We have y(t) = L‘l(%ﬁ—%‘;ﬁ:) =
Tus(t)e 1=,

y"(t) + 4y'(t) + by(t) = §(t — 2), with y(0) =1 and 3/(0) = 1.
Taking the Laplace transform L(y”(t) + 4y/'(t) + 5y(t)) = L(d(t — 2)), we have
(s +4s+5)Y(s) —s—5=e%.

suz(t) f(t=2)—gua(t)g(t=2) = Fua(t)e ")

. 6725(8-5-5) e—2s e~ (s+5) e—2s
= Y(s) = mrrs T s — Gt T GioE
o 6725(84_2) +4 725
T (s+2)2+1 (s+2)

Let f(t) = —1((@;2)) = ¢ 2 cos(t) and g(t) = L (—2—) = e 2 sin(¢)

s+2)2+1 (s+2)2+1
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We have y(t) = L7H(Set) 4 4 e —) = ua(t) f(t — 2) + dus(t)g(t — 2) =

(s+2)2+1 s+2
ug(t)e 22 cos(t — 2) + 4uy(t)e “ 2) sm(t 2)

(n) y"(t) —4y'(t) + 4y(t) = 6(t — 2), with y(0 ) =0 and y'(0) = 0.
Taking the Laplace transform L(y"(t) + 4y'(t) + 4y(t)) = L(0(t — 2)), we have
(s* +4s + 4)Y7(235) = 67237.25
=Y() = @i = o

Let f(t) = L™ (g = te 2.
We have y(t) = L™ (5gp) = u2()f(t = 2) = ua(t)(t = 2)e7>72.
(6) Note that the equation in this problem should be

ty” (t) + (1 = 2t)y'(t) + (t — Dy(t) = te'.

First, we rewrite the equation as y"(t) + Y=22 Qt) y'(t) + —l)y(t) = e’

First, we find the other solution of y"(t) + (1 2t) /() + @ (t) = 0.

Given that y;(t) = €' is a solution of y”(t) + d t2t) y'(t) + t%l) (t)=0

Let p(t) = @ Let y, be another solution of y”(¢)+1=2 )y’(t)—i— 1tzl)y(t) =0. We
have (L)' = yly;y—%yiyz _ W;ft) e_(eftff)dt _ cel e;% _ Ceﬂjtwdt = Celn®)
Ol =S5 =C}. So2 = [Cldt = Clnt+ D and yp = y1(Clnt + D) =

e'(Clnt+ D) = Cet lnt+ De'. So the general solution is y = Ce’ Int + De’. We may
choose the second independent solution to be y; = e’ Int.

Now we use variation of parameter to find the general solution. Now z; = e,
Yo = e'Int, yg =e, gy = e'lnt + < and W(yr,v2)(t) = yivh — yoys = €' (e’ Int +
i) — e lnt el = t. Recall that g(t) = €.

/ Wéffy? t) f %dt = [(tInt)dt = gln(t) - % +c.
f W(Z;llng dt = f%dt fr— f(t)dt — ﬁ —l—d.

Thus y(t) = —¢'- (% In(t) — % + c) + e lnt( +d) = et +ce '+ de' Int.
(7) (a) We should try y,(t) = at?e *Qt—i—be?’t We have y,(t) = 2 ate”?'—2at?e '+ 3 be3!,
yp(t) = 2ae " — 8ate " + 4at’e " +9be*" and
yp(t) + 4y, () + 4y,(t) = 2ae™?" + 25 be?".
Hence y/(t) + 4y, (t) + 4y, (t) = e 2 + €3 if 2a = 1 and 25b = 1. We have a = 3,
b= 5 and y,(t) = 3% 2 + 5-e*.
The general solution is y(t) = t%¢™2" + Le¥ + cje* + cyte™ .
(b) We will use the variation of parameter formula. We have y(t) = e, yy(t) =

te™ 2,
W (y1,y2)(t) = yi(t)ys(t) — ya(t)yi(t) = e - (7 — 2te™) —te - (—2e7%) =
6—41;
y29(t) te=2te—2tIn¢
f W (y1, y2)(t) f 74t ew o dt
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()

(e)

= [tintdt = L Int — & + ¢, fwzllgg)(t)dt: [t ntgr — [Intdt =tint —
t+d

Thus y(t) = —e 2 (32Int — & +¢) + te ?(tInt — t + d).

We should try yp( ) =at sm(3t) + bt cos(3t) + ccos(2t) + dsin(2t). We have
y,(t) = asin (3t)+3 at cos (3t)+bcos (3t)—3 bt sin (3t)—2csin (2¢)+2d cos (21),
y,(t) = 6acos(3t) — 9atsin(3t) — 6bsin(3t) — 9btcos(3t) — 4ccos(2t) —
4dsin (2t) and y; (t)+9y,(t) = 6 acos (3t)—6bsin (3t)+5ccos (2t)+5dsin (21).
Hence y, (t) 4 9y, (t) = sin(3t) + cos(2t) if 6a = 0, —6b =1, 5¢ = 1 and 5d = 0.
We have a = 0, b= —%, ¢ = £, d = 0 and y,(t) = —gtcos(3t) + £ cos(2t). The
general solution is y(t) = —¢t cos(3t) + £ cos(2t) 4 ¢1 cos(3t) + cat sin(3t).

We will use the variation of parameter formula. We have y;(t) = sin(2t),
y2(t) = cos(2t) ,

W(y1 y2)(1) = y1(0)ya(t) =ya2()yr () = sin(2t) - (=2sin(2¢)) —cos(2t) - (2 cos(2t)) =

t cos(2t) sec? (2t cos(2t)
f szlgzgz))(t - f ( )72 ( )dt = f 200(52 2t) f 2005 2t) Fesn At = — f 2 sec 2t
__In|sec(2t)+tan(2t)|
(t)4 N 'C(;%;)ld ?(2t) in(2t)
f Wl;/llgyg)(t f -2 dt = f —2cos?(2t) dt

= 4COS(2t) +d = —%sec(2t) + d . We have used substitution u = cos(2t) and
du = —2sin(2t)dt.

Thus y(t) = — sin(2¢) - (—21eCUH@IL L o) 4 cos(2¢)(— L sec(2t) + d)

= sin(2¢)RLecBOHanCIL 14 Crgin (26) 4 D cos(2t).

We should try y,(t) = ate™" + be3 + csin(t) + d cos(t). We have

yn(t) = ae™*" — 2ate?" + 3be®" — csin (t) + dcos (t),

yn(t) = —4ae?' + date™" + 9be®" — ccos (t) — dsin (t) and

yn(t) + 5y, (t) + 6y,(t) = 2ae™>" + 30be®* + 5ccos (t) + 5dsin (t) — Sesin () +
5dcos (t).

Hence y)/(t) + 5y, (t) + 6y, (t) = 4e™* + et +sin(t) ifa=1,300 =1, 5c+5d = 0
and 5d — 5c =1 We have a = 1, b— ¢=—15,d= 15 and

30
yp(t) = te " + -3 — Lsin(t) + 15 cos(?).
The general solutlon is y(t) = te 2 + g5e¥ — 15 sin(t) + 55 cos(t) +cre™* +cote .

First we solve the homogeneous equatlon t2y"(t) — 4ty'(t) + 6y(t) = 0. Let
y(t) =", we have y/(t) = rt"t and 3" (t) = r(r — 1)t" 2.

Thus t2y"(t) — 4ty'(t) + 6y(t) = (r(r — 1) — 4r +6)t" = (r* — 5r + 6)¢".

So y = t" is a solution of t?y" (t)—4ty'(t)+6y(t) = 0if r?—=5r+6 = (r—3)(r—2) =
0. We have y;(t) = 3 and y,(t) = t2.
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Thus Wy, y2)(t) = yi()ya(t) — y2(t)yi (8) = 2 2t — £2(3¢%) = —t*.
The equation 2y (t) — 4ty (t) + 6y = t* + 1 can be rewritten as y"(t) — 3y/(t) +
Syt)=t+ 5 =t+1t2

() t2(t+r2) B _—
f sz//igyz)(t f , dt = —In|t| + st +c and
y19(t) 1 t+t B (t+t2) Lo
| w Wiy < f dt = —t+ 372+ d.

The general solutlon is

y(t) = —t3(—=Int| + 3t + ) + 2(—t + 3t 2 + d).

The equation y” (t)—5y'(t)+6y(t) = te*+e3+e~2" can be rewritten as (D*—5D+
6)y(t) = te* +e3 472t We divide this into three equations (D? —5D+6)y(t) =
e? (D*=5D+6)y(t) = €3 and (D*—5D+6)y(t) = e 2. Using (D —2)*(te*) =
0, (D—3)e* = 0and (D+2)e™?, we get (D—2)*(D?*~5D+6)y(t) = (D—2)*(D—
2)(D = 3)y(t) =0, (D —3)(D* = 5D +6)y(t) = (D —3)(D — 2)(D = 3)y(t) =0
and (D + 2)(D? — 5D + 6)y(t) = (D + 2)(D — 2)(D — 3)y(t) = 0. Thus the
particular solution for (D? — 5D + 6)y(t) = te? + 3t + 72 is

Yp(t) = c1t?e® + cote® + czted + cpe™ .

The equation y”(t) + 4y = tsin(2t) — 3 cos(t) can be rewritten as (D?+ 4)y(t) =
tsin(2t) —3 cos(t). We divide this into two equations (D*+4)y(t) = tsin(2t) and
(D?+4)y(t) = —3cos(t). Using (D?*+4)*(tsin(2t)) = 0 and (D?+1) cos(t) = 0,
we get (D* + 4)%(D? + 4)y(t) = 0 and (D? + 1)(D? 4+ 4)y(t) = 0. Thus the
particular solution for (D? + 4)y(t) = tsin(2t) — 3 cos(t) is

Yp(t) = c1t? cos(2t) + cot? sin(2t) + c3t cos(2t) + cqt sin(2t) 4 ¢ cos(t) + cq sin(t).

The equation y”(t) — 4y'(t) + 5y(t) = e**sin(t) + €3 sin(t) can be rewritten as
(D*—4D+5)y(t) = e* sin(t)+e* sin(t). We divide this into two equations (D?—

4D+5)y(t) = e* sin(t) and (D*—4D+5)y(t) = €3 sin(t). Note that D?—4D+5 =
(D—2)*+1. Using ((D—2)*+1)(e*sin(t)) = 0 and ((D—3)*+1)e* sin(t = 0, we

get (D—2)>+1)((D—2)2+1)y(t) =0and (D—3)>+1)((D—2)2+1)y(t) = 0.

Thus the particular solution for (D? — 4D + 5)y(t) = €* sin(t) + €3 sin(t) is

yp(t) = crte® cos(t) + cote? sin(t) + cze® cos(t) 4 coe® sin(t).

The equation 3”(t) + y(t) = 2 cos(t) can be rewritten as (D? + 1)y(t) = 2 cos(t).
Since (D? + 1) cos(t) = 0, we have (D? + 1)(D* + 1)y(t) = (D* + 1)*cos(t) = 0.

Thus the particular solution is of the form y,(t) = ct cos(t) + dtsin(¢). We have

Y, (t) = ccos(t) — ctsin(t) + dsin(t) + dt cos(t),

Yy, (t) = —ecsin(t) —csin(t) — ct cos(t) +d cos(t) +d cos(t) —dt sin(t) = —2csin(t) —
ct cos(t) + 2d cos(t) — dt sin(t)

and y, (t) + y,(t) = —2csin(t) + 2d cos(t).

Hence y, (t) + y,(t) = 2cos(t) if ¢ = 0 and d = 1. Thus y,(t) = tsin(t) and

y(t) = tsin(t) + c1 cos(t) + cosin(t).



ODE Review: page 9 of 18 MAT 3860

(b) Using y(0) = 0, ¥'(0) = 0 and y(t) = tsin(t)+cy cos(t)+co sin(t), we have ¢; = 0,
c2 = 0 and y(t) = tsin(t). The solution oscillate between —t and t.

101

qTE % ) zvalo
t \

Curve 1
Curve 2
Curve 3

(c) Using y(0) = a, ¥/ (0) = b and y(t) = tsin(t)+c; cos(t) +cq sin(t), we have ¢; = a,
co = b and y(t) = tsin(t) + acos(t) + bsin(t). The solution will not be bounded
for any a and b.
10 (a) y"(t) + 4y'(t) + 5y(t) = €* cos(t), with y(0) = 0 and y/(0) = 0.
Taking the Laplace transform of the equation, we have
L(y"(t) + 4y'(t) + 5y(t)) = L(e* cos(t))
= (s244s+5)Y(s) = =2

(s—2)2+1
= Y(s) = ((SSS23§)+1) (32+z1;s+5)- Let f(t) = _1( (57)2)“) = e cos(t) and g(t) =
LN (srkrs) = L (o) = e 2 sin(t). So y(t = [J f(t —7)g(r)dr.

(b) y"(t) — 2y (t) + y(t) = te', with y(0) = 0 and y (0) 0.
Taking the Laplace transform of the equation, we have
L(y"(t) — 2y'(t) + y(t)) = L(te)
= (52 — 25 + 1)Y<S) = ﬁ
1 1 1 11
= Y(s ) = (s 12 (s2— 25+1) — -2 (s— 1)2 Let f(t) = 1((5 1)2 ;) = te!
So y(t) = [ f(t —7)f(r)dr.
(c) y'(t) — 3y (t) + Qy(t) = tet + te?, with y(0) = 0 and 3'(0) = 0.
Taking the Laplace transform of the equation, we have
L(y"(t) — 3y'(t) + 2y(t)) = L(te' + te*)
= (82—3S+2)Y(S) = ﬁ—f—ﬁ
= Vi) = (5o 1 ooy )= i = ((5511)2 B o) e bet f() =
LN =+ oo Goyp) =te' +te* and g(t) = L~ (o2) = te".
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So y(t) = [ f(t —7)g(r)dr.
(11) (a)

a—XA b

b a— A\
Therefore the characteristic equation is (a — A — b)(a — A + b) = 0. Hence the
eigenvalues of A are \=a+band A =a —b.

To find the eigenvector corresponding to A = a+ b, we must solve (A— A )v = 0.
Substituting A and A = a + b gives

(T8 ) ()= 5 () =(5)

This matrix equation is equivalent to the single equation bv; —bvy = 0. Therefore

=(n)=)=(1)

To find the eigenvector corresponding to A = a— b, we must solve (A— A )v = 0.
Substituting A and A = a — b gives

(5 e ) ()= G) () - (0)

This matrix equation is equivalent to the single equation bv; +bvy = 0. Therefore

det(A—)J)zdet( ):(a—A)2—b2:(a—)\—b)(a—)\—l—b).

V9 = vy and

vy = —v; and

=) =(5) = (4)

Thus the general solution is

1 1 c 6(zz—i—b)iﬁ +e 6(a—b)t
_ (a+b)t (a—b)t _ 1 2
z(t) = cre ( 1 ) + coe < _1 ) = ( et gelabt |-
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(b)
a —b
Let A= ( b4 ) .
B a—\A —b B 9 492
det(A—)\I)—det( b a_)\)—(a )+ b7
Therefore the characteristic equation is (a — A\)® +b? = 0. Hence the eigenvalues
of Aare A =a+1iband A = a —b.

To find the eigenvector corresponding to A = a+ib, we must solve (A—AI)v = 0.
Substituting A and A = a + ib gives

(0 ) ()= (3 5) ()= (o)

This matrix equation is equivalent to the single equation —ibv; +bvy = 0. There-
fore vy = iv; and

(n)=() ()
(%) (A% 7
platbi)t ( 1 )
1
can be simplified as

(e cos(bt) +ie™ sin(bt)) K é ) o ( | ﬂ

1
= () ()

Thus the general solution is

The expression

e cos(bt) e sin(bt) c1e cos(bt) + coe™ sin(bt)

o) =a ( —e sin(bt) > e < e cos(bt) > - ( —c1e® sin(bt) + cze cos(bt) ) |
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()

-5 2
Let A—(_4 1).

det(A — ) :det( _5_? 1: ) = A+ 1A+ 3).
Hence the eigenvalues of A are A = —1 and A = —3.
To find the eigenvector corresponding to A = —1, we must solve (A — A\I)v = 0.

Substituting A and A = —1 gives

—4 2 v\ _ (0
(2)(n)-(0)
This matrix equation is equivalent to the single equation —4wv; +2vy = 0. There-
fore vy = 2v; and

=(n)=(a) = (2)

To find the eigenvector corresponding to A = —3, we must solve (A — Al )v = 0.
Substituting A and A = —3 gives

(S0 ()=(0)

This matrix equation is equivalent to the single equation —2v; +2vy = 0. There-
fore vy = v; and

=()=()== (1)

Thus the general solution is

1 1 cre bt 4 coe™3
_ —t —3t 1 2
z(t) = e < 2 ) e ( 1 ) B ( 2cie7t + cpe™ )



ODE Review: page 13 of 18

MAT 3860

(d)
-2 -1

Let A:( 5 _4>.

—2—A -1

2 —4 =\
Hence the eigenvalues of A are A\ = -3 +iand A = -3 — 1.

det(A — M) = det (

):A2+6)\+10.

To find the eigenvector corresponding to A = —3+4, we must solve (A—\I)v = 0.

Substituting A and A = —3 + i gives

() (n)=(0)

This matrix equation is equivalent to the single equation (1 — ¢)vy — vy = 0.

Therefore vy = (1 — 4)v; and

v — (%1 . U1 — 1
T \w ) (=i ) TP\ 1—d )
The expression
, 1
(—=3+ia)t
(L)
can be simplified as

(e cos(t) + ie~ ¥ sin(t)) K } ) ”( —01 ﬂ

e 3 cos(t) e 3t sin(t)

Thus the general solution is

0= ey bty ) 2 iy

B cre”3 cos(t) + coe™ sin(t)
\ (. —c)e 3 cos(t) + (c1 + co)e 3 sin(t) )

= ( e cos(t) + e~ sin(t) ) o ( ¢~ sin(t) — e cos(t)
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(e)

-5 3
Let A—(_3 1).

B —-5—-X 3 B 5
det(A—)\])—det( _3 1_A>_(>\+2).

Hence the eigenvalues of A are A = —2.
To find the eigenvector corresponding to A = —2, we must solve (A — A\I)v = 0.
Substituting A and A = —2 gives

-3 3 vy (0
(53)()-(0)
This matrix equation is equivalent to the single equation —3wv; +3vy = 0. There-
fore vy = v and

=(3)-(2)-0(0)

The matrix only has one independent eigenvector. We need to find w such that
w solves (A — Al)w = v where

(1)
(Z5)(m)=(1)

This matrix equation is equivalent to the single equation —3w; + 3w, = 1.
Therefore wy = w; + % and

(n)=(uhy)
w = —= 1
Wa w1+§

We may choose w; = 0 to get

=

Thus the general solution is

o(t) = cre”™ ( 1 ) + e {te_% ( 1 ) e (

This yields

wi= O
~~

wi= O
~_
_
Il
VR
—
o)
A
+ o
s
wi=
@) |
0 ]
~— ~
a
I+
=9
+ %
[@ |
> X
QI
»
~_
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4 -1
Let A:(l 5 )
det(A — \I) = det ( 4IA 2__1A ) = (A —3)%

Hence the eigenvalues of A are A = —2.
To find the eigenvector corresponding to A = 3, we must solve (A — Al )v = 0.
Substituting A and A\ = 3 gives

(L )()-00)

This matrix equation is equivalent to the single equation v; — v9 = 0. Therefore

=(3)-(2)-0(0)

The matrix only has one independent eigenvector. We need to find w such that

(f)

V9 = vy and

w solves (A — A )w = v where

(1)
(o))

This matrix equation is equivalent to the single equation w; —wy = 1. Therefore

we = w; — 1 and
()= (™)
w = =
Wo wy; — 1

We may choose w; = 0 to get

N

Thus the general solution is

1 1 0 C €3t + c t€3t
3¢ 3t 3t — 1 2
— + t + - ’
:L‘(t) c1€ ( 1 ) “ |: ‘ ( 1 ) c ( —1 ):| ( (Cl 02)63t 02t63t

This yields
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(12) (a) From (14d), we know that the general solution is

(t) = ( ( cre 3t cos(t) + coe ™3 sin(t) ) .

c1 — cz)e P cos(t) + (c1 4 c2)e sin(t)

Using z1(0) = 1 and z1(0) = —1, we have ¢ = 1 and ¢; — ¢y = —1. Thus ¢; = 1,
¢y = 2 and

x(t):< e~3 cos(t) + 2e 3 sin(t) )

—e 3t cos(t) + 3e~3 sin(t)

(b) From (14e)the general solution is

x(t) = ( : cre 2 4 cote™ 2 ) |

1.\, —2 —2
c1+ 5ca)e - cpte™

Using x1(0) = 1 and x1(0) = —1, we have ¢; = 1 and ¢; + %02 = —1. Thus
c1 =1, co = —6 and

—2t —2t
o= ().

(13) (a) (12c) The eigenvalues of A are A = —3 and A = —1. Since lim; o, ¢ % = 0 and
lim; .o, e™* = 0, we conclude that this linear system is asymptotically stable.
(12d) The eigenvalues of A are A = —3+i and A = —3—i. Since lim; ., e 73 cos(t) =
0 and lim; . e 3 sin(t) = 0, we conclude that this linear system is asymptoti-
cally stable.
(12e) The eigenvalues of A are A = —2 and A has only one eigenvector. Since

2t = 0 and lim;_.o te™? = 0, we conclude that this linear system is

hmtg,oo e
asymptotically stable.
(12f) The eigenvalues of A are A = 3 and A has only one eigenvector. Since

lim;_, €3 = oo, we conclude that this linear system is unstable.

(b) Let
A:(i j)

Then det(A — AI) = A\* — 4\ + 3. Therefore the characteristic equation is (A —
3)(A — 1) = 0. Hence the eigenvalues of A are A = 3 and A = 1. Since
lim;_o €3 = oo and lim;_. €' = oo, we conclude that this linear system is
unstable.

(c) Let
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(14) (a)

(15) (a)

(16) Let z1(t) = y(t), =
y'(t) = w3, G =y" (1)

Then det(A — AI) = A? — 6X + 10. Therefore the characteristic equation is
(A —=3)2+1 = 0. Hence the eigenvalues of A are A\ = 3+ 4 and A = 3 — 4.
Since €% cos(t) and €3 sin(t) oscillate between —oo and oo , we conclude that
this linear system is unstable.

Let
2 4
A= :
(%)
Then det(A — X\I) = A\? + 4. Therefore the characteristic equation is A\* +4 = 0.
Hence the eigenvalues of A are A = 2i and A = —2i. Since cos(2t) and sin(2t)
are bounded , we conclude that this linear system is stable.
Since 4 (- 4 £0) — /(1) - 2" (1) + 2°(1) - /(1)
= (@"(1) +2%(1) - (1) = 0

, we have (@(e)* | m4(t) = @7 4 210 _ a® | 5 We have used the fact that

2 2 1 2 T 1
x(t) satisfies 2" (¢) + 23(t) =0, 2/(0) = a and z(0) = b
2 4
From (a), We/ hzzve (2 (22)) —|—4$4(t) = Z; + %. 2 )
Therefore % < 2 +5 and xf) < 2 + b This implies that |2/(¢)] <

2. (7 + b4) and |z(t)] < y/4- (% + bz) Thus the solution stays bounded.

Using the equation,

we have £ (2(t) + y*(t)) = 2z% + 2y

= 2x(— y+x3+xy2)+2y(x+y +a y)

= —2xy + 22* + 22%y° + 22y + 2y + 22%y?
=2z + 42%y? + 2yt = 2(2? + ?)2.

Let r(t) = «*(t) + y*(t). From (a), we have r/(t) = 2r®. Thus r(t) = -5~
where rog = r(0) = 22(0 ) + 42(0). i
Hence lim,_ . - r(t

)=
= 2%t ) + y%(t). Use the equation in (a) to find the explicit

(Hint: Let r(
(t).)
2

)
formula for r(t).
) and z3(t) = y"(t). Then G = y'(t) = 23, G =

t)y =yt
—by"(t) — cy/(t) — dy(t) = —dxy — cxy — brs. Hence

= xQ

Zs3
= —dx; —cxq9 —bxs
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(17) L2y () — fi(t — 7)Py(r)dr) = L(—20
N 2L(y( )) =25 — L( [y (t — 7)%y(r)dr)) = =3
= 25L(y(t)) — 2 — L) L(y(1)) = —2
= 2sL(y(t)) — ZL(y(t) = -2

= (25 — 5)L(y(1)) = _s% 2

= ()L () = 27
s(s2—1) s

(

(
= L(y( )) = 22(8471) =3
y(t) = L7 211) = cos(t)




