Solution to Review Problems for Midterm |l
MATH 3860 — 001

Correction:

(4i) should be t2y"(t) — t(t + 2)y/'(t) + (t + 2)y(t) = t*e(1 + ).

Given that y; () = te' is a solution of ty”(t) — t(t + 2)y'(t) + (t + 2)y(t) = 0.

You should do problems involving the exact equation. Here is one example.

Solve (2xy® + y* + 1) + (322y? + 4y + SyZ)% =0.

Solution: Let M(z,y) = 2xy® +y* + 1 and N(z,y) = 32%y? + 4xy® + 3y?, We have have
M, = 6zy* + 4y and N, = 6xy? + 4y3. So M, = N, and the given equation is exact. Thus
there is a function ¢(z, y) such that ¢, = M = 2zy3+y*+1 and ¢, = N = 32y’ +4xy>+3y>
Integrating the first equation, we have ¢(z,y) = [(2zy* +y* +1)dz = 2%y* + zy* + x + h(y).
Using ¢, = N = 32%y* + 4ay® + 3y?, we have a(IQyBHgZJFHh(y)) = 32%y* + 4ay® + 397,
3uy? + dwy® + I'(y) = 32°y* + 4wy’ + 3y, M(y) = 3y* and h(y) = [(By*)dy = ¢° + c.
Hence é(x,y) = 2%y® + 2y* + v + h(y) = 2%y° + ay* + x + y* and the solution satisfies
o, y) =22 +ayt +r+yP =c

(1) Find the general solution of the following differential equations.

(a) y'(t) + 6y (t) + 9y = 0. The characteristic equation of y”(t) + 6y'(t) + 9y(t) = 0
is 2 +6r +9 = (r +3)? = 0. We have repeated roots r = —3. Thus the general
solution is y(t) = c1e™3 + cote ™3t

(b) ¥"(t) + 5y'(t) + 4y = 0. The characteristic equation of y”(t) + 5y/(t) + 4y = 0 is
> +5r+4=(r+1)(r+4)=0. We have r = —1 or r = —4. Thus the general
solution is y(t) = cie™ + cpe ™.

(c) ¥'(t) +4y'(t) + 5y = 0. The characteristic equation of y"(¢) + 4y/(t) + 5y = 0 is
r? +4r+5=0. We have r = —2 +4. Note that e(=2+)t = e=2eit = =2 cog(t) +
ie~* sin(t). Thus the general solution is y(t) = cie™? cos(t) + cae ! sin(t).

(d) *y"(t) + Tty'(t) + 8y(t) = 0. Suppose y(t) = t", we have y/(t) = rt""! and
y'(t) = r(r — 1)t"2 Thus *y"(t) + 7ty'(t) + 8y(t) = (r(r — 1) + 7r + 8)t" =
(r? 4+ 6r + 8)t". Thus y = " is a solution of t%y”(t) + Tty'(t) + 8y(t) = 0 if
r? +6r +8 = (r +2)(r +4) = 0. The roots of 7? + 6r + 8 = 0 are —2 and —4.
Therefore the general solution is y(t) = ¢t 72 + cot ™.

(e) t2y"(t) + Tty'(t) + 10y(t) = 0. Suppose y(t) = t", we have y/(t) = rt"~1 and
y'(t) = r(r — 1)t"2. Thus t*y"(t) + 7ty'(t) + 10y(t) = (r(r — 1) + 7r + 10)t" =
(r?> +6r + 10)t". Thus y = t" is a solution of t*y"(t) + Tty'(t) + 10y(t) = 0 if
r? +6r+10 = 0. The roots of >4+ 6r +10 = 0 are —3 +4 and —3 —i. Note that
t=e"tand t737 = ¢3¢t = ¢ 73 cos(Int) +it 3 sin(Int). Therefore the general
solution is ¢1t73 cos(Int) + cot 3 sin(Int).
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(f) t2y"(t) + 5ty'(t) + 4y(t) = 0. Suppose y(t) = t", we have ¢/(t) = rt"~! and
y'(t) = r(r — 1)t"2. Thus t*y"(t) + 5ty'(t) + 4y(t) = (r(r — 1) + 5r + 4)t" =
(r? 4+ 4r + 4)t". Thus y = " is a solution of t2y”(t) + 5ty/(t) + 4y(t) = 0 if
r? 4+ 4r 4+ 4 = (r +2)% = 0. The roots of r? 4+ 4r + 4 = 0 are —2. Therefore the
general solution is c1t72 + cot 2 Int).

(g) ?y"(t) + ty'(t) + 9y = 0. Suppose y(t) = ", we have y/(t) = rt" and y"(t) =
r(r — 1)¢"2. Thus 2y"(t) + ty'(t) + 9y(t) = (r(r — 1) + 7+ 9" = (r* + 9)¢".
Thus y = " is a solution of t2y"(t) + aty'(t) + By(t) = 0 if 7> +9 = 0. The roots
of 7249 = 0 are 3i and —3i. Note that t = e!"? and #3 = B! = cos(3Int) +
isin(31nt). Therefore the general solution is ¢; cos(31Int) 4 cosin(31nt).

(h) Let p(t) = ¢/(¢). Then ty"(t) + 2y/(t) = t*> + t* + 1 can be rewritten as tp/(t) +
2p/(t) =+t + 1. Thus (p(t)) = t* + > +¢. Thus p(t) = L + £ + 1+ G and

= [pt)dt =L+ 2 +1 - C 1D
(i) Let p(t) = ¢/'(t). Then y"(t) + (y’(t)) = 0 can be written as p/(t) + p*(t) = 0.
Wehavep(t):i\/m and y(t) = [ p(t) j:f\/ﬁdt:i\/Qt%—C—{—D.

(j) Let p(t) = ¢/(¢t). Then y"(t) = (t+vy (t)) — 1 can be written as p/(t) = (t +
p(t))? — 1. Let v =t + p(t). We have v'(t) = 1+ p/(t) and p'(t) = v'(t) — 1.
Thus p'(t) = (t+ pt))* — 1 is equivalent to v'(t) — 1 = U2(t) — 1, that is
V' (t) = v3(t ) We get v(t) = 1 and y/(t ) p(t) = v(t) —t = = —t. Hence
y(t) = [(f5 —t)dt = —In| =t + C| - £+ D.

(2) Find the solution of the following initial value problems.

(a) ¥'(t) +4y'(t) + by = 0, y(0) = 1 and ¢'(0) = 3. From (1C), we have y(t) =
cre” 2 cos(t)+coe  sin(t) and Y (t) = —2cie ? cos(t)—cre 2t sin(t) —2coe 2t sin(t)+
coe 2t cos(t) = (—2¢1 +ca)e " cos(t) + (—c1 — 2c9)e ! sin(t). Using y(0) = 1 and
y'(0) = 3, we have ¢; = 1 and —2¢; + ¢, = 3. So ¢y = 1 and ¢; = 5. Hence
y(t) = e cos(t) + He * sin(t).

(b) t2y"(t) + Tty'(t) + 10y(t) = 0, y(1) = 2 and y/(1) = —5. From (1C), we have
y(t) = cit 3 cos(Int) +cot 3 sin(Int) and 3/ (t) = —3c;t~* cos(Int) —clt*:)’sm(tﬁ —
3cot ™ sin(Int) + cot =3 Cos(tlnt) = (=3c; + o)t cos(Int) + (—c; — 3ep)t " sin(Int).

Using y(1) = 2 and /(1) = —5 we have ¢; =2 and —3¢; +c2 = —5. So ¢ =2
and ¢, = 1. Hence y(t) = 2t~ cos(ln t) +t3sin(Int).

(3) In the following problems, a differential and one solution y; are given. Use the method
of reduction of order to find the general solution solution.

(a) 2" (t)—t(t+2)y () +(t+2)y(t) = 0;y1(t) = t. Rewrite the equation t?y” (t)—t(t+

2)y'(t)+(t+2)y(t) = 0asy"— t+2y’+t+2y = 0. Sop(t) = —42. Let y, be another
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(b)

solution of t2y”(t) — t(t + 2)y'(t) + (t + 2)y(t) = 0. We have (2y = na-viYe

Y1
W(t) Ce—Ipydt Cef H2at DA e2In(1)  Cete2lnt ety — Ot
t2 - t2 t2 - t2 - 12 2 €.
y1

So 2 = [Ce'dt = Ce' + D and y» = y1(Ce' + D) = t(Ce' + D) = Cte' + Dt.
So the general solution is y = C'te! + Dt.

(t+ Dy"(t) — (t+ 2)y'(t) + y(t) = 0;y1(t) = e'. Rewrite the equation (t +
Dy (1) — (t+2)y'(t) +y(t) = 0 as y’ — 2y + Loy = 0. So p(t) = —2. Let
y2 be another solution of (¢ + 1)y"(t) — (¢ 4+ 2)y'(t) + y(¢t) = 0. We have (#2)" =
ywéy*%yiw _ W;%t) _ fracOe_fp(t)dtth _ Cef;i%dt _ f(l;t Aos Ce(t-:;(t-!—l)) B

Celdlithl) — Cl) — Cet(t+1) = Clte ' +e7"). So 2 = [Clte + e ")dt =
C(—te7"—2e ")+ D and yo = 11 (C(—te " —2e7 ")+ D) = e'(C(—te™" —2e7") +
D) = —C(t+2) + De'. So the general solution is y = ¢(t + 2) + de’.

(4) Find the general solution of the following differential equations.

(a)

y"(t) + 5y (t) + 6y(t) = e + sin(t).
Solving 72 + 5r + 6 = (r + 2)(r + 3) = 0, we know that the solution of y”(t) +
5y'(t) + 6y(t) = 0 is y(t) = cre 2 + coe ™3t We try y, = ce' + dsin(t) + e cos(t)
to be a particular solution of y”(t) 4+ 5y/(t) + 6y(t) = €' + sin(t). We have y, =
ce'+-dsin(t)+ecos(t), y, = ce'+dcos(t)—esin(t), y, = ce'—dsin(t)—e cos(t) and
Y () 45y, (1) +6y,(t) = (ce' —dsin(t)—e cos(t))+5(ce’+d cos(t) —esin(t))+6(ce' +
dsin(t)+ecos(t)) = (c+50+6c)et+(—d—5e+6d) sin(t) 4+ (—e+5d+6¢) cos(t) =
12ce! + (5d — 5e) sin(t) + (5d + 5e) cos(t) = e + sin(t) if 12¢ = 1, 5d — 5e = 1
and 5d + 5e = 0. So ¢ = 12, d= % and e = ——0 Thus the general solution of
y"'(t) + 5y (t) + 6y(t) = €' +sin(t) is y(t) = 15¢" + 15 sin(t) + 15 cos(t) + cre™ +
coe 3t
y"(t) + 4y = 2sin(2t) + 3 cos(t) Solving r? + 4 = 0, we know that the solution of
y"(t)+4y = 0is y(t) = 1 sin(2t)+co cos(2t). We try y, = ctsin(2t)+dt cos(2t) +
esin(t) + f cos(t) to be a particular solution of y”(t) + 4y = 2sin(2t) + 3 cos(t).
We have y, = ctsin(2t) + dt cos(2t) + esin(t) + f cos(t),
Yy, = csin (2t) + 2ctcos (2t) + dcos (2t) — 2dtsin (2t) + ecos (t) — fsin (1),
yz’,’ =4ccos(2t)—4ctsin (2t)—4dsin (2t)—4 dtcos (2t) —esin (t) — f cos (t) and
Y, (1) +4y,(t) = 4ccos (2t)—4dsin (2t)+3esin (t)+3f cos (t) = 2sin(2t)+3 cos(t)
1f c=0,d=—5,e=0and f = 1. Thus the general solution of y"(t) + 4y =
2sin(2t) + 3 Cos( ) is y(t) = =1 tcos(2t) + cos (t) + ¢1 sin(2¢) + ¢ cos(2t).
y'(t) + 4y = 4e* We try y,(t) = ce. Then y, = 4ce®, y) = 16ce™. So
yr(t) + 4y, = 20ce* = 4e* if ¢ = 1. The general solution is y(t) = e* +
c18in(2t) + ¢ cos(2t).
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(d)

y'(t) + 4y + 4y(t) = e + €* Solving r* + 4r + 4 = (r + 2)? = 0, we know
that the solution of y”(t) + 4y + 4y(t) = 0 is y(t) = cre™* + cote™?. We try
yp = ct?’e™? 4 de* to be a particular solution of y”(t) + 4y + 4y(t) = e~ + &*..
We have y, = ct?e™ + de*, y, = 2cte™ — 2ct?e™" + 2de”, y) = 2ce™ —
dete™ — dete™ + 4et?e™ + 4de* = 2ce ™t — 8cte ™ + dct?e™ + 4de* and
Yo (t)+4y, (t) +4y,(t) = (2ce™ —8cte™* +4ct’e™* +4de® ) +4(2cte ™ —2ct?e™ +
2de*") +4(ct’e + de®') = 2ce™* +16de*. So y(t) + 4y, (1) +dy,(t) = e +e*
if 2c = 1 and 16d = 1, ¢ = % and d = %. Thus the general solution of
Yt + Ay +Ay(t) = e + e is y(t) = StPeH + et 4 e 4 cote

y'(t) + 5y (t) + 6y(t) = t* + 1. Solving 72 + 5r —i— 6 = (r+2)(r+3) =0, we
know that the solution of y”(t) + 5y +6y(t) = 0 is y(t) = cre™?" + cpe™3. We try
yp(t) = at*+bt+c to be a particular solution of 3" (t)+5y'(t) +6y(t) = t*+1. So
Y, = 2at+b, yi = 2a and y (t)+5y, (t) +6y,(t) = 2a+5(2at+b)+6(at®+bt+c) =
6at® + (10a + 6b)t + 2a 4 5b + 6¢. So y)(t) + 5y, (t) + 6y,(t) = t* + 1 if 6a=1,
10a+6b = 0 and 2a+5b0+6¢c = 1. Thusa = %, b=—2a=—2 and ¢ = 1=2¢=% —

25 18—6+425 3 18 6
1 + 77
3118

18 = 6 = 1302 The general solution of y”(t) + 5y/(t) + 6y(t) = t* + 1 is
y(t) = 312 — St + 3L 4 cre™ + cpe ™

(variation of parameter) Suppose y(t) and y,(t) are independent solutions of
y"(t) + p(t)y'(t) + q(t)y(t) = 0. Then a particular solution is given by

up(t) = —un (t) [ 2P0t + yo (1) [ 2580 at

where W (t) = Wy, y2)(t) = y1(t)yh(t) — y2(t)yy(t) is the Wronskian of y; and
Ya.

t2y"(t) — ty'(t) — 3y(t) = 4¢%.

First, we solve t%y”(t) — ty'(t) — 3y(t) = 0. Suppose y(t) = t", we have y/'(t) =
rt""and y"(t) = r(r—1)t""2. Thus t*y"(t)—ty'(t) —3y(t) = (r(r—1)—r—3)t" =
(r? —2r — 3)t". Thus y = t" is a solution of t2y"(t) — ty/(t) — 3y(t) = 0 if
r? —2r —3 = (r—3)(r +1) = 0. The roots of 7> —2r — 3 = 0 are —1 and 3.
Therefore the general solution is ¢t~ + cot3.

Let y; = t™! and y, = 3 to be the solutions of t2 ”( ) — ty'(t) — 3y(t) = 0.

—e

Wiy, y2)(t) =y ()ya(t) — y2()yi(t) =71 (317) — %+ (—17%) = 4t.

Now g(t) = 4t*>. We have

i W?flgg(/tg))(t tsftt2 dt = [ t4dt 1t5 +cand [ —W i’jlgm dt = r;ftz dt =
fldt—t+c Soy(): —y1 (1) [ EPELdt + s (1) [ EPED d = 7 (367 + d) +

t3(t+c) St 4ot —dtt

y"(t) + 4y = sec(2t)

We will use the variation of parameter formula. We have y(t) = sin(2t),
yo(t) = cos(2t) ,
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()

W(yl, y2)(t) = y1(0)ya(t) =ya()y1 () = sin(2t) - (=2sin(2¢)) —cos(2t) - (2 cos(2t)) =

(t) cos(2t) sec(2t) cos(2t) —1 -
f W?igyz)(t o f dt f —2cos(2t) dt = f 5 dt = _t + ¢ and
(1) 1n(2t) (2t) in 2t In (2t)
i Willgyg)(t) = [EEd = ZCOS(% dt = lcos L+ d . We have used

substitution u = cos(2t) and du = —2sin(2t)dt.
Thus y(t) = —sin(2t) - (5 + ¢) + cos(2t) (22U 4 q) = —csin(2t) + d cos(2t) +
t sin(2t) + cos(2t) In | cos(2t)|

2 4 .
y"(t) + 4y = tan(2t)
We will use the variation of parameter formula again. From previous example,
we have y;(t) = sin(2t), yo(t) = cos(2t) and W (y1,y92)(t) = —2.

(t) cos(2t) tan(2t) [ cos(2t)sin(2t) — sin( 2t _ cos( t)
f Wll/flgw)(t) f -2 dt = f —2cos(2t) dt = f dt - +c.
(t) sin(2t) tan(2t) [ sin(2t)sin(2t) 1 cos? ) cos(2t)
f Wzi/llgyg)(t f -2 dt = f —2 cos(2t) dt == f —2005 f< 2 -
sec(2t sin 2t) In | sec(2t)+tan(2t)|
)t = ) +d. |
ThUS y( ) _ Sll’l(2t> (cos(Qt) + C) COS(?t) ( smfft) + In | sec(2ti+tan(2t)| + d) _

- cos(2t)ln|Sec(%zjtan(%)' csin(2t) + dcos(2t).

2y (t) — t(t+2)y'(¢) + (£ + 2)y(t) = t*e' (1 + 1).

Given that y;(t) = te is a solution of t2y”(t) — t(t + 2)y/(t) + (¢t + 2)y(t) = 0.
This equation of this problem should be t2y" () —t(t+2)y/(t)+2ty(t) = t*e’(1+¢)
Rewrite t2y"(t) — t(t + 2)y/(t) + 2ty(t) = t*e’(1 + t) as

Y0 — L2y (1) + 2y(1) = el +1)

First, we find the solution of y"(t) — (HQ)y’(t) + Zy(t) = 0.

Let p(t) = —22. Let y» be another solution of t2y” (¢) —t(t+2)y'(t)+ (t+2)y(t) =

t+2 2
vy _ Ws—yiye: _ W) _ CemJr®Wdt _ gel Tdt  geJUtPat
0. We have <y1) = y% - y% == (tet)Q — 122t - 122t
Celt+2In(®)) gete2Int ety —t Y2 __ —t _ —t
o = o = gor = Cet. S0 2 = [Ce'dt = —Ce™ + D and

Yo = y1(—Ce '+ D) = te'(—Ce~ '+ D) = —Ct+ Dte'. So the general solution is
y = —C't + Dte'. We may choose the second independent solution to be yy = t.
Now y; = te, yp = ty; = e' +te'yy = 1 and Wy, 42)(t) = viys — yoyy =
tet -1 —t(e' + te') = —t%e’. Recall that g(t) = t%e’(1 + ).

B e = [P g (= )t~ % e,
J Wzllg;?)(t fteti#dt [(—tet — t2et)dt = tet — et — t%e! 4 d.

Thus y(t) = —te’ - (—% -£ D 4c) 4 t(tet — et — 2t +d) = (511 — 3t + 12 —t)e —
cte! + dt.

(L=t)y"(t) +ty'(t) — y(t) = 2(t — 1)%™".

Given that y;(t) = t is a solution of (1 — )y"(t) + ty/(t) — y(t) = 0.



MAT 3860- 001 ODE Review: page 6 of 8

Rewrite (1 — t)y"(t) + ty/(t) — y(t) = 2(t — 1)*e™" as
y'(8) + 75y (1) — () = 2 11)f =2(1—t)e".
First, we find the solution of y"(t) + t5v/(t) — t5y(t) = 0.

Let p(t) = 1. Let yo be another solution of y”"(t) + 5y/(t) — 5y(t) = 0.

1-t
—t —t+1-1 g
Y2\, y1y§—y/1y2 o W(t) _ Ce*fz’(t)dt _ e =t g T =
We haVe <y1> yl - y1 - - t2 - $2 —
1
el MTEDY geltrint-1) _ Ce t(t D — "= G
t2e2t - 2 - t2 =Ce ( ) So uo fce (? B

5)dt = C’e—: +D and yp = yl(C’6 +D) = t(C’6 +D) = C’e + Dt. So the general

solution is y = Ce' + Dt. We may choose the second independent solution to be

Y2 = €.

Now y1 =, yo = €'y = Ly, = €' and W(y1,y2)(t) = 195 — y2y; = te' — ' =
e'(t — 1). Recall that g(t) = 2(1 — t)e™"

®) (1—t)e _ 0
| wtpmdt fett—ldt J(—2e7)dt =2e7" +c.

) t-2(1-t)e _ N
] womm f—ett fdt = [(=2te™)dt = e (2t +1) +d.
Ths (1) = (2671 4.0+ ¢/} *2t<2t+1>+d>——e*t+§e*t_ct+det.

(5) Find the solution of the following initial value problems.

(a)

y"(t) + 4y = 2sin(2t) + 3 cos(t), y(0) = 3 and ¢'(0) = 5. You may use the result
in 4b.

From (4b), we have y(t) = —3tcos(2t) + cos(t) + ¢1sin(2t) + o cos(2t). So
y'(t) = —3cos(2t) + tsin(2¢) —sin(t) + 201 cos(2t) — 2¢q sin(2t). Using y(0) = 3
and y'(0) = 5, we have 1 + ¢, = 3 and —3 +201 = 5. Thus ¢; = 1741, co = 2 and
y(t) = —3 tcos(2t) + cos(t) + L sin(2¢) + 2 cos(2t).

Y/(1) — t/(t) + sin(y(1)) = 0, y(1) = 0 and /(1) = 0.

One can check that y(t) = 0 is a solution of y"(t) — ty/'(t) + sin(y(t)) = 0. By
the uniqueness and existence Theorem, we have y(t) = 0.

(6) What is the form of the particular solution of the following equations? (You don’t

have to find the particular solution. For example, the form of the particular solution
of y" +y =sin(t) is y,(t) = ctsin(t) + dtsin(t).)

(a)

(b)

y'(t) + 4y = t?e=* Solving 2 +4 = 0, we have r = £2i. The solution of
y"(t) +4y = 0 is y(t) = ¢ sin(2t) + o cos(2t).

So the particular solution of y”(t)+4y = t?e " is y,(t) = ct?e " +dte "+ fe~*.
y'(t) + 4y + 4y(t) = te 2 + *

Solving 72 + 4r 4+ 4 = 0, we have r = —2. The solution of y”(t) + 4y + 4y(t) = 0
is y(t) = cre™ + cote 2.
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Note that te™2 is a solution of y”(t) + 4y + 4y(t) = 0 and €** is not a solution of
y" (t)+4y+4y(t) = 0. So the particular solution of y"(t)+4y+4y(t) = te > +e*
is y,(t) = ct’e ' + de?.

y'(t) + 2y (t) + 2y(t) = 2tet cos(t). Solving r? + 2r +2 = 0, we have r = —1 + 1.
The solution of y"(t) + 2y'(t) + 2y(t) = 0 is y(t) = c1e’ cos(t) + cz€’ cos(t).

Note that e cos(t) is a solution of y”(t) + 2y/(t) + 2y(t) = 0 So the particular
solution of y”(t) +2y'(t) +2y(t) = 2te’ cos(t) is y,(t) = ct?e’ cos(t) +dt*e’ sin(t) +
fte' cos(t) + gte' sin(t).

Y (t) + 2y (t) + 2y(t) = 2te’ sin(2t). Solving r?+2r +2 = 0, we have r = —1 + .
The solution of y"(t) + 2y'(t) + 2y(t) = 0 is y(t) = c1e’ cos(t) + cz€’ cos(t).

Note that e’ sin(2t) is not a solution of y”(t)+2y'(t)+2y(t) = 0 So the particular
solution of y”(¢)+2y/(t)+2y(t) = 2te' sin(2t) is y,(t) = cte' sin(2t)+dte’ cos(2t)+
felsin(2t) 4 ge' cos(2t).

y'(t) + 4y = tsin(2t) + 3t cos(2t). Solving 72 + 4 = 0, we have r = +2i. The
solution of ¥”(t) + 4y = 0 is y(t) = ¢ sin(2t) + o cos(2t). Note that sin(2t) and
cos(2t) are solutions of y”(t)+4y = 0. So the particular solution of y”(t)+4y(t) =
tsin(2t) + 3t cos(2t) is y,(t) = ct? sin(2t) + dt? cos(2t) + ftsin(2t) + gt cos(2t).

(7) Express the solution of the following equation in the form of y = AeP! cos(Ct — D).

(a)

y'(t) + 2y (t) + 2y(t) = 0, y(0) = 2 and y/(0) = 3. Solving r* + 2r + 2 = 0,
we have r = —1 £+ 4. So the general solution of y"(¢) + 2y/(t) + 2y(t) = 0 is
y(t) = cre " sin(t) + cae " cos(t). We have y/(t) = —cre " sin(t) + cie ' cos(t) —
coe P cos(t) —ce T sin(t) = (—c1—co)e sin(t)+(c1—c2)e " cos(t). Using y(0) = 2
and y'(0) = 3, we have c; = 2 and ¢; — ¢y = 3. This gives ¢; = o +3 =5
and ¢ = 2. Thus y(t) = Se 'sin(t) + 2e " cos(t) = e *(5sin(t) + 2cos(t)) =
e t/29 ( =sin(t) + Ecos(t)) V29e 7t cos(t — 0) where 6 is determined by
cos(#) = «/ﬁ and sin(f) =
y'(t) +4y'(t) + 5y(t) = 0, y(0) = 2 and ¢/(0) = 3. Solving r? + 4r +5 = 0, w

have r = —2 £ i. So the general solution of y"(t) 4+ 4y/(t) + 5y(t) = 0 is y( )
cre ?tsin(t) + coe 2t cos(t). We have y/(t) = —2cie ' sin(t) + cie? cos(t) —
2coe™?t cos(t) — cpe 2 sin(t) = (—2¢; — co)e 2t sin(t) + (¢1 — 2¢3)e " cos(t). Using
y(0) = 2 and 3/(0) = 3, we have ¢; = 2 and ¢; — 2¢co = 3. This gives ¢ = 7
and ¢y = 2. Thus y(t) = 7Te *sin(t) + 2e % cos(t) = e ?!(Tsin(t) + 2 cos(t)) =
e~ 2/53 ( =sin(t) + 2 55 cos(t) = V53¢ % cos(t — 6) where 6 is determined by

cos(f) = and 8111(9) = \/L?g

©
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(8) Solve the following problems and describe the behavior of the solutions.
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(a)

y"(t) + 4y(t) = Acos(wt) if w # 2.

The solution of y”(t) + 4y(t) = 0 is y(t) = c1 cos(2t) + cosin(2t) If w # 2, we
can try y,(t) = csin(wt) + dcos(wt). Then y, = cw cos(wt) — dwsin(wt) and
Yy = —cw?sin(wt) — dw* cos(wt). So yi + 4y, = —cw?sin(wt) — dw? cos(wt) +
4(csin(wt) + dcos(wt)) = c(4 — w?) sin(wt) + d(4 — w?) cos(wt) = Acos(wt) if
d(4 —w?) = A and ¢(4 — w?) = 0. Using w # 2, we have ¢ = 0 and d = 2.
Thus y(t) = 2 cos(wt) + ¢; cos(2t) + o sin(2t).

y"(t) + 4y(t) = Acos(2t) .

The solution of y”(t)+4y(t) = 0is y(t) = ¢ cos(2t)+co sin(2t) We can try y,(t) =
ctsin(2t) + dt cos(2t). Then y,, = csin(2t) + 2ct cos(2t) + d cos(2t) — 2dt sin(2t),
Yy, = 2ccos(2t) + 2c cos(2t) — dct sin(2t) — 2d sin(2t) — 2d sin(2t) — 4dt cos(2t) and
Yy 4y, = 2ccos(2t)4-2c cos(2t) —4ct sin(2t) —2d sin(2t) —2d sin(2t) —4dt cos(2t )+
et sin(2t) + 4dt cos(2t) = 4ccos(2t) — 4dsin(2t). Thus y; + 4y, = Acos(2t) if
4c = A and d = 0. Hence y(t) = §tsin(2t) 4 ¢1 cos(2t) + co sin(2t).




