(1) Use Laplace transform to find the solution of the fol-
lowing problems
(@) ¥’ +4y' +5y = cos(2t) +sin(2t) with y(0) = 2 and ¢/(0) =

—1.
(b) ¥ + 4y + 4y = 3e~% with y(0) = 2 and ¢/(0) = —1.
Solution:
(a) Taking the Laplace’s transform of the differential
equation

y" + 4y’ + by = cos(2t) + sin(2t),we have

L(y" + 4y’ + by) = L(cos(2t) + sin(2t)) = exwis 3214 = 552:24.
Using L(y") = s*L(y)—sy(0)—y'(0) and L(y') = sL(y) —y(0),
we have

s?L(y) — sy(0) — y'(0) + 4(sL(y) — ( )) +5L(y) = 555 and
(s* + 45+ 5)L(y) — sy(0) — y'(0) — dy(0) = 3.
Substituting y(0) = 2 and y'(0) = —1, we have

(s +4s+5)L(y) —s-2—(-1) —4-2= %2 and

(s* +4s+5)L(y) = 2s + 7+ 5=,

2+4

2547 s+2
So L(y) T s2+44s+5 + (s2+4s+5)(s2+4) *

Note that s* + 4s + 5 = (s + 2)*> + 1. First, we simplify

the term 52134&15. We can use the substitution v = s + 2
and s = u — 2 to get
2s4+7 _ 2s+7 _ 2(u—2)47 _ 2u+3
s244s+5 — (s+2)2+1 T w241 T w2+l
_ u 3 (s+2) 3
2u2+1 u2+1 2(s+2) 241 + (s+2)2+1"

Now we simplify the term ——-=5t2 . by partial frac-

(s2+4s+5)(s2+4)
tion. We have
s+2 _ s+2 _a(s+2)+b + cs+d
(s24+4s+5)(s2+4) — ((s+2)2+1)(s2+4) — (s+2)241 ' s2+4°

((s+2)*+1)(s* +4), we have
s+2=(a(s+2)+b)(s*+4)+ (cs+d)((s +2)*+1)

= (as+ (2a +0))(s* +4) + (cs + d)(s* + 45 + 5)

= as3+(2a+b)s* +4as+(8a+4b)+cs®+ds* +4cs? +4ds+5es+5d
= (a+c)s*+((2a+b)+d+4c)s* + (4a+4d+5c) s+ (8a+4b+5d).
Comparing the coefficient, we get a+c = 0, 2a+b+4c+d =
0, 4a+5c+4d=1and 8a+4b+5d = 2. From a+c =0, we
have ¢ = —a, —2a+b+d = 0, —a+4d = 1 and 8a+4b+5d = 2.
Multiplying —4 to —2a +b+d = 0, we get 8a — 4b —4d = 0.
Adding 8a + 4b + 5d = 2, we have 16a + d = 2. Using
—a+4d =1 and 16a + d = 2, we have a = = and d = .
From —2a+b+d=0and c = —a, we get b =2a —d = 2}

Multiplying



and ¢ = —-X. Hence

542 _ 7 (s+2) 4 1 _ 7 4+ 18_1
(s2445+5)(s2+4) — 65 (s+2)2+1 65 (s+2)2+1 s2+4 65 s24+4°
_ 2s+7 s+2
From L(y) T s2+4s+5 + (s2+4s+5)(s2+4)°
2547 _ o _(s+2) 3
s244s+5 2(5—}-2)2—1—1 + (s+2)2+1 and
s+2 _ 7 _(s+2) 4 1 7 _s 18 1

(s2445+5)(s2+4) — 65 (s+2)2+1 65 (s+2)2+1 65 s2+4 + & rar We

get

_ 137 (s+2) 191 1 7 s 18 1 _
L<y) — 65 (s+2)2+ 1t _(5+2) T 655244 + 65 s24+4 and y( ) -
137 7 — (s+2) 191 77— s 18 _
EL 1<(s+2)2+1)+_L ((s+2) +1)__L 1(s2+4) L <52+4)

Ble2 cos(t) + e sin(t) — &= cos(2t) + %sm(%) Note

that we have used the fact that L~ ((nggzll) = et cos(t),
Lil(m) = e Hsin(t),L( ) = cos(2t) and L~(

3 sin(2t).

(b)

Taking the Laplace’s transform of the differential equa-
tion y” + 4y + 4y = 3%,
we have L(y"+4y +4y) = L(3e~*). Using L(y’ ) = s*L(y) —
sy(0) —y/'(0), L(y') = sL(y) —y(0) and L(3e™*) = 3L(e™*) =
+15» we have
s*L(y) — sy(0) — /(0) + 4(sL(y) — ( ) +4L(y) = ;75 and
(52 +4s +4)L(y) — sy(0) — y/(0) — 4y(0) = ;5.
Substituting y(0) = 2 and ¢/(0) = —1, we have
(s +4s+4)L(y)—s-2—(—1)—4-2 = 25 and (s*+4s+4)L(y) =
25+ 25+ 7. Note that s? —|—4s+4— (s+2) So we have

(s +2)°L(y) = 535 + 25+ 7 and L(y) = (s+2)3 N (313)72' we

can simplify és” by substituting u=s+2,8=u-—2

S
(s2+4 2+4>

+2)?

and 235 = Aol s 24 5 = =it 3(s+2)

Hence we have L(y) G f)3 + oy T3 5o and
y= L_l((s+2)3 + (s+2) + 3(s+12)2)
Using L(e™) = 5. L(te ™) = ;{55. and L(t?¢ ") = (54-22)3’
‘ge,thave L () =™ Lil((s+12) ) = te™ and L™ (g33p) =
Tﬁerefore
y="L"Gp + oy g 227)

:3L*1(( o5) + 2L () + 3L ()
=3 +26*2t+3te*t 32¢72 4 2¢72 4 Bte .



