(1) Use Laplace’s transform to find the solution of the fol-
lowing initial value problems.
y"(t)+4y/'(t)+5y = h(t) with y(0) = 1 and 3/(0) = 1 where

0, 0< t<3,
ht)={ t—3,3< t<G6,
3,6< t.

Solution:
First, we find the Laplace’s transform of A(t).

0, 0< t<3, 0, 0< t<3,
ht)={ t—3,3< t<6, +{ 0,3< t<6,
3,6< t

0, 6< t :
0, 0< t<3, 0, 0< t<3,
—(t-3)-¢ 1,3<t<6, +3-80,2< t<6,
0,3< t 1, 3< 6.
(t—3)us () +3us(t) = (t—3)(us(t)—ug(t))+3us(t) = (t—3)uz(t)+(—t+6)ug

— (t = 6)ug(t).

= (t = 3)us(t)
—-3)=t—3and I(t —6) =t —6. Then A(t) =
)

Let k(¢
k(t —3)us(t) — I(t — 6)ug(t), k(t) =t andi(t) = t.
Hence L(h(t)) = L(k(t — 3)us(t) — I(t — 6)ug(t))
= L(k(t = 3)us(t)) — L{I(t — )ug(?)) o
= e L(k(t)) —e L(I(t)) = e L(t) —e % L(t) = <% — 5.
Taking the Laplace’s transform of the differential equa-
tion y” + 4y’ + 5y = h(t),we have
L(y" + 4y + 5y) = L(h(t)) = % — <. Using L(y") =
s*L(y) — sy(0) — y'(0) and L(y') = sL(y) — y(0), we have
s*L(y) — sy(0) = y'(0) +4(sL(y) — y(0)) + 5L(y) = 5 — &
and (s +4s + 5)L(y) — sy(0) — y'(0) — 4y(0) =
Substituting y(0) = 1 and y'(0 ) = 1 we have

6735 6765
—6s

52 52

(s*+4s+5)L(y) — s- 1—1—4— 52 — and
(s2 4 4s + 5)L(y) = .

s 6735 6765
So L(y) - 82+—£§+5 + (s244s5+5)s2  (s24+4s5+5)s2

Note that s* + 4s + 5 = (s + 2)* + 1. First, we simplify

s+5
the term - Pt We have

s+5  (s+2)+3  (s+2) 3

1 = = .
(1) s2+4s+5  (s+2)2+1 (8+2)2+1+(s—|—2)2+1
1




Now we simplify the term m
tion. We have
TR = TR = ((ls,(i;)zgﬁ + <34, Multiplying ((s +
2)? +1)s?, we have
1=(a(s+2)+b)s*+ (cs+d)((s+2)*+1)
= (as + (2a +b))s* + (cs + d)(s* + 45 + 5)
= as® + (2a + b)s* + ¢s® + ds? + 4es® + 4ds + Hes + 5d
= (a+c)s®+ ((2a+b) + d + 4c)s® + (4d + 5¢)s + 5d. Compar-
ing the coefficient, we get a + ¢ = 0, 2a + b + 4c + d =0,
dc+4d =0and 5d = 1. From 5d =1, we have d = . From
5¢ + 4d = 0, we have 5¢ = —4d = —: and ¢ = —5-. From
a+c=0,wehave a = —c= Form2a+b+4c—|—d—0
we have b — —2a — 4 —d — —9. & — -t =2.
This implies that

by partial frac-

1 :%(s+2)+;’—5 —xs+1
(s2 4+ 4s + 5)s? (s+2)2+1 s2
4 (s+2) 3 1 41 11

T O5(s+27+1 B(s+272+1 255 552
From equations (1) and (3), we have

Lly) = 2t + (524-84;:?5)52 - (524-84;5?5)32
= (s(+82J;2)+1 + (s+2) ) +e (245% + 25@ — 55 t5)
—e % (5 (s(f;)g)ﬂ + 5 (s+21)2+1 — s tE@)
Let /(t) = L™ (g o + s5mmm — 351+ 59)
= e 2 cos(t) + e P sin(t) — o + £t
Then L™!(e™* - (245 (ssrs;ggzrl + 235 (s+21)2+1 - 2;45% + %%2)

= us(t) f(t — 3) and
—1(,—6s . (4 _(s+2) 3 1 41 4
L7He™® '(%(3-5-2) T ~ 5

CJWI»—‘

25 (s4+2)241 25 s )
= ug(t) f(t — 6). Note that we have used L~ !(e"*F(s)) =
u.(t)f(t — ) where f(t) = L™ (F(s)).
Finally, we get
y(t)

_7-1 (s4+2) 3
=L ((s+2)2+1 + (s+2)2+1

= e cos(t) + 3 sin(t) + uz(t) f(t — 3) — ug(t) f(t — 6)

where f(t) = sze % cos(t) + 2e *sin(t) — 5 + +t.

—3s —6s 4 (s+2) 3 1
+ (e =) - (35 + 351
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