Solution to Quiz #7 and HW 9

1. Quiz problem (Sec 4.3 Problem 18)
The given equation can be rewritten as

(D*+ 2D + 2D?)y = 3¢’ + 2te™" + e 'sin(t).

First we solve (D*+2D3+2D?%)y = 0. Solving the characteristic equation
r 4203 +2r2 = r2(r?4+-2r4+2) = r*((r+1)>+1) = 0, we have r = 0, 0, —1+1.
The solutions of (D* + 2D3 + 2D?)y = 0 are spanned by 1, ¢, e~ cos(t)
and e ' sin(¢).

Now we should find the annihilator of 3¢’ + 2te™ + ¢ *sin(t). We have
(D —=1)(e") =0, (D+1)*(te’?) = 0 and ((D + 1)? + 1)(e*sin(t)) = 0. So
(D —1)(D+1)*((D+1)*>+1)(3¢" + 2te™" + e *sin(t)) = 0.

The given equation is (D*+2D3+2D?)y = 3e' +2te ' +e ' sin(t). Apply-
ing the annihilator (D — 1)(D + 1)?((D + 1)?> + 1) to the equation above,
we have

(D—1)(D+1)*((D+1)*+1)(D*+2D* + 2D?)y

=(D—1)(D+1)*((D+ 1)+ 1)(3¢" + 2te™" + e "sin(t)) = 0.
Solving the characteristic equation
(r—1)(r+1D*(((r + 1) + 1)(r* + 213 + 2r?)
— =)D+ D)+ DP41) = (r— D12 (((r+1)2+1)% = 0,
we have r = 1, -1, -1, =1 £4, —1 4+ 4, 0 and 0. The solution of
(D* + 2D3 + 2D?)y = 3e' + 2te™ + e7'sin(t) is spanned by ef, e, te”,
e tcos(t), e tsin(t), te " cos(t), te sin(t), 1 and ¢t. Excluding those func-
tions appeared as the solution of (D* + 2D3 + 2D?)y = 0, we know
that the particular solution is of the form y,(t) = cie’ + coe™ + cgte™ +
cate”tcos(t) + cstetsin(t).

2. (Sec 4.1 Problem 6) We rewrite the equation (z? — 4)y° ( ) + Y + 9y =

0 as y°(t) + #5y” + z>gy = 0. Now the function # and 'y are

continuous on (—oo0,—2) U (—=2,2) U (2,00). So the solution exists on
(—OO, _2) U <_2> 2) U (27 OO)

3. (Sec 4.2 Problem 15) The characteristic equation of y©®(t) +y = 0 is

i(m+2km)

% +1=0. So r% = —1 = ¢€!"*27) where k is an integer. Now r = ¢~ &

for k=0,1, 2, 3, 4 and 5. Sor—el()—cos()%—zsm(ﬁ) ‘/—i—%
r=el%) = ¢ils 2) = cos(%) +isin(Z) =i, r :e(%) == cos(%) +isin(3F) =
_\/g + i3, T = i) == cos(F )—|— isin(%) = — iz, T = el(?) ==

== cos(H~ )+zs1n(1é7r) = ‘/73 —i3. So

Thus the general solutlon is y(t)

cos( T) +isin(F) = —i, r = ei’s"

)
r:\fiz- :I:iandr:—‘égzl:z%
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4. (Sec 4.3 Problem 1) The given equation can be rewritten as

(D® — D? — D+ 1)y = 2¢* + 3. First we solve (D* — D? — D + 1)y = 0.
Solving the characteristic equation
Perr—r+l=rr—1)—-(r-1)=@*-10r-1)=(Fr-1>2%(r+1)=0,
we have r = 1, 1 and —1. The solutions of (D* — D> — D + 1)y = 0 are
spanned by €', te' and e~".

Now we should find the annihilator of 2¢~*+3. We have (D+1)(e™") =
0, D(3) =0. So (D + 1)D(2e~" +3) = 0.

The given equation is (D* — D*> — D + 1)y = 2¢~* + 3. Applying the
annihilator (D + 1)D to the equation above, we have
(D+1)D(D3 — D> - D+ 1)y = (D + 1)D(2¢~* + 3) = 0. Solving the
characteristic equation
(r=D)r(r3—r?—r+1) = (r—1)r(r—=1)2(r+1) = r(r—1)3(r+1) = 0, we have r =
0, 1, 1, 1 and —1. The solution of D* — D?*— D +1)y = 2¢~'+ 3 is spanned
by 1, ¢, te!, t?¢! and e~!. Excluding those functions appeared as the
solution of (D? — D?*— D +1)y = 0, we know that the particular solution
is of the form y,(t) = ¢; + cot?e’. With y,(t) = ¢; + cot’e’, we have yn(t) =
2cotel + cotel, Yy (t) = 2cae’ 4 2cote’ + 2cpte’ + cot?e! = 2cpe’ + degtel + cotel
and y,'(t) = 2cq9e! + degel + degtel + 2cotel + cot?et = 6eget 4 6eatel + cot?el. So
Y =1y — Yy = 6o’ +6cote’ +cat’e’ — (2c2€" +Acote! +eat®e’) — (2cote’ +cpt?e’) +
c1 + cot?e! = 2c9e! + ¢ = 27t + 3 if ¢; = 3 and ¢, = 1. Thus the general
solution of (D*—D?*—D+1)y = 2e 43 is y(t) = 3+t?e ' +crel +cote +cze .

5. (Sec 4.3 Problem 13)

The given equation can be rewritten as (D? — 2D? + D)y = t* + 2¢'.
First we solve (D? —2D? + D)y = 0. Solving the characteristic equation
r—=2r+r=r(r*—2r+1)=r(r—1)>=0, we have r = 0, 1 and 1. The
solutions of (D?* — 2D? + D)y = 0 are spanned by 1, ¢ and te'.

Now we should find the annihilator of 3 + 2¢!.

We have D*(#3) =0, (D —1)(e') = 0. So D*(D — 1)(3 + 2¢') = 0.

The given equation is (D? — 2D? 4+ D)y = t* + 2¢'. Applying the an-
nihilator D*(D — 1) to the equation above, we have D*(D — 1)(D? —
2D? + D)y = D*(D — 1)(t* + 2¢') = 0. Solving the characteristic equa-
tion r*(r — 1)(r* = 2r2 +r) = r*(r — )r(r — 1)> = r(r — 1)3 = 0, we have
r = 0 with multiplicities 5 and r = 1 with multiplicities 3. The so-
lution of (D? — 2D? + D)y = 3 + 2¢' is spanned by 1, ¢, ¢, 3, 1, €,
te! and t%¢!. Excluding those functions appeared as the solution of
(D?® — 2D? + D)y = 0, we know that the particular solution is of the
form y,(t) = c1t + cot?® + c3t® + cyt* + cst?el.

6. (Sec 4.3 Problem 17)
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The given equation can be rewritten as (D*— D? — D*+ D)y =t +4 +
tsin(t). First we solve ((D*—D3—D?+ D)y = 0. Solving the characteristic
equation r* — 3 — > +r=r3(r—1)—r(r—1)=(*—r)(r — 1)
=r(r—1)(r+1)r—-1)=r(r—1%r+1)=0,wehaver =0, 1, 1 and -1.
The solutions of (D* — D?® — D? + D)y = 0 are spanned by 1, ¢!, te’ and
e t.

Now we should find the annihilator of t* + 4 + ¢ sin(¢).

We have D3(t? +4) =0, (D? + 1)*(¢sin(t)) = 0.

So D3(D? +1)*(t* + 4 + tsin(t)) = 0.

The given equation is (D* — D3 — D? + D)y = t*> + 4 + tsin(t). Applying
the annihilator D3(D? + 1)? to the equation above, we have
D3(D?*+1)2(D*— D3 —D?+ D)y = D3(D*+1)*(t* +4 +tsin(t)) = 0. Solving
the characteristic equation r*(r? + 1)?(r* —r® —r?> + 1) = r1(r? + 1)%r(r —
1)?(r+1) =r°(r*+1)*(r—1)*(r+1) = 0, we have r = (0 with multiplicities
5 and r = 1 with multiplicities 2, r=-1 and r = —i with multiplicities
2. The solution of (D* — D3 — D? + D)y = t*> + 4 + tsin(t) is spanned
by 1, t, t2, t3, cos(t), sin(t), tcos(t), tsin(t), €', te! and e~'. Excluding
those functions appeared as the solution of (D* — D3 — D? + D)y = 0,
we know that the particular solution is of the form y,(t) = cit + cot? +
3t + ¢4 cos(t) + s sin(t) + cgt cos(t) + crt sin(t).



