Review Problems for Final Exam
Math 3860

The information about the final exam can be found at
http://www.math.utoledo.edu/~mtsui/de06f/exam /final.html
(1) Solve the following equations.
2
(a) & = 6t(y — 1)}
(b t@ —y = 2t%y.
dy

)
(c) d—z‘t’ — 3y = —e 2.
(d) (2 +1)% + 4ty = 4¢.
(e) t% 4+ 3y + 12 = 0.
(f) % — 6y = 12¢*y*. (Bernoulli equation).
(8) & = (v +y)>
() 2 = 12/
dz — x :
0 %=z

(2) In each problem, determine the equilibrium points, and classify each one as asymp-
totically stable7 unstable, or semistable.
(a) % =9"—3y2+2y
(b) f.’,? = (y* = 3y* + 2)(y — 3)?
(3) Find the solution of the following differential equations.
(a) y"(t) + 5y'(t) + 6y(t) = 0.
(b) y"(t) +4y/'(t) + 4y(t) =

)y

(c) v ( ) +4y'(t) + 8y(t) =

(d) y©(t) + 64y(t) = 0.

(e) (D*+4D +8)*(D —2)3D?*y = 0.

(f) 2y"(t) + 2ty'(t) — 2y = 0.

(g) y"(t) + 5ty (t) + 4y = 0.

(h) #2y"(t) + 5ty'(t )+8y =0.

(i) ¥ (t) + 5y (t) + 4y = g(t) with y(0) = 0 and y'(0) = 0 where
0, 0< t<2,

gt) =4 3(t—2), 2< t <4,

6, 3 < t.

(G) ¥'(t) +4y'(t) + by = g(t) with y(0) = 0 and 3'(0) = 0 where

0, 0< t<2,
gt) =< 1, 2< t<4,

0, 3< ¢
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(9 (1) + 20/0)+ 24(1) =0 = 2, with (0) =0 ()
(1) y"(t) — 4y'(£) + 3y(t) = 8(t — 2), with y(0) = 1 and y/(0)
(m) y"(t) — 49/ (t) + 4y(t) = 6(t — 2), with y(0) = 0 and y'(0) = 0.

(4) In the following problem, a differential equation and one solution y; of the homoge-
neous equation are given. Use the method of reduction of order to find the general
solution of the differential equation.
ty"(t) — (1 =20)y'(t) + (£ = Dy(t) = te';y(t) = €".

(5) Find the general solution of the following differential equations.

(a) y"(t) + 4y = sec?(2t)
(b) t2y"(t) —4ty'(t) + 6y =3 + 1

(6) Set up the appropriate form of a particular solution y,(¢), but do not determine
the values of the coefficients. For example, the particular solution of the equation
y'(t) + y(t) = sin(t) is y,(t) = crt sin(t) + cot sin(t).

(a) 9"(t) — 59/ (£) + By(t) = te* + 3 1 e
(b) y"(t) — 4y/(t) + by (t) = e* sin(t) + e sin(t)
(7) Express the solution of the given initial value problem in terms of the convolution

0.
1

integral.
(a) y"(t) + 4y (t) + 5y(t) = €* cos(t), with y(0) = 0 and y/(0) = 0.
(b) y"(t) — 3y'(t) + 2y(t) = te' + te*, with y(0) = 0 and y'(0) = 0.
(8) Find the general solution of the given system of equations, describe the behavior of
the solutions as t — oco. Also draw a few trajectories to indicate the behavior of the

system.
(a)

dd% = arp + bxy

dd% = br; + ax
(b)

7= 1 ars
()

7t 1 2
(d) )

X1 —

Tt 1 2
(¢) )

g = —br; + 319

dt
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(f)

dxy
dt

dza
dt

(9) Find the solution of the given initial value problem. You may use the result from
14d and 14e.

(a)

= 4dxr; + —xo
T -+ 2.%2

£ 1o D e e
pr 1 2, T2 :
(b)
% = —b5r; + 3z , x1(0)=1
ddif = =3r; + w3 , x2(0)=—L1.

(10) Determine the stability of the following linear systems(You don’t have to find the
general solution). Note that the linear system is asymptotically stable if all the
solutions converge, the linear system is stable if all the solutions remain bounded but
do not converge and the linear system is unstable if some solutions diverge to infinity.

(a) Determine the stability of the system in (14c)-(14f).

(b)

A,
a 1 L2
()
L n o
a 1 L2
(d)
dditl = 2z + 4z,
dditz = —2x; — 219
(11) (a) Suppose (z(t),y(t)) satisfies
&= —y 428+ 3y’

L=z 4y + Py
Show that £ (22(t) + y*(t)) = (z*(t) + y2(1))%
(b) Show that the equilibrium point (0,0) is unstable.
(Hint: Let r(t) = z2(t) + y*(t). Use the equation in (a) to find the explicit
formula for r(t).)
(12) Find the solution of 2y/(t) — [I(t — 7)?y(r)dT = —2¢ with y(0) = 1. (Hint:Use
Laplace’s transform)



