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( ) > = [ 6tdt, we have y = (t* + C)* + 1.

Y

Since t% = y(1 +2t?) and [ %y = [ 224t we have y(t) = Cte”.
y(t) — 1 —2t +Ce3t

Note that f 2dt = 2In(? + 1) and 24D = (2 1 1)2, y(t) = LA2E4C
Y

t2 (t2+1)2

(e) y(t) = —i— Ct‘

(f) Rewrite the equatlon td— 6y = 12t%y? as W — Sy = 12¢3°. Let v = y! 2 =y
We have 22 + Sy = 12t3 and v(t) = —2t* + Ct75. Thus y(t) =1 = W

(g) Let v =12 +y. Since & =1+ dg and dy = (z+y)? = v?, we have & =1+
Thus f1+ 5 = fdx and arctan(v) = :E—I—C'. Thus v = tan(z + C) and y =
v—1x=tan(z+C) —x.

(h) Let v =¥, ie. y=av. Using % = v+ 2% and & —w —2V1 402,
we have v+ % = v —2y1+0v% It can be rewrltten as z% = —2y/1+ 02

which can be solved by [ \/% = [ =2dz. Thus In(v+ V1 +v ) = —2In(z) +c
and v + V1 +v? = Cz~2 Note that [ \/1‘?;7 = In(v + V1 + v2) by substituting
v = tan(f). This implies that \/1 +v2=Cr?—v, 1+0v? = C?r 120z 2v+0?

and v = % €2 Hence y = zv = 2”32 - C:‘;—l

(i) Let v = %, ie. y = 2v. Usmg dy = v+ 2% and fil—z = = }jrz, we have
v+ :Ud” = %;” It can be rewritten as :Ud” = %;Z —v = 1‘”;’;”2 = (Uljrlf
which can be solved by [ (”+11)2dv = fdx Thus [(-5 — 26 1)2 = [dx

In(v—1)—2-5 =z +c v+v1+0v?=Cz 2 Hence In(¥ —1) —27171 =z +ec

(a) Let f(y) = y* — 3y + 2y. We have f(y) = v* — 3y> + 2y = y(y® — 3y +2) =
y(y —1)(y — 2). Thus f(y) < 0 when y € (—00,0) U (1,2) and f(y) > 0 when

€ (0,1) U (2,00). Therefore {1} is an asymptotically stable equilibrium point
and{0, 2} are unstable equilibrium points.

(b) Let f(y) = (y° — 3y* + 2y)(y — 3)*. We have f(y) = (y° — 3y* +2y)(y — 3)* =
y(y — 1)(y — 2)(y — 3)%. Thus f(y) < 0 when y € (—o0,0) U (1,2) and f(y) > 0
when y € (0,1) U (2,3) U (3,00). Therefore {1} is an asymptotically stable
equilibrium point,{0, 2} are unstable equilibrium points and {3} is a semistable
equilibrium point.

(a) y(t) = cre ™ + cpe3.

(b) y(t) = cre™? + cote™ .

(c) y(t) = cre % cos(2t) + cote ! sin(2t).
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(d) The characteristic equation of y(©(¢) 4+ 64y(t) = 0 is 7% + 64 = 0. Note that
—64 = 64€!(™2%7) where k is an integer. Solving 7% + 64 = 0 is the same as
solving % = —64 = 64¢/"t2¥7)  Therefore r = /64e R S
2(008(%) + isin(%)) where £k =0,1,2,--- 5.

Let r, = 2(008(%) + isin(%)) where £ = 0,1,2,---,5. Therefore
ro = 2(cos(¥)+isin(E)) = v3+i, r1 = 2(cos(3)+isin(3)) = 24, ro = 2(cos(3F)+

isin(3F)) = —V3+i, g = Q(COS( )+ zsm(%)) = —V3—1i, 1y = 2(cos(() +

isin(3)) = —2i and r5 = 2(cos(1") + isin(1T)) = v/3 — i. Note that ro = 75,
ry =7, and ry = 3.

The general solution is y(t) = c1e¥3 cos(t)+coeV™ sin(t) 4 c3 cos(2t) +cq sin(2t) +
cse™ V3 cos(t) + cge V3 sin(t). This solution is unstable.

(e) y(t) = cre 2 cos(2t) + coe 2 sin(2t) + cste™* cos(2t) + cute ! sin(2t) + c5e® +
cete?t + crt?e® + cg + cot. This solution is unstable.

(f) Try y = t". We have v/ = rt", 3y = r(r — 1)t and 2y"(t) + 2ty'(t) — 2y =
rir =1t +2rt" —2t" = (r*+r—-2)t" =0ifr*+r—-2=(r+2)(r—1) =0, ie.
r=2and r=—1So y(t) = c;t 72 + cot.

(g) t*y"(t) + 2ty/'(t) — 2y = 0. Try y = ¢". We have ¢/ = rt", ¢ = r(r — 1)t"2
and t%y"(t) + 5ty (t) + 4y = r(r — D)t" + 5rt" + 4" = (r* + 4r + 4)t" = 0 if
rP+dr+4=(r+2)?=0,ie. r=—-2and r=—2 So y(t) = c1t7% + cot > In(t).

(h) t2y"(t) + 5ty'(t) + 8y = 0. Try y = t". We have v/ = rt", ¢/ = r(r — 1)t" 2
and t2y"(t) + 5ty'(t) + 8y = r(r — I)t" + dbrt" + 4" = (r* + 4r + 8)t" = 0 if
r?4+4r+8 =0, ie. r = =2+ 2i. So t?** = t~2cos(21In(t)) + it *sin(21n(t)).
So y(t) = c1t™2 cos(21n(t)) + cot 2 sin(21In(t)).

(i) ¥"(t) + 5y (t) + 4y = g(t) with y(0) = 0 and 3/(0) = 0 where

0, 0 t<2,
3(t—2), 2< t <4,
6, 4 < t.

3(t—2), 2< t <4,
6, 4< t.

{O, 0< t<2,

We have g(t) = 3(t — 2Jusa(t) + Ous(t) = 3(t — 2)(us(t) — wa(t)) + bus(t) =
3(t —2)ua(t) — (3t — 12)uy(t) = 3(t — 2)ua(t) — 3(t — 4)uy(t). Let h(t —2) =t —2

and k(t —4) =t — 4. Then h(t) =t and k(t) = t. So g(t) = 3h(t — 2)us(t) —

Bk(t— A)uy(t) and L( (1)) = L(3h(t — 2)ua(t) — 3k(t — 4)uy(t)) = 3e2*L(h(t)) —
3e"L(k(t)) = —

s2 -
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2s 4s

L(y"(t) +5y/'(t) + 4y(t)) = L(g(t)) = 357 — 3%
= (s2+5s +4)Y(s) = 35" — 35
e —2s
= Y(S> = 352(32+5s+4) - 382(82+48+4)
6725 —4s
= Y(s) = 352(s+1)(5+4) 352(s+1)(s+4)
Using partial fraction, we have W S+ = b+ = il +4 . This implies

that 1 = as(s+1)(s+4) +b(s+1)(s +4) +cs (s +4) + ds*(s + 1). Plugging

ins =0, we get b = i. Plugging in s = —1, we get ¢ = % . Plugging in

3 = —4, we get d = —5z . Hence 1 = as(s + 1)(s +4) + 3 (S+1)(s—|—4)—|—

s?(s +4) — 55 (s + 1). Pluggingin3:1,Wehavel—l()a—l— +2— .
_ 5 1 _ _ 51 11

ThlS gives a = —1%. NOW we have TGy — 16 T 452 + §s+—1 it

Let f(t) = L7 7%% +iat %sjl;l —as5r) =~ Tt t e+ —gge”" Then
y(t> - L_1(382(S+1)(5+4) 35 (sil)(5+4)) 3U2<t)f(t - 2) - 3“4(t)f(t - 4)'
y"(t) + 4y (t) + 5y = ¢g(t) with y(0) = 0 and 3'(0) = 0 where

0, 0 t<2,
git) =1 1, 2< t <4,
0, 4< t.
We have g(t) = ugs(t) = ug(t) — ug(t) and L(g(t)) = e % — e~**. Taking the
Laplace transform, we get L(y" (¢)+5y'(¢)+5y) = L(g(t)) and (s*+4s+5)Y (s) =

6_28 _ 6—48'
6—23 6—45
= Y( ) - (82+4s+5) B (52—i-14s+5)' .
Note that 2+45+5) = ororyr and f(t) = L7 () = e ¥ sin(?).

Then y(t) = L (s — miiss) = wa() (£ — 2) — wa(t) (£ — ).

y"(t) + 5y (t) + 4y(t) = §(t — 2), with y(0) = 0 and 3/(0) = 0.

Taking the Laplace transform L(y”(t) + 5y'(t) + 4y(t)) = L(d(t — 2)), we have
(s> +5s+4)Y(s) = e 2.

2s —2s

e e _ 21111
= Y(s) = (2455+44)  ((s1D(st4) € (3337 — 3332)
o 1 6725 1 6725

T 3stl  3st4-
Let f(t) = L' (s7) = ¢ " and g(t)
We have y(t) = Lil(%ﬁ—%ifj) =
Tus(t)e 472,
y"(t) +4y'(t) + by(t) = §(t — 2), with y(0) = 1 and ¥/(0) =
Taking the Laplace transform L(y”(t) + 4y'(t) + 5y(t)) =
(s +4s+5)Y(s) —s—5=e2.

_ e"25(s+5b) —2s _ e"25(s+5) e~ 28
= Y(s) = 7Tdst5) T (52+4s+5) () i s e

e2%(s+2) e—2s
+ 4(s+2)2+1'

bus ()£ (£-2) ~Sua ()9 (t—2) = Sun(t)e~ )~

;_;

L(5(t — 2)), we have

T (s42)2+1
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Let f(t) = L*1(<sf2+)3)+1) — 72 cos(t) and g(t) = L*l((5+21)2 ) e 2 sin(t)

We have y(t) = L (i + dgtamgr) = (D) (t = 2) + dus(t)g(t — 2) =

ug(t)e22) cos(t — 2) + duy(t)e 22 sm(t 2).

(m) y"(t) — 4y'(t) + 4y(t) = 6(t — 2), with y(0 )=0 dy'(0) = 0.
Taking the Laplace transform L(y"(t) + 4y'(t) + 4y(t)) = L(0(t — 2)), we have
(s +4s+ 4)Y(25) = 6_25.2
= Y(s) = (526;1;4) = (siz;?'

Let f(t) = L™ ((og) = te ™.
We have y(t) = L—l((sjr;;?) us () f(t — 2) = up(t)(t — 2)e~20-2),
Note that the equation in this problem should be
by (8) + (1 — 205/ (6) + (£ — D)y(t) = tet.
First, we rewrite the equation as " (t) + Y=22 2t) y'(t) + 1
First, we find the other solution of 3" (t) + (1- 2t A=2000(8) +
y'(t

12t

Given that y;(t) = e’ is a solution of y”(t) + ) + —tt
/

—1 y(t) = 0. We

Let p(t) = M Let 9 be another solution ofy (t)+ 1 y'(t)+
have (y_2)/ _ y1y2y2y1y2 _ I/I;gt) _ Ce (eft;)z(t)dt _ cel 621:275,1,5 _ Cef(;;t-i,-Q)dt _ CB(QZ;tln(t)) _
1 1
Ce2;—§;lnt = tth Cl So z—j = fc%dt = Clnt+D and Yo = y1(01nt+D) —

e'(Clnt+ D) = Cet lnt + Det'. So the general solution is y = Ce’ Int + De'. We may
choose the second independent solution to be y, = e Int.

Now we use variation of parameter to find the general solution. Now y; = e,
Yo = e'lnt, yi =e', y, =e'lnt + % and W (y1,42)(t) = yivh — yay; = €'+ (e'Int +
et) tlnt el = t. Recall that g(t) = €.

J e = [ gt = [@mid = 1a0) ~ & +e
W??/llng di = f %dt - f(t)dt - t_ +d.

Thusy():—et~(§ln()——+c)+etlnt( +d) = Let +cet + de Int.

(5) (a) We will use the variation of parameter formula. We have y;(t) = sin(2t),

y2(t) = cos(2t) ,
W(y1 y2) (1) = y1(D)y(t)—y2(t)yy (t) = sin(2¢) - (—2sin(2¢))—cos(2t) - (2 cos(2t)) =

(t) [ cos(2t) sec?(2t) o cos(2t) 1 -
f Wyyglglm)(t f -2 dt = f —2 cos?( 2t) f 2cos 2t) - f 2 SeC<2ﬁ)dt -

__In|sec(2t)+tan(2t)| + ¢ and
4
(t) [ sin(2t) sec(2t) o sin(2t)
f Wz’llng)(t f —2 dt = f —2cos?(2t) dt

4COS(2t +d = —%sec(2t) + d . We have used substitution u = cos(2t) and
du = —2sin(2t)dt.
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(b)

Thus y(t) = —sin(2t) - (—ln|sec(2ti+tan(2t)| + ¢) + cos(2t)(—1 sec(2t) + d)

= sin(2t) ln‘sec(Qtzlthan(%)‘ + 1 + C'sin(2¢t) + D cos(2t).

First we solve the homogeneous equation t?y”(t) — 4ty'(t) + 6y(t) = 0. Let
y(t) =t", we have y/(t) = rt"t and y"(t) = r(r — 1)t" 2

Thus t2y"(t) — 4ty'(t) + 6y(t) = (r(r — 1) — 4r +6)t" = (r* — 5r + 6)t".

Soy = t" is a solution of t?y" () —4ty'(t)+6y(t) = 0if r’—5r+6 = (r—3)(r—2) =
0. We have y;(t) = t3 and y,(t) = 2.

Thus W(y1, y2)(t) = y1(t)y5(t) — p2(H)yy (t) = °- 2t — £2(3t%) = —t*.

The equation 2y (t) — 4ty (t) + 6y = t* + 1 can be rewritten as y"(t) — 3y/(t) +
Syt)=t+F=t+t2

(t) 2( t+t 2 (t+t72) _—
f Wﬁgyz)(t) f dt =—1In ‘t’ +3t3+c and
_yglt) t+t Bt+t=2) 1,a
f W (y1, y2)(t f dt = —t + Qt +d.

The general solutlon is

y(t) = —t3(—Inft| + 5t 73 4 ¢) + t2(—t + 5172 + d).

The equation y”(t)—5y'(t)+6y(t) = te*+e3+e2 can be rewritten as (D*—5D+
6)y(t) = te* +e3 472t We divide this into three equations (D? —5D+6)y(t) =
e? (D*=5D+6)y(t) = €3 and (D*~5D+6)y(t) = e~ 2. Using (D —2)*(te*) =
0, (D—3)e* = 0and (D+2)e™?, we get (D—2)*(D?*—~5D+6)y(t) = (D—2)*(D—
(D — 3)y(t) = 0, (D~ 3)(D* — 5D + 6)y(t) = (D — 3)(D — 2)(D — B)y(t) = 0
and (D + 2)(D? — 5D + 6)y(t) = (D + 2)(D — 2)(D — 3)y(t) = 0. Thus the
particular solution for (D? — 5D + 6)y(t) = te? + 3t + 72 is

yp(t) = crt?e® + cote® + cated + cye™ .

The equation y”(t) — 4y/(t) + 5y(t) = e* sin(t) + e* sin(¢) can be rewritten as
(D?*—4D+5)y(t) = e* sin(t)+e sin(t). We divide this into two equations (D? —
4D+5)y(t) = e* sin(t) and (D*—4D+5)y(t) = €* sin(t). Note that D*—4D+5 =
(D—2)*+1. Using ((D—2)*+1)(e*sin(t)) = 0 and ((D—3)*+1)e* sin(t = 0, we
get (D—2)2+1)((D—2)*+1)y(t) = 0 and (D —3)>+1)((D—2)?>+1)y(t) = 0.
Thus the particular solution for (D? — 4D + 5)y(t) = e** sin(t) + €% sin(t) is
yp(t) = crte® cos(t) + cote? sin(t) + cze cos(t) + c4e¥ sin(t).
Y (t) + 4y (t) + dy(t) = e* cos(t), with y(0) = 0 and 3/'(0) = 0.
Taking the Laplace transform of the equation, we have

L(y"(t) +4y'(t) + 5y(t)) = L(e* cos(t))

= (52 +4s+5)Y(s) = o2

(s—2)2+1
s—2 - s—2
= Y(s) = o 2)211) s Let f(8) = L7X( (; 2)211) — % cos(t) and g(t) =

(
L*1(82+4S+5) L~ (m) = e 2sin(t). So y(t fo ft—=71)g(r)dr.
t 2

y'(t) = 3y'(t) + 2y(t) = te' + te*, Wlthy(O)—Oandy(O) 0.
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Taking the Laplace transform of the equation, we have
L(y"(t) = 3y'(t) + 2y(t)) = L(te' + te*)
= (82—38+2)Y(S) = ﬁﬁ—ﬁ

_ 1 1 1 _ 1
= Y(s) = ((5_1)2 + (5_2)2)(52—2s+1) - ((5—1)

L’l(—(s_ll)g + —(5_12)2) = tet +te* and g(t) = L’l((s_l)Q) = tel.
t
So ylt) = Ji (¢ - T)g(r)r

—A b

a
det(A—)J)-det( b g

):(a_/\)2_b2:(a—)\—b)(a—/\+b).

Therefore the characteristic equation is (a — A — b)(a — A + b) = 0. Hence the
eigenvalues of A are A\ =a+band A =a —b.

To find the eigenvector corresponding to A = a+b, we must solve (A —Al)v = 0.
Substituting A and A = a + b gives

(0 ) ()= (0 ) (0) = (0)

This matrix equation is equivalent to the single equation bv; —bvy = 0. Therefore

v9 = vy and
(2)=(0)=(1)
v = = = U1 .
V2 (%1 1

To find the eigenvector corresponding to A = a — b, we must solve (A—AI)v = 0.
Substituting A and A = a — b gives

5 e ) ()=o) () - (0)

This matrix equation is equivalent to the single equation bv; +bvs = 0. Therefore

vy = —v7 and
()= ()= ()
V= = =l .
() - -1

Thus the general solution is
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1 1 c 6(zz—i—b)iﬁ +e 6(zz—b)if
_ (a+b)t (a—b)t _ 1 2
z(t) = ce ( 1 ) + co€ ( 1 ) = ( et ottt |-
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(b)
a —b
Let A= ( - ) .
det(A—)\I)—det( b a_)\)—(a—)\) + b7
Therefore the characteristic equation is (a — A\)* 4+ b* = 0. Hence the eigenvalues
of Aare A =a+iband A\ = a — ib.

To find the eigenvector corresponding to A = a+ib, we must solve (A—A)v = 0.
Substituting A and A = a + ib gives

(0 e ) () =00 ) ()= ()

This matrix equation is equivalent to the single equation —ibv; +bvy = 0. There-
fore v9 = iv; and

(u)=() ()
V2 101 7
platbi)t ( 1 )
1
can be simplified as

(e cos(bt) + ie* sin(bt)) K . ) i ( ; )}
(S e

Thus the general solution is

2(t) = ¢ e cos(bt) Y e“sin(bt) \ [ ci1e cos(bt) 4+ cre™ sin(bt)
TN —esin(bt) 2\ etcos(bt) )\ —cie sin(bt) + coe® cos(bt) )

The expression
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2
e
—5—A 2

det(A—)J)zdet( . 1_>\>:(A+1)()\+3).

()

-5
Let A—(_4

Hence the eigenvalues of A are A = —1 and A = —3.
To find the eigenvector corresponding to A = —1, we must solve (A — Al )v = 0.
Substituting A and A = —1 gives

—4 2 v\ _ (0
(23)()-(0)
This matrix equation is equivalent to the single equation —4wv; +2vy = 0. There-
fore vy = 2v; and

- (3)-(2)-0(2)

To find the eigenvector corresponding to A = —3, we must solve (A — Al)v = 0.
Substituting A and A = —3 gives

(2 3)()-=(0)

This matrix equation is equivalent to the single equation —2wv; +2vy = 0. There-
fore v = v; and

=(3)-(2)-0(0)

Thus the general solution is

1 1 cret 4 coe™3t
¢ —t —3t 1 2 )
o(t) = ere < 2 ) € ( 1 ) ( 2c1e7t 4 coe 3
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-2 -1
Let A= ( 9 _4 ) :
22—\ -1
2 —4 — )\
Hence the eigenvalues of A are A\ = -3 +iand A = —3 — 1.

To find the eigenvector corresponding to A = —3+1i, we must solve (A—AI)v = 0.
Substituting A and A = —3 + ¢ gives

1—7 -1 vy (0
(02 ()=o)
This matrix equation is equivalent to the single equation (1 — ¢)v; — vy = 0.
Therefore v, = (1 — 4)v; and

v (1) U1 . 1
T \w ) (=i ) TP\ 1—d )
The expression
; 1
(—3+i)t
(L)
can be simplified as

(e cos(t) + ie  sin(t)) K 1 ) o < _01 ﬂ

B e 3t cos(t) e 3t sin(t)

B ( e 3t cos(t) + e 3 sin(t) ) o ( e 3tsin(t) — e cos(t) )

Thus the general solution is

(d)

det(A—)\I):det( B >:/\2+6>\+10.

TN G PO GG

B ( cre 3t cos(t) + coe 3 sin(t) )

(g — ep)e 3 cos(t) + (1 + ca)e 3 sin(t)
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(e)

-5 3
Let A_(_3 1).

B —-5—-X 3 B 9
det(A—)\I)—det( _3 1_)\>—()\~|—2).
Hence the eigenvalues of A are A = —2.
To find the eigenvector corresponding to A = —2; we must solve (A — Al )v = 0.

Substituting A and A = —2 gives

(Z)(0)-(0)

This matrix equation is equivalent to the single equation —3v; +3vy = 0. There-

= () =)= ()

The matrix only has one independent eigenvector. We need to find w such that

fore vy = v and

w solves (A — A )w = v where

(1)
(Z)(m)-(1)

This matrix equation is equivalent to the single equation —3w; + 3wy = 1.
Therefore wy = w; + % and

()= (%)
w = = 1
Wo w1+§

We may choose w; = 0 to get

=

Thus the general solution is

1 1 0 cre™ + copte™
t _ — 92t t —2t -2t = 1 .
x(t) = cie ( 1 ) + e { e 1) ¢ L (c1+ Leo)e ™ + cpte™

This yields

wi= O
N~
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4 -1
Let A:(l 5 )

det(A—AI):det(4_)\ - ):()\—3)2.

(f)

I 2—=A
Hence the eigenvalues of A are A = —2.
To find the eigenvector corresponding to A = 3, we must solve (A — A\ )v = 0.
Substituting A and A = 3 gives

(o) ()=0)

This matrix equation is equivalent to the single equation v; — v9 = 0. Therefore

v9 = v1 and
v = = = U1 .
V2 (%1 1

The matrix only has one independent eigenvector. We need to find w such that
w solves (A — Al)w = v where

(1)
(o) ()=

This matrix equation is equivalent to the single equation w; —ws = 1. Therefore

=)= ()

We may choose w; = 0 to get

(V)

Thus the general solution is

1 1 0 c1€% + cote®
_ 3t 3t 3t —_= ! 2
w0y = (1 )wer e (1 )+ ()] = (o Moo )

This yields

we = wy; — 1 and
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9) (a)

(b)

(10) (a)

()

From (14d), we know that the general solution is

. cre 3 cos(t) + coe 3 sin(t)
() = ( (c1 — cz)e 3t cos(t) + (1 + co)e 3t sin(t) ) '

Using z1(0) = 1 and x;(0) = —1, we have ¢; = 1 and ¢; —cs = —1. Thus ¢; = 1,
¢y = 2 and

m(t):< e 3t cos(t) + 2e 3 sin(t) >

—e 3t cos(t) + 3e 3 sin(t)
From (14e)the general solution is

() cre” 2 4 cote
C\(a+ie)e P fote™ )7

Using x1(0) = 1 and x1(0) = —1, we have ¢; = 1 and ¢; + %02 = —1. Thus
c1 =1, co=—6 and

—2t —2t
w0 = ).

(8¢c) The eigenvalues of A are A = —3 and A = —1. Since lim; ., e 3" = 0 and
lim; ., et = 0, we conclude that this linear system is asymptotically stable.
(8d) The eigenvalues of A are A = —3+i and A = —3—i. Since lim;_, e~ cos(t) =
0 and limy o, e ?*sin(t) = 0, we conclude that this linear system is asymptoti-
cally stable.
(8e) The eigenvalues of A are A = —2 and A has only one eigenvector. Since
lim;_oo 672 = 0 and lim;_ te=?* = 0, we conclude that this linear system is
asymptotically stable.
(8f) The eigenvalues of A are A\ = 3 and A has only one eigenvector. Since

3t — 00, we conclude that this linear system is unstable.

5 —2
A= :
Then det(A — A\I) = A\? — 4\ + 3. Therefore the characteristic equation is (A —

3)(A — 1) = 0. Hence the eigenvalues of A are A = 3 and A\ = 1. Since
lim; o €3 = oo and lim;_, ! = 0o, we conclude that this linear system is

hmtg,oo (&

Let

unstable.
Let
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(11) (a)

(12) L

(

Then det(A — AI) = X* — 6\ + 10. Therefore the characteristic equation is
(A —=3)2+1 = 0. Hence the eigenvalues of A are A\ = 3+ 4 and A\ = 3 — 4.
Since €* cos(t) and e sin(t) oscillate between —oo and oo , we conclude that
this linear system is unstable.

Let
2 4
=2 5)
Then det(A — AI) = A* + 4. Therefore the characteristic equation is A +4 = 0.
Hence the eigenvalues of A are A = 2i and A = —2i. Since cos(2t) and sin(2t)

are bounded , we conclude that this linear system is stable.
Using the equation,

& = —y +a2* + ay?

Y=z P + 2Py’

we have 4 (z%(t) +y2(t)) = 224 4 2y %

= 2n(—y ot + ay?) + 2y(a + 1 +ay)

= —2xy + 22t + 22%y% + 2xy + 2yt + 22292

=22t + 42%y® + 29" = 2(2? + y?)%

Let r(t) = z%(t) + y?(t). From (a), we have 7/(t) = 2r?. Thus r(t) = _2tii
where 79 = r(0) = 22(0) + y*(0).

70
Hence lim, , - r(t) = oo.
t—*a

(Hint: Let r(t) = 22(t) + y*(t). Use the equation in (a) to find the explicit
formula for r(t).)

fo (t — T)Qy(T )dT) = L(—2t)
:»2L<y< ) — 25 — L(f,(t — 7)%y(7)dr)) = =2
= 2sL(y(t)) — 2 — L(*)L(y(t)) = —%
= 2sL(y(t)) — ZL(y(t)) = -2
= (25 = B)L(y(1) = ~ % +2

=) =
(y(t)) - 225(384 711) =7
)

( ) = cos(t)

= (32+1



