Solution to Review Problems for Midterm Il
MATH 3860

(1) (a) Rewrite the equation

(# — 16)y" (1) + /(1) + =y =0
as Y + iy + (tng)(t%)y = 0. So p(t) = t and ¢(t) = m.
Hence p(t) is continuous if ¢ € (—o0,—4) U (4,00) and ¢(t) is continuous if
t € (—o00,—4) U (—4,3) U (3,00). Therefore p(t) and ¢(t) are continuous if
t € (—o0, —4)U(—4,3)U(3,00). The initial conditions are y(2) = 1 and y/'(2) = 2.
We have 2 € (—4,3). Thus the solution exists on the interval (—4, 3).
(b) The initial conditions are y(—1) = 1 and y'(—1) = 2. We have —1 € (—4,3).
Thus the solution exists on the interval (—4, 3).
(2) (a) Rewrite the equation 22y (x) 4+ zy/(x) + 2®y(x) = 0 as ¥ + Ly +y = 0. Let
p(x) = 2. Now the Wronskian is W (z) = cem [P@dr — o= [(Q)de — po=lnz — €

T

(b) Now the Wronskian is W(y;,y2)(z) = <. Using W(y1,y2)(1) = 5, we hav

T

W(y1,y2)(1) = ¢. So ¢ =5 and W (yy,y2)(2) = 2.
(3) Find the general solution of the following differential equations.

(a) y'(t) + 6y (t) + 9y = 0. The characteristic equation of y”(t) + 6y'(t) + 9y(t) = 0
is 72 +6r +9 = (r +3)? = 0. We have repeated roots r = —3. Thus the general
solution is y(t) = c1e™3 + cote ™3t

(b) ¥"(t) + 5y'(t) + 4y = 0. The characteristic equation of y”(t) + 5y/(t) + 4y = 0 is
r?+5r+4=(r+1)(r+4)=0. We have r = —1 or r = —4. Thus the general
solution is y(t) = cie™ + cpe ™.

(c) ¥'(t) + 4y'(t) + 5y = 0. The characteristic equation of y"(¢) + 4y/(t) + 5y = 0 is
r? +4r+5=0. We have r = —2 +4. Note that e(=2+)t = e=2ei* = =2 cog(t) +
ie~* sin(t). Thus the general solution is y(t) = cie™? cos(t) + coe ! sin(t).

(d) *y"(t) + Tty'(t) + 8y(t) = 0. Suppose y(t) = t", we have y/(t) = rt""! and
y'(t) = r(r — 1)t"2 Thus *y"(t) + 7ty'(t) + 8y(t) = (r(r — 1) + 7r + 8)t" =
(r?> 4+ 6r + 8)t". Thus y = " is a solution of t2y”(t) + Tty'(t) + 8y(t) = 0 if
r? +6r +8 = (r +2)(r +4) = 0. The roots of 7? + 6r + 8 = 0 are —2 and —4.
Therefore the general solution is y(t) = ¢t 72 + cot ™.

(e) t2y"(t) + Tty'(t) + 10y(t) = 0. Suppose y(t) = t", we have y/(t) = rt"~! and
y'(t) = r(r — 1)t"2. Thus t*y"(t) + 7ty'(t) + 10y(t) = (r(r — 1) + 7r + 10)t" =
(r?> +6r + 10)¢t". Thus y = t" is a solution of t*y”(t) + Tty'(t) + 10y(t) = 0 if
r? +6r+10 = 0. The roots of > 4+ 6r +10 = 0 are —3 +4 and —3 —i. Note that
t=e"tand t 37 = ¢3¢t = ¢ 73 cos(Int) +it 3 sin(Int). Therefore the general
solution is ¢1t73 cos(Int) + cot 3 sin(Int).
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(f)

t2y"(t) + 5ty'(t) + 4y(t) = 0. Suppose y(t) = ", we have y/(¢t) = rt""! and
y'(t) = r(r — 1)t"2. Thus t*y"(t) + 5ty'(t) + 4y(t) = (r(r — 1) + 5r + 4)t" =
(r?* 4+ 4r + 4)t". Thus y = ¢" is a solution of t?y”(t) + bty'(t) + 4y(t) = 0 if
r? 4+ 4r 4+ 4 = (r +2)% = 0. The roots of r? 4+ 4r + 4 = 0 are —2. Therefore the
general solution is c1t72 + cot 2 Int).

t2y" (t) + ty'(t) + 9y = 0. Suppose y(t) = t", we have y/'(t) = rt"' and y"(t) =
r(r — 1)¢"2. Thus 2y"(t) + ty'(t) + 9y(t) = (r(r — 1) + 7+ 9" = (r* + 9)¢".
Thus y = " is a solution of t2y"(t) + aty'(t) + By(t) = 0 if 7> +9 = 0. The roots
of 7249 = 0 are 3i and —3i. Note that t = e!"? and #3 = B! = cos(3Int) +
isin(31nt). Therefore the general solution is ¢; cos(31Int) 4 cosin(31nt).

(4) Find the solution of the following initial value problems.

(a)

y"(t) +4y'(t) + by = 0, y(0) = 1 and ¥/'(0) = 3. From (lc), we have y(t) =
cre 2t cos(t)+coe 2t sin(t) and v/ (t) = —2cie72 cos(t)—cre 2 sin(t) —2coe ™ sin(t)+
coe 2 cos(t) = (—2¢1 + ca)e 2 cos(t) + (—c; — 2¢2)e * sin(t). Using y(0) = 1 and
y'(0) = 3, we have ¢; = 1 and —2¢; + ¢ = 3. So ¢; = 1 and ¢ = 5. Hence
y(t) = e cos(t) + He * sin(t).

t2y"(t) + Tty (t) + 10y(t) = 0, y(1) = 2 and /(1) = —5. From (le), we have
y(t) = crt =3 cos(Int) +cat P sin(Int) and y'(t) = —3eit~* cos(Int) — et 352020
3eat~*sin(Int) + et 3 — (_3¢) + )t cos(Int) + (—¢; — 3ea)t *sin(Int).
Using y(1) = 2 and y/(1)

and co = 1. Hence y(t) =

= —5., we have ¢; =2 and —3¢; + ¢ = —5. So ¢y =2
2t Cos(ln t) +t3sin(Int).

(5) In the following problems, a differential and one solution y; are given. Use the method

of reduction of order to find the general solution solution.

(a)

(b)

2y () —t(t+2)y' (t) + (t+2)y(t ) = 0;y1(t) = t. Rewrite the equation t*y”(t) —
tt+2)y'(t) +(t+2)y(t) =0asy” t+2y’+t+2y = 0. So p(t) = —E2. Let y be
a solution of #2y"(t) — t(t +2)y'(t) + (¢ + 2)y(t) = 0. We have (L)' = LWLV —

Y1
W(t) _ Qe Jp®)dt Cef#dt _ Ceﬂl+%)dt _ Cet+2In(®)) gete2lnt ety C
y% - t2 - t2 - t2 - t2 - t2 - t2 - €.
oL = [Celdt=Ce + D and y =y (Ce' + D) =t(Ce' + D) = Cte' + Dt. So

the general solution is y = Cte! + Dt.

(t+ Dy"(t) — (t + 2)y'(t) + y(t) = 0;y1(t) = €. Rewrite the equation (¢ +
Dy"(t) = (t +2)y'(t) + y(t) = 0 as y" — 753y + 33y = 0. Sop(t) = —7.
Let y be a solution of (¢ + 1)y"(t) — (t + 2)y'(¢) + y(t) = 0. We have ()" =

t4+2 1
ny'—yiy _ W@ _ fracCe I Pt)dte2t — ced T4 o JUTETDI ptn(+1)

2 - 2 2 - 2t - 2t
Y1 Y1 t e e

Celen™h) — CHUED) — Cet(t41) = Ofte™ +¢7). So £ = [ Clte™ +e™')dt =
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C(—te '—=2e ")+ D and y = y;(C(—te " —2e7 ")+ D) = e'(C(—te ' —2e7 ")+ D) =
—C(t+ 2) + De'. So the general solution is y = ¢(t + 2) + de'.

(6) Find the general solution of the following differential equations.

(a)

V(£) + 59/ (t) + 6y(t) = ¢ + sin(z).

Solving 72 + 5r + 6 = (r + 2)(r + 3) = 0, we know that the solution of y”(t) +
5y'(t) 4+ 6y(t) = 0 is y(t) = cre " + coe™ 3t We try y, = ce' + dsin(t) + e cos(t)
to be a particular solution of y"(t) + 5y/(t) + 6y(t) = €' + sin(t). We have y, =
ce'+dsin(t)+ecos(t), y, = ce'+dcos(t) —esin(t), y, = ce' —dsin(t)—e cos(t) and
Yy (£)+5y,, () +6y,(t) = (ce' —dsin(t)—e cos(t))+5(ce’4-d cos(t) —e sin(t))+6(ce’ +
dsin(t)+ecos(t)) = (c+5c+6¢)et + (—d—5be+6d) sin(t) + (—e+5d+6e) cos(t) =
12ce! + (5d — 5e) sin(t) + (5d + be) cos(t) = e + sin(t) if 12¢ = 1, 5d — 5e = 1
and 5d + 5e = 0. So ¢ = %, d= % and e = —%. Thus the general solution of
y'(t) + 5y (t) + 6y(t) = e’ +sin(t) is y(t) = 15¢" + 15 sin(t) + 75 cos(t) + cre™ +
coe 3t

Y (t) + 4y = 2sin(2t) + 3 cos(t) Solving r? +4 = 0, we know that the solution of
y"(t)+4y = 0is y(t) = 1 sin(2t)+co cos(2t). We try y, = ctsin(2t)+dt cos(2t)+
esin(t) + f cos(t) to be a particular solution of y”(t) + 4y = 2sin(2t) + 3 cos(t).
We have y, = ctsin(2t) + dt cos(2t) + esin(t) + f cos(t),

Yy, = csin (2t) + 2ctcos (2t) + dcos (2t) — 2dtsin (2t) + ecos (t) — fsin (1),

y, =4ccos(2t)—4ctsin (2t) —4dsin (2t) —4 dt cos (2t) —esin () — f cos (t) and
Y, (t)+4y,(t) = 4ccos (2t)—4 dsin (2t)+3esin (t)+3f cos (t) = 2sin(2t)+3 cos(t)
if c=0,d=—2% e=0and f =1. Thus the general solution of y"(t) + 4y =
2sin(2t) + 3 cos(t) is y(t) = —1 tcos (2t) + cos (t) + ¢1 sin(2t) + ¢ cos(2t).

y'(t) + 4y = 4e' We try y,(t) = ce. Then y, = 4ce, y) = 16ce. So
yr(t) + 4y, = 20ce* = 4e* if ¢ = 1. The general solution is y(t) = e* +
c1sin(2t) + ¢ cos(2t).

y'(t) + 4y + 4y(t) = e + € Solving r? + 4r + 4 = (r + 2)? = 0, we know
that the solution of y”(t) + 4y + 4y(t) = 0 is y(t) = cre™? + cote™2. We try
y, = ct?e™? 4 de* to be a particular solution of y”(t) + 4y + 4y(t) = e~ + €*.
We have y, = ct?e™ + de*, y, = 2cte™ — 2ct?e™" + 2de™, y) = 2ce™ —
dete™ — 4ete™ + 4et*e™ + 4de* = 2ce ' — Bcte ™ + dct?e™* + 4de* and
yn (t) 4y, (1) +4y,(t) = (2ce™* =8cte™* +4ct’e* +4de® ) +4(2cte™ = 2ct?e™* +
2de) +4(ct’e* +de®) = 2ce™* +16de*. So y) (t) + 4y, (t) +4dyp(t) = e * +e*
if 2c =1 and 16d = 1, ¢ = % and d = 1—16. Thus the general solution of
Y () + 4y +Ay(t) = e + e is y(t) = 312 + fee 4 e + cote

y'(t) + 5y (t) + 6y(t) = t* + 1. Solving r*> +5r +6 = (r + 2)(r + 3) = 0, we
know that the solution of y”(t) 4+ 5y + 6y(t) = 0is y(t) = cre”* + e~ We try
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yp(t) = at*+bt+c to be a particular solution of 3" (t)+5y'(t) + 6y(t) = t*+1. So
Y, = 2at+b, y = 2a and y (t)+5y, (t) +6y,(t) = 2a+5(2at+b)+6(at®+bt +c) =
6at® + (10a + 6b)t + 2a + 5b + 6¢. So y) (t ) + 5y, (t ) + 6yp( ) = t* 4+ 1 if 6a=1,

10a+6b = 0 and 2a+5b+6¢ = 1. Thusa = ¢, b= —2a = —3% and ¢ = =250 —
1_1,25 1876+25 .
R 6 = 13078 The general solutlon of y"(t) 4+ 5y'(t) + 6y(t) = t* + 1 is

y(t)6 =32 — St + 3L 4 e + cpeI

(variation of parameter) Suppose y;(t) and ys(t) are independent solutions of
y"(t) + p(t)y'(t) + q(t)y(t) = 0. Then a particular solution is given by

yp(t) =~y () [ 2090 gt 4 yo(t) [ 12000 gy

where W (t) = Wy, y2)(t) = y1(t)yh(t) — y2(t)yy(t) is the Wronskian of y; and
Ya-

t2y"(t) — ty'(t) — 3y(t) = 4t%.

First, we solve t2y"(t) — ty/'(t) — 3y(t) = 0. Suppose y(t) = t", we have y/(t) =
rt" ! and y”(t) = r(r—1)t""2. Thus t*y"(¢t)—ty'(t) —3y(t) = (r(r—1)—r—3)t" =
(r* — 2r — 3)t". Thus y = t" is a solution of t*y"(t) — ty'(t) — 3y(t) = 0 if
r? —2r —3 = (r—3)(r +1) = 0. The roots of 72 —2r — 3 = 0 are —1 and 3.
Therefore the general solution is ¢;t=! + cot?.

Let y; = t7! and y» = t3 to be the solutions of t2 ”( ) — ty'(t) — 3y(t) = 0.

—e

WY1, y2)(t) = y1(8)ya(t) — p2(O)y(t) =71 (382) — 7 - (—1¢72) = 4t.

Now g(t) = 4t*. We have

[l sdt = [ SiEdt = [ t4dt 1t5 +cand [ Al ?;gyz dt = f LA gy —
J1dt =t +c. Soy(t) = —y(t) [ 2P0t + yo(t) [ 280 dt = —t71 (37 + d) +

t3(t +c) =ttt —dt™

Y (t) + 4y = sec(2t)

We will use the variation of parameter formula. We have y,(t) = sin(2t),
yo(t) = cos(2t) ,

W(y1 y2) (1) = y1(0)ya(t) =ya(H)yr (1) = sin(2t) - (=2sin(2¢)) —cos(2t) - (2 cos(2t)) =

() [ cos(2t) sec(2t) _ cos(2t) —1 ¢
f Wﬁgz(;tz))(t) f . (252 (zt)dt - f 2c0522tt dt fl 2| dt(;) 5 Tcand
[ it dt = [ ST = [ SEersdt = =R 4+ d . We have used

substitution u = cos(2t) and du = —2sin(2t)dt.
Thus y(t) = —sin(2t) - (5t +¢) + cos(Qt)(M +d) = —csin(2t) + d cos(2t) +
t sin(2t) + cos(2t) In | cos(2t)|

2 1 :
y"(t) + 4y = tan(2t)
We will use the variation of parameter formula again. From previous example,
we have yl(t) = sin(2t), yo(t) = cos(2t) and W (yy,y2)(t) = —2.

(t) cos(2t) tan (2t) cos(2t) sin(2t) — sin(2t) _ cos(2t)
f W?flgyz)(t - f dt = f —2cos(2t) dt f 2 dt = i tc
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()

t in(2t) tan(2¢ in(2t)sin(2t 1 cos(2t
[ st = [ =LA = [ =har — [ R = [(=5 -
sec(2t )dt sin( t) ln\sec( )+tan (2t)] +d.
ThUS y( ) _ —sm(2t) (cos(2t) + C) COS(2t>(sinz(12t) + 1n|sec(2tzl+tan(2t)| + d) _
— cos(2t) lsecCUanEOL iy (24) + d cos(2t).

2y (t) — t(t+2)y'(t) + (t +2)y(t) = t*e' (1 + t).

Given that y;(t) = te is a solution of t2y”(t) — t(t + 2)y'(t) + (t + 2)y(t) = 0.
Rewrite t2y"(t) — t(t + 2)y'(t) + 2ty(t) = te!(1 + t) as

y'(t) — B2y (1) + By(t) = e (1 +1).

First, we find the solution of y"(t) — (Hg)y’(t) + Zy(t) = 0.

Let p(t) = —22. Let y be a solution of t2y"(t) — t(t + 2)y/(t) + (t + 2)y(t) =

42 2
Yy o vy iy W) CemJrWdt  gel At ge/U4Pat
0. We have ( 1) = y% = y% — (teh)2 - 122t - 122t
Ce(t+21n(t)) o Cete2lnt o Cett? o —t y —t o —t
g = St = S = Ce™'. So L = [Cetdt = —Ce™" + D and

y=y(—Ce '+ D) =te'(—Ce '+ D) = —C’t+ Dtet. So the general solution of
t2y"(t) — t(t + 2)y'(t) + (t + 2)y(t) = 0 is y = —C't + Dte'. We may choose the
second independent solution to be yo = t.
Now yi = te', yp =ty = e +tetyy = 1and Wy, p2)(t) = v1gs — vay) =
e l—t(et—l—te) —t%e'. Recall that g(t) = t%e’(1 + t).
(®) t-t’e t(1+t) 2 3
f W?flg,yz)(t = [* TP dt = [(—t—t*)dt = -5 - & +c.
t tet - t2el (1+1)
J Wﬁg@(n)m) =J Tdt J(—tet —t2e')dt = te' — e — 2" 4 d.
Thus y(t) = —te' - (=5 — & +¢) +t(te! — e — %' +d) = (%t4 — B+ —t)e! —
cte! + dt.
(1 =t)y"(t) + /' (t) —y(t) = 2(t — 1)%".
Given that y;(t) =t is a solution of (1 —t)y"(t) + ty'(t) — y(t) = 0.
Rewrite (1 — t)y"(t) + ty/(t) — y(t) = 2(t — 1)*e™" as
Z1)2et _
(0 + /(1) — oy(t) = 2 = 21 — et
First, we find the solution of y"(t) + {5¢/(t) — t5y(t) = 0.
Let p(t) = 5. Let y be a solution of y"(t) + —y '(t) — 5y(t) = 0. We have
cel

(i)/ o yyé—y’yz . W(t)  Ce- [ p(tyat B Cef = —t 5 dt _ . —7’51‘9'71;1,11: . Ce_[(lJrﬁ)dt .
v % - T2 T t2 = 2 = 2 = 12021 =
Celt+n(t—1))  Ce~t(t—1) _ Cel(t— 1 Yy t(l 1 —

2 = 2 = 12 = C@ ( — t_2> SO y_1 = fCe (? — t—z)dt =

C’e +D and y = yl(C’e +D) = t(C’e + D) = Ce' + Dt. So the general solution
of y'(t) + 5v/(t) — Hy( ) =01is y = Ce' + Dt. We may choose the second
independent solution to be 3, = €.

Now y1 =1, y2 = €'yy = Ly = €’ and W (y1,12)(t) = y1ys — yoy; = te' — ¢’ =
e'(t —1). Recall that g(t) = 2(1 —t)e™!

[t sdt = [ A0t = [(—2e7)dt = 27! +c.

(y1,y2)(t)
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J it sdt = [ S dt = [(~2te)d =} ’Zt(2t+ 1) +d.
Thus y(t) = —t- (2€_t+0)+€(1 e 2t (2t +1)+d) = —te " + s — ct + de'.



