Solutions to Review Problems for Midterm 1l

(1) Find the general solution of the following differential equations.

(a)

y O () + 64y(t) = 0.

The characteristic equation of y©® (t) + 64y(t) = 0 is 7% + 64 = 0. Note that
—64 = 64€!™27) where k is an integer. Solving 7% + 64 = 0 is the same as
solving 70 = —64 = 64€'("t27)  Therefore r = /64e R gt
2(005(%) + isin(%)) where £k =0,1,2,--- 5.

Let ry = Q(COS(%) + isin(%)) where £ = 0,1,2,--- 5. Therefore
o = 2(cos(§)+isin(g)) = V3+i, 1 = 2(cos(%)+isin(Z)) = 2i, 7y = 2(COS(5gr)—|—
isin(3)) = —v3 414, r3 = 2(cos(TF) + zsm(”)) = —V3—1i, 1y = 2(cos(3) +
isin(3)) = —2i and r5 = 2(cos(F) + isin(HF)) = V3 —i. So the roots of
characteristic equations are v/3 £ i, £2i and \/_ 3+

The general solution is y(t) = c1e¥3 cos(t)+coe¥™ sin(t) 4 c3 cos(2t) +cq sin(2t) +

cse V3 cos(t) + cge V3 sin(t).

Y3 (1) + 3y (t) + 2/ (t) = 0.

The characteristic equation of y® (¢) 4+ 3y (t) + 2y/(t) = 0 is 7> + 3r? + 2r =
r(r’+3r+2)=r(r+1)(r+2)=0. Itsroots are r =0, r = —1 and r = —2.
The general solution is y(t) = ¢; + coe™ + cze 2.

yW(t) — 8y (t) + 16y = 0.

The characteristic equation of y™(¢) — 8y@(¢) + 16y = 0 is r* — 82 + 16 =
(r? —4)? = (r — 2)*(r + 2)%. Tts roots are r = 2 with multiplicity 2 and r = —2
with multiplicity 2. The general solution is y(t) = c1€? +cote? +cze ™2 + cyte 2t
Note: Compare with the problems y™® (¢) +8y®(¢) + 16y = 0. The characteristic
equation of y®(¢) + 8y () + 16y = 0 is r* + 8% + 16 = (r> +4)? = 0. Its
roots are r = £2¢ with multiplicity 2. The general solution is y(t) = ¢; cos(2t) +
o 8in(2t) 4 ¢t cos(2t) + c4t sin(2t).

YO (1) + 299 (1) + y(1) = 0.

The characteristic equation of y© (¢) + 2y (¢) + y(t) = 0is r® + 213 +1 = 0.
Note that 7 +2r3 + 1 = (r* + 1)2 and —1 = 1€’ 2*7) where k is an integer.
Solving 7% 4+ 1 = 0 is the same as solving 73 = —1 = /(7 +2km) |

Therefore r = ¢ ™5™ = ™5 = cos(@)—i—i sin((”ﬂ€7T ) where k = 0,1, 2.
Let r, = cos(w + isin(@) where £ =0,1,2.

Therefore 1o = cos(3) + isin(f) = & + ‘/7§2', ry = (cos(m) + isin(mr) = —1,

ry = 2(008( T) 4 isin(X)) = 3 — ‘éi, Note that ro = 73. Thus the root of
(r*+1)%is 3 14 *2[1 with multiplicity 2 and r; = —1 with multiplicity 2.
The general solution is y(t) = ciez cos(‘/Tgt) + cpet sin(%gt) + cgtes cos(‘/Tgt) +

*/7315) + cset 4 cgtet

to.
cate? sin(



(e) (D* —4D + 13)%(D — 2)2y(t) = 0.
The characteristic equation of (D? — 4D + 13)%(D — 2)?y(t) = 0 is (r? — 4r +
13)%(r — 2)% = 0. Its roots are r = 2 4+ 3 with multiplicity 2 and r = 2 with
multiplicity 2 . The general solution is y(t) = cje* cos(3t) + coe? sin(3t) +
cate® cos(3t) + c4e® sin(3t) + cze® + cote?.

(2) Use the method of Annihilators to find the form of particular solution of the following

problems.

(a) (D? —2D?+ D)y =t + cos(t) + tsin(t) + t%¢.
Solving the characteristic equation 73 —2r2 +2r = r(r> = 2r+r) = r(r—1)> = 0,
we have r = 0, 1, 1. The solutions of (D3 —2D? + D)y = 0 are spanned by 1, e’
and te'.
Now we should find the annihilator of ¢ + cos(t) + ¢sin(t) + t?¢!. We have
D?(t) =0, (D? + 1)%(cos(t) + tsin(t)) = 0 and (D — 1)3(t%¢!) = 0.
So D*(D?* +1)%(D — 1)3(t + cos(t) + tsin(t) + t?e') = 0.
The given equation is (D? — 2D? + D)y = t + cos(t) + tsin(t) + t?e’. Applying
the annihilator D?(D? + 1)*(D — 1)? to the equation above, we have

D*(D* +1)*(D —1)*(D* — 2D* + D)y

= D*(D* 4+ 1)*(D — 1)3(t + cos(t) + tsin(t) + t*e") = 0.

Solving the characteristic equation

r2(r2 +1)2(r —1)3(r3 — 2r2 + 1)

=r2(r* + 1)*(r — 1)%(r — 1) = r*(r* + 1)*(r — 1)®> = 0, we have r = 0 with

multiplicity 3, +¢ with multiplicity 2, and 1 with multiplicity 5. The solution

of (D3 —2D? + D)y =t + cos(t) + tsin(t) + t%¢’ is spanned by 1, ¢, t?, cos(t),

sin(t), tcos(t), tsin(t), !, tel, t%e', t3e! and tie!. Excluding those functions ( 1,

e’ and te') appeared as the solution of (D3 +2D? + D)y = 0, we know that the

particular solution is of the form

Yp(t) = crt+cot?+c3 cos(t)+cy sin(t)+est cos(t)+cgt sin(t)+crt?el +cgt®e +cot el
(b) (D*+ D)y =t + cos(t) + tsin(t) + t%e’.

Solving the characteristic equation 73 +r = r(r? + 1) = 0, we have r = 0, =+i.

The solutions of (D3 + D)y = 0 are spanned by 1, cos(t) and sin(t).

From previous question, we know that D?(D?+1)?(D —1)3(t + cos(t) +t sin(t) +

t?e') = 0. So D*(D* + 1)*(D — 1)3(D? + D)y = 0. Solving the characteristic

equation

r2(r2 +1)%(r —1)3(r3 +r)

=r2(r* + 1)%*(r — 1)%(r*+ 1) = r*(r* + 1)*(r — 1)®> = 0, we have r = 0 with

multiplicity 3, +¢ with multiplicity 3, and 1 with multiplicity 3. The solution
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of (D3 + D)y =t + cos(t) + tsin(t) + t%e! is spanned by 1, t, t?, cos(t), sin(t),
tcos(t), tsin(t), t*cos(t), t?sin(t),e!, te! and t?c'. Excluding those functions (
1, cos(t) and sin(t)) appeared as the solution of (D* + D)y = 0, we know that
the particular solution is of the form vy, (t) = cot + 1% + ot cos(t) + cst sin(t) +
cat? cos(t) + cst? sin(t) + cge’ + crte’ + cgt?el.

Y (t) + 2y (t) + 2y(t) = 3te " cos(t).

Solving the characteristic equation 72 + 2r +2 = 0, we have r = —1 & 4. The
solutions of (D? + 2D + 2)y = 0 are spanned by e~* cos(t) and e~*sin(¢).

The annihilator of te™* cos(t) is (D?+2D+2)%. We have (D*+2D+2)?(te~! cos(t)) =
0. From (D*+2D+2)(y) = 3te~* cos(t), we get (D*4+2D+2)*(D*+2D+2)(y) =
(D? 42D + 2)?(3te "t cos(t)) = 0 and (D? + 2D + 2)3(y) = 0. Solving the char-
acteristic equation (r? + 2r + 2)3 = 0, we have r = —1 + ¢ with multiplicity
3. The solutions of (D? + 2D + 2)3y = 0 are spanned by e~ cos(t), e *sin(t),
te~tcos(t), te"tsin(t), t?e "t cos(t) and t?e~'sin(t). Excluding those functions (
et cos(t) and e !sin(t)) appeared as the solution of (D?+2D+2)y = 0, we know
that the particular solution is of the form y,(t) = cite " cos(t) + cate ' sin(t) +
cst?e~t cos(t) + cqt?e ! sin(t).

(3) Use Laplace’s transform to find the solution of the following initial value problems.

(a)

y 3 (1) — 3y (t) + 29/ (t) = e* with y(0) = 1, 3/(0) = 0 and y"(0) = 0.
Taking the Laplace’s transform of the equation, we have

L{y®(t) — 3y (t) + 2y'(t)) = L(e*)

= s°L(y) — s* —3s’L(y) + 3s + 2sL(y) —2 = -4,
= (s* =35> +25)L(y) = s* = 3s + 2+ 4

_ _s2—3s42 1
= L(y) T (s8—-3s242s) + (s—4)(s3—3s2+2s)
1

= L) = + g aemm

Using partial fraction, we have

1 _ 1 _a b c c
(s—4)(s3—3s242s) ~ s(s—1)(s—2)(s—4) = s + (s—1) + (s—2) + d(s—4)'
Multiplying s(s — 1)(s — 2)(s — 4), we get
Il=a(s—1)(s—2)(s—4)+bs(s—2)(s—4)+cs(s—1)(s—4)+ds(s—1)(s—2).

Plugging s = 0, we get a = —%. Plugging s = 1, we get b = % Plugging s = 2,
we get ¢ = _411' Plugging s = 4, we get d = i. So we have

1 _ 11 1 1 1 1 1 1
(s—4)(s3—3s2+2s) T 8s + 3(s—1)  4(s—2) + 24 (s—4) "

So we have L(y) = % + m
11

1 11 1 1 1 1
s P 3(s—1)  4(s—2) + 31 (s—14)




71,1 1 11 11
ss 1 3(s—1)  4(s—2) + 24 (s—4)

and y(t) = L~ 1@; + 3(311) - lll(si2) + i(sill)) = % + %et - ie% + ieu
y' (t) + y(t) = sin(2t) with y(0) = 0, /(0) = 0.

Taking the Laplace’s transform and using the conditions, we have
L(y"(t) +y(t)) = L(sin(2t))

= (s2+1)Y(s) = ﬁ

_ 2
= Y(5) = wraemn
Using partial fraction, we have (82+4)2(82+1) = ‘slffl’ + gii‘j. Multiplying (s +

4)(s* + 1), we get 2 = (as +b)(s* +4) + (cs + d)(s* + 1) and

2 = as®+bs*+4as+4b+cs®* +ds* +ces+d = (a+c)s3+(b+d) s>+ (4a+c)s+4b+d.
Comparing the coefficient, we get a+c¢=0,b+d =0, 4a+c =0 and 4b+d = 2.
From a4+ c=0and 4a+c =0, we get a = 0 and ¢ = 0. From b +d = 0 and
4b+d = 2, we get b = % and d = —%. So Y(s) = (SQH)Q(SQH) = 55211 — 3521%.

Hence y(t) = L_l(%sif—l — §S2£r4) = 2sin(t) — 3 sin(2t). Note that L™( 2+a2) =

L sin(at).
y"(t) + 4y = g(t) with y(0) = 0 and y'(0) = 0 where
0, 0 t<2,
g(t) = 3(t—2), 2< t <4,
6, 4< L.

We have g(t) = 3(t — 2)uga(t) + 6us(t) = 3(t — 2)(ua(t) — ua(t)) + 6uy(t) =
3(t —2)ua(t) — (3t — 12)uy(t) = 3(t — 2)ua(t) — 3(t — 4)uy(t). Let h(t —2) =t —2
and k(t —4) =t — 4. Then h(t) =t and k(t) = t. So g(t) = 3h(t — 2)us(t) —
3k(t —4)uy(t) and L( (t)) = L(3h(t — 2)ua(t) — 3k(t — 4)uy(t)) = 3e > L(h(t)) —
3¢~ L(k(t)) = 35" — 3,
LU(8) + 4y(0) = Lg(1)) = 352 — 35

—2s s

= (s2+4)Y () = 357" - 35

2
= Y( ) 3 €32+4) 35 (827-}1-4)
= Y(5) =3y — vty
Using partial fraction, we have m =2+ 3 b+ (gﬁii) . This implies that

1 = as(s® +4) + b(s? + 4) + cs® + ds* = (a+c)s + (b + d)s* + 4as + 4b.
Comparing the coefficient, we get a + ¢ =0, b+ d =0, 4a =0 and 4b = 1. We

o= D =06 =4 and = . S0 oy = 14— by
Y( ) o 33 652%4 35 652%4 - 36—25(5% - (521—+4)) - %6_48(%2 - (5214)).
Let f(t) = (Sl - (82+4)) = t—3sin(2t). Hence y(t) = L7 (3e (5 — (5214))

Set(& — i) = Bua(t) f(t — 2) — qua(t)f(t = 4).



(d)

y"(t) + 4y’ (t) + 4y = g(t) with y(0) = 0 and y'(0) = 0 where

0, 0 t<2,
gt) =4 3(t-2), 2< t<4,
6, 4 < t.

2s 4s

C e
-y

e 4s
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From previous question, we have L(g(t)) = 3%
L{y"(t) + 4y'(t) + 4y(t)) = L(g(t)) = 35

2s 4s

= (52445 +4)Y (s) = 3% — 3%
e—2s e—4s

= Y( ) = 33 (322+4s+4) B 3_34 (s2+4s+4)
= Y(s)=3 EIE R e
Using partial fraction, we have m =%+ b+ C((Ssié);d . This implies that
L=uas(s+2)2+b(s+2)*+cs?(s+2) + ds : Plugglng ins=0, wegeth=1
Plugging in s = —2, we get d = 1 . Hence 1 = as(s + 2)* + (s + 2)°
¢s?(s 4+ 2) + 3s°. Plugging in s = 1 and s = —1, We have 1 = 9a + § 4 3¢ + §
and 1 = —a—l—i—l—c—l— }L. This gives 9a + 3¢ = —35 and —a+c = % Hence

_ 1 =1 L _ 11, 1 11
a = —7 and c1 1Now we havew = _Zgl+ 1=t 1(822) + 5 (s+22t) . Let
f(t) = I~ ( is + 132 —|— (s+2) -+ Zm) = -z + 4t+ 467 + 4t€7 . Then
Y(t) = L Bty — 3ot = Bua(6)f(t — 2) — Bua(8) (¢ — 4).
y"(t) +4y'(t) + by = g(t) with y(0) = 0 and ¥'(0) = 0 where

0, 0 t<2,
git) =< 1, 2< <4,
0, 4< t.

We have g(t) = ug4(t) = ug(t) — ug(t) and L(g(t)) = e — e~ **. Taking the
Laplace transform, we get L(y" (¢)+5y'(¢)+5y) = L(g(t)) and (s*+4s+5)Y (s) =

6_28 _ 6—48.
6—23 6—45
= Y( ) - (82+4s+5) o (52+14s+5)' .
Note that 2+4S+5) = Gy and f(t) = L™ (o) = € ¥ sin(?).

2s 4s

Then y(t) = L’l((SQi;S%) — (Sgi;s%)) =us(t)f(t —2) —uq(t)f(t —4).

y"(t) + 5y (t) + 4y(t) = §(t — 2), with y(0) = 0 and 3'(0) = 0.

Taking the Laplace transform L(y"(t) + 5y'(t) + 4y(t)) = L(0(t — 2)), we have
(s> +5s+4)Y(s) = e 2.

o 6—25 _ 6725 _ ,—2s
= Y(S) T (s245s+4) T ((s+1)(s+4)) T € (
_le?  1e72

— 35+l 3544

Let f(t) = L7(-%) = et and g(t) = L7

s+1




(2)

We have y(t) = L™ (357 —3557) = ua(t)f(-2)— ua(t)g(t—2) = us(t)e 2)—
Tup(t)e 472,

y"(t) + 4y'(t) + by(t) = §(t — 2), with y(0) =1 and 3/(0) = 1.
Taking the Laplace transform L(y”(t) + 4y'(t) + 5y(t))

(s> +4s+5)Y(s) —s—5=e"2.

= Y(5) = {arinsy) + @iy = Gt T mioe

, 52+4s+5) 2+4s+5) (s+2)2+1
e € )
i1 T 4(s+%)+45§
Let f(t) = 71((;2)2“) 2 cos( ) and g(t) = L*l((ml)2 ) e 2 sin(t)
e 2%(s
We have y(t) = L_l( (S+2()2—:_21) (S+2 ) ug(t) f(t — 2) + 4ua(t)g(t — 2) =

uy(t)e 22 cos(t — 2) + dug(t)e 22 sm(t 2).

y'(t) —4y'(t) + 4y(t) = 0(t - 2), with y(0 )=0 dy'(0) = 0.

Taking the Laplace transform L(y"(t) + 4y'(t) + 4y(t)) = L(0(t — 2)), we have
(82 +4s+4)Y (s) = e 2.

= Y(s) = (326+4s:+4) = (56+2L)2'

Let f(lf) = L_l((s+2) ) = te 2,
We have y(t) = L™ ({555) = ua(t) f(t — 2) = ua(1)(t — 2)e 2072,

(4) Express the solution of the given initial value problem in terms of the convolution

integral.

(a)

Y (t) + 49/ (t) + by(t) = e* cos(t), with y(0) = 0 and y/'(0) = 0.
Taking the Laplace transform of the equation, we have
L(y"(t) + 4y'(t) + 5y(t)) = L(e* cos(t))

= (s +4s+5)Y(s) = (Sf;)?ﬂ

= Y(s) = oy mrrers Let F() = L7 (555%) = € cos(t) and g(t) =

LN rdegs) = L () = € Zsin(t). So y(t) = [y f(t —7)g(r)dr.
y"(t) — 2y (t) + y(t) = te', with y(0) = 0 and y'(0) = 0.

Taking the Laplace transform of the equation, we have

L(y"(t) — 2y'(t) + y(t)) = L(te")

= (82 —2s+1)Y(s) = ﬁ

= Y(s ) TG Y Fe ;s—f—l) = oo oo Let f(H) = L7 () = tef
So y(t) = [ f(t —7)f(r)dr.

y'(t) — 3y (t) + 2y(t) = tet + te?, with y(0) = 0 and 3/(0) = 0.
Taking the Laplace transform of the equation, we have

L(y"(t) — 3y'(t) + 2y(t)) = L(te' + te*)

= (s —=3s+2)Y(s) = ﬁvLﬁ




1 1 1 1 1 1
= Y(s) = ((5—1)2 + (3—2)2)(32—2s+1) - ((3_1) + (3_2)2)'(5_1)2' Let f(t) =
t

L_l((sj1)2 + (5712)2') = te! +te* and g(t) = L~

So y(t) = fot flt—=7)g(r)dr.
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