Solutions to HW 10

(1) (Sec 6.2 Problem 21)(30 pts) y" — 2y’ + 2y = cos(t). y(0) =1, ¥'(0) =0
Taking the Laplace’s transform of the differential equation
y" — 2y' + 2y = cos(t),we have
L(y" =2y +2y) = L(cos(t)) = 7. Using L(y") = s*L(y) — sy(0) — y'(0) and
L(y') = sL(y) — y(0), we have
s?L(y) — sy(0) — y'(0) — 2(sL(y) — y(0)) + 2L(y) = »° and
(s* =25 +2)L(y) — sy(0) — y'(0) +2y(0) = 5.
Substituting y(0) = 1 and y (0) = 0, we have
(s —2s+2)L(y) —s+2= and
(s —2s+2)L(y) =s—2+
So L(y) = 82i532+2 + (s2f2s+2)(s2+1)

Note that s> — 2s + 2 = (s — 1)? + 1. First, we simplify the term by noting that
s—2 5—=2 —1 3

$2—2s+2  (s—1)241  (s—-1)2+1 + (s— 1)2+1
Now we simplify the term m by partial fraction. We have

s _ s a(s—1)+b cs+d . . 2 2
242D — (—DP+DEF) — (s—D2+1 T - Multiplying ((s — 1)% 4+ 1)(s* + 1),

we have

s=(a(s—=1)+b)(s*+ 1)+ (es+d)((s —1)* + 1)

= (as+ (—a+b))(s*+ 1)+ (cs + d)(s* — 25 + 2)

=as’+ (—a+0b)s* + as + (—a +b) + ¢cs® + ds* — 2cs® — 2ds + 2¢s + 2d

= (a+¢)s® + ((—a+b) +d—2c)s* + (a — 2d + 2¢)s + (—a + b+ 2d). Comparing the
coefficient, we get a+c¢ =0, —a+b+d—2c=0,a—2d+2c=1and —a+b+2d = 0.
From a +c¢=0, we have c = —a,a+b+d =0, —a—2d=1and —a+ b+ 2d = 0.
Multiplying —1 toa+b+d =0, we get —a—b—d =0. Adding —a + b+ 2d = 0,
we have —2a +d = 0. Using —a — 2d = 1 and —2a + d = 0, we have a = —% and
dz—%. Froma+b+d =0 and ¢ = —a, wegetb:—a—d:%andc:%. Hence

32+1
32+1

s 1 G=h) 3 1 1s 21
(s2—2s+1)(s2+1) — 5 (s—1)%2+1 5 (s—2)2+1 5s2+1 5s2+1"
5—2 s
From L(y) = F o2 T (20
- and

_1(sl)+31 +1s 2 1

we get

(s2— 25+1)( 241) — b (s—1)2+ 5(s—2)241 " 55241 B s24+1°
_ 4 (s=1) 2 1 1 s 2 1
L(y) = 5602~ 5oz T 5@ s and

y(t) = e’ cos(t) — 2e'sin(t) + £ cos(t) — 2 sin(?).
(2) (Sec 6.2 Problem 23)(30 pts) y" + 2y +y = 4e~ " y(0) =2, y'(0) = —1
Taking the Laplace’s transform of the differential equation y” + 2y’ + y = 4e™,
we have L(y" + 2y’ +y) = L(4e™). Using L(y") = s*L(y) — sy(0) — ¢'(0), L(y') =
sL(y) —y(0) and L(4e™") = 4L(e”") = <5, we have

s*L(y) — sy(0) — 4/(0) + 2(sL(y) — y(0)) + L(y) = <5 and

+1



(s* + 25+ 1)L(y) — sy(0) — y'(0) — 2y(0) = S5,

Substituting y(0) = 2 and y'(0) = —1, we have

(s* +23+1)L(y)—3 2—(-1)—2-2= -5 and (s> + 45+ 4)L(y) = 77 + 25 + 3.
Note that s +2s+1 = (s+ 1) So we have (s + 1)’L(y) = =5 + 25 + 3 and

L(y) = (8+1)3 + (iff’ We can snnphfy (2:":{:)32 by substituting u = s+ 1, s =u — 1
and gty = Mg — A G

Hence we have L(y) = (s+1)5 —i— ey (S_&l)z and
v="L" G + oy T ee)
Using L(e™!) = == L(te™!) =

s+17

) = e_tv L_l(

s+1)

(s+1 e and L(t%e™) = s,

= te and L~ (Tl)?’) = tZZ_t.

we have L~

Therefore
=LY 42 4 1 )

y= NEEE D CEE VA EER b

— 4.8 - L4967t £ temt = 22t + 2t 4 tet

( s+1 (s+1) )

(3) (Sec 6.3 Problem 8)(15 pts)

0, 0 t<1,
f(t)_{t2—2t+2, 1< ¢

We have f(t) = (t* — 2t + 2)uy(t). Let g(t — 1) = > =2t +2 = (t —1)* + 1.
Then g(t) = g((t +1) — 1) = t* — 1 and f(t) = wy(t)g(t — 1). Hence L(f(t)) =
L(ui(t)g(t — 1)) = e °L(g(t)) = e *L(t* + 1) = e (& + {)-

(4) (Sec 6.3 Problem 9)(15 pts)

0, 0 t<m,
ft)=¢ t—m, < t<2m,
0, 2 < t.
We have f () = (t=7)tx 2x(t) = (t=7)(ur(t) —tzr(t)) = (i—=m)u

Let g(t —7) =t — 7 and h(t — 27) = t — 7 Then ¢(t) (
h(t) = h((t+27)—27) = t+2r—7 =t+7m and f(t) = ur(t)g(t —7) —uar (t)g(t —27).
Hence L(f(t)) = L(ux(t)g(t — ) — uor(t)h(t — 27m)) = e ™ L
e™L(t) —e Lt +7m) =e 5 — e (5 ).

;L 1(t) 4 2us(t) = Gug(t). L(f(2)) = L(u(t) +

Il
Q

(5) (Sec 6.3 Problem 10)(10 pts) f(t) =
2us(t) — 6us(t)) = Lua (1)) + 2L(ua(t)

s 2s s

6L(us(t)) = S + 25— — 6%

S




