Solutions to HW 11

(1) (Sec 6.4 Problem 1) (15 pts) " +vy = f(t), y(0) =0, ¥'(0) =1

I, 0<t<3,

f(t)z{o’ggt‘

We have f(t) = ug(t) — uy(t) and L(f( )) =+ — <.
Since L(y" +y) = L(f(t)) = s — % (v +y) = (s*+ 1Y (s) -
(s> +1)Y(s) — 1, we have (52—1—1) ( )—1=1-_<
Y(s) = 5(521+1) ~ 5o T (s2+1
and g(t) = L‘l(m) =1 — cos(t).
Soy(t) = 1—cos(t)+uz () f(t—5)+sin(t) = 1—cos(t)+uz (t)(1—cos(t—7)+sin(t) =
1 — cos(t) +uz (t)(1 — sin(t)) + sin(t).
Note that we have used the fact that cos(t — §) = sin(t).

—Ss

sy(0) —y'(0) =
(2 + ¥ (s) = 1 — ="+ 1 and
Using partial fraction, we have 5(521+ 5y = %

E]

(52+1)

(2) (Sec 6.4 Problem 5) (15 pts) v" + 3y' + 2y = f(¢), y(0) =0, ¥'(0) =0

1, 0 <10,
f(t)_{o, 10 < ¢t

1 67105

We have f(t) = uo(t) — uio(t) and L(f(t)) = .-

Since L(y" + 3y’ + 2y) = L(f(t)) = 1 — = arsld Liy" + 3y + 2y) = (s* +
3s+2)Y(s) — sy(0) — y'(0) 4+ 3y(0) = (s* + 3s + Q)Y( )Y (s), we have (s* + 3s +

2)Y(s) =1 —¢ 80 ,and Y(s) = 5(82+3s+2) — @737 Using partial fraction, we
1

have 8(82+135+2) = e = S+ (s+1) + (s+2) Multiplying s(s + 1)(s + 2), we get

1 =a(s+1)(s+2) + bs(s +2) + cs(s + 1). Plugging in s = 0, we have 1 = 2a

Nw |

and a = % Plugging in s = —1, we have 1 = —b and b = —1. Plugging in
_ _ _ 1 1 _ 11 1 11
s = —2, we have 1 = —2¢ and ¢ = —35- So m = 55 GrD) Qm and

= 1 _ r—-1/711 1 1
g(t) =L 1(s(s2+35+2)) =1L 1(52 - (s+1) 5(

Hence y(t) = L_1(8(82+13s+2) - s(s243s+2) )

— % — et %e—% _ uﬂ)@)(% _ e—(t—lo) Lo- 2(¢ 10))'

1 1 —t 1, -2t
) 5 s .

(3) (Sec 6.4 Problem 9)(20 pts) y" +y = g(t), y(0) =0, ¥/ (0) =1
L, 0< t<6,
9(t) :{ 3 6< ¢
We have g(t) = 5(uo(t) — us(t)) + 3u6(t) =5+ (2= 5)us(t) and L(g(t)) = L(3) +
L((2 — £)ue(t)). Let f(t —6) =2— 5. We have f(t) = p —L.
L((2 = 3)ue(t)) = L(f(t = 6)us(t)) = 66SL(f( ) =—%=2

and L(g(t)) = 55 — &



Taking the Laplace’s transform of the equation, we have L(y" + y) = L(g(t)) =
oy — % Since L(y" + y) = (s> 4+ 1)Y(s) — sy(0) — ¢/ (0) = (s> + 1)Y(s) — 1, we

663 663
have (s* + 1)Y(s) = 1 = 232 — 52 Y(s) = 3211 + 252(312+1) T 25%(s2+1) and y(t) =
Gs . . .
L*l(sg{H + QSQ(SIQH) — 2SQ(SQH)) . Using partial fraction, we have m =5 - ﬁ
and f(t) = L (srber) = L-1(%) — LN (5hy) =t — sin(0).

6s

Soy(t) = L&) + L (gmprsy) — L' (aefery)
= sin(t) + 5(t —sin(t)) — 2 f(t — 6)ug(t) = (¢t +sin(t)) — 3(¢t — 6 — sin(t — 6))ue ().

(4) (Sec 6.5 Problem 2) (15 pts)y”(t) + 4y(t) = §(t — ) — §(t — 27), with y(0) = 0 and
y'(0) = 0.
Taking the Laplace transform L(y"(t) + 4y(t)) = L(6(t — w) — §(t — 27)), we have
<82 + 4)Y( ) — effrs _ 6727rs'
= Y(s) = (s2+4) ale (s 2+4) .
Let f( ) 71( 1 ) _ sm(2t)‘

s2+4+4 2

We have y( ) L~ ((S;;Z)) + L_l((i;i:)) = U/ﬂ'(t)f(t - 71—) + u2w<t)f<t - 27) =

Uy (t) sin(2(2t771')) T Uy, (t) sm(2(2t ™) _ ux(t) ;in(?t) _ u2q (t)QSin(Qt)

(5) (Sec 6.5 Problem 3) (15 pts)y”(t) + 3y'(t) + 2y(t) = d(t — 5) + u10(¢), with y(0) =0
and y'(0) = 3.
Taking the Laplace transform L(y"(t) + 3y'(t) + 2y(t)) = L(6(t — 5)) + L(u1o(?)),

we have (s? —i— 35+ 2)Y(s) — y/(0) = e 4 <= s 1
e~ 58 e—10s

Y(s) = (32+3s+2) + (s2+3s+2) + 5(52+33+2)'

We have m =5+ 8+—2, T =a(s+2)+b(s+1). Plugging s = —1, we
have a = % Plugging s = —2, we have b = —%. So m = %s}rl — %S% and
L—l(m) — %e_t _ %e—zt‘

By partial fraction, we have m =5+ s+—2, 1=ua(s+2) +b(s+ 1). Plugging
s = —1, we have a = 1. Plugging s = —2, we have b = —1. So m = 34%1 — 5%2
and f(t) = L(m) =et—e?,

By partial fraction, we have m =2+ s%l +:5, L=a(s+1)(s+2) +
bs(s +2) + cs(s + 1). Plugging s = 0, we have a = % Plugging s = —1, we have
b = —1. Plugging s = —2, we have ¢ = So m = %% — ;11 — %5%2 and

g(t) = L(—s(32+133+2)) - % —et 16—2,:'
. 1 1 —5 —10s
IIIOW y(t) =1L ( 2(s2+35+2) + (32+35+2) + 5(52+35+2)>
—t 1

=L e 4 us(t) f (t—5)+u1o(t) (t —10)

1
2
_ %e—t _ %€—2t + uz(t)(= —2(t—5)) +U10(t)(1 e (t=10) 4 %6—2(1&—10))'




(6) (Sec 6.5 Problem 11) (20 pts)y”(t) +2y/(t) +2y(t) = cos(t) +0(t — %), with y(0) =0
and y'(0) = 0.
Taking the Laplace transform L(y"(t ) +2y/(t) + 2y(t)) = L(cos(t)) + L(6(t — %)),
we have (s? + 2s +2)Y(s) = 2+1 +e7 2%,

s ~5s
= Y(S) — (s242s5+2)(s2+1) + (s2+2$+2)

Let f(t) = L‘l(m) = L‘l(m) = e 'sin(t).
By partial fraction, we have (82+28+52)(82+1) = gffl) + fﬁiﬁ%i‘f
Multiplying (s?+2s+42)(s*+1), we have s = (as+b)(s?+2s+2)+(cs+c+d)(s*+1) =
(a+c)s* + (2a+b+c+d)s* + (2b+2a+c)s + 20+ d+ c. Comparing the coefficients,
we have a +¢c=0,2a+b+c+d=0,2b+2a+c=1and 2b+d+ ¢ = 0. Using
a=—c, we have —c+b+d=0,2b —c=1and 2b+d+c=0. From 2b —c =1, we
havec=20—1, —=2b+1+b+d =0 and 2b+d+2b—1 = 0. Solving b+d+1 =0

and 4b+d -1 =0, Wehaved——— andb— c—2b—1——— a——c:g.
Hence (52+25+2)(52+1) - ;if + _(555-8;32:{

Recall that Y (s) = (82+25+2)(52+1) + (52122512)
We have y(t ) = LY 55115 (“’;S:;;Lf) + L~ (%) = Zcos(t) + Zsin(t) —
se ! cos(t) — Ze sin(t) + uz () f(t — §)

5

L cos(t) + 2 Sln(t) — 2e~tcos(t) — 2e ' sin(t) + ug(t)e’(t’g) sin(t — Z).



