Solution to HW 8

1. ( (Sec 3.6 Problem 2))
Solution:Solving 7? + 2r + 5 = 0,we have » = —1 4 2i. The solution
of y'(t) + 2y'(t) + by = 0 is y(t) = cie 'sin(2t) + coe tcos(2t). We try
yp = csin(2t) + d cos(2t) to be a particular solution of y"(t) + 2y/(t) + 5y =
3sin(2t). We have y, = csin(2t) 4 d cos(2t),
Yy, = 2ccos (2t) — 2dsin (2t),
y, = —4esin(2t) —4dcos (2t) and y, (t) + 2y, (t) + 5y,(t) = —4csin (21) —
4d cos (2t)+4ccos (2t) —4dsin (2t) + besin(2t) + 5d cos(Qt) = (c— 4d) sm(2t) +
(4c+d) cos(2t) = 3sin(2t) if c—4d =3, 4c+d =0, c = £ and d = . Thus
the general solution of y"(t) + 2y/(t) + by = 381n(2t) is y(t) = = s1n(2t) +
—22 cos(2t) + cre~ " sin(2t) + cpe" cos(2t).

2. ( (Sec 3.6 Problem 14)) Solving r? + 4 = 0, we know that the solution of
y'(t)+4y = 01is y(t) = ¢; sin(2t)+co cos(2t). We try y, = ct?+dt+e+ fe' to be
a particular solution of y”(t) +4y = t*43e'. We have y, = ct*+dt+e+ fe',
y, = 2ct +d + fe,
yr = 2c+ fe' and y)(t) + 4y,(t) = 2c + fe' + dct® + 4dt + de + 4fe’ =
4ot + 4dt + (2c + 4e) + 5fet = t2 4+ 3¢ if 4c = 1, 4d = 0, 2¢ + 4e = 0 and
5f=3.S0c¢=1,d=0,e=—3and f =2

Thus the general solution of is y(t) = 1t*— £ + 3¢’ 4 ¢; sin(2¢) + ¢ cos(2t).
Using the initial condition y(0) = 0 and y/'(0) = 2, we get y(0) = —% +
%t;__@l —:|— §Oe:t —yi—l(g)siZQ%f)—'_—Qil c(?Sét) o 1_70 e _%. e =
1 875 10

3. ( (Sec 3.6 Problem 17)) Solution: Solving r* + 4 = 0, we know that
the solution of y"(t) + 4y = 0 is y(t) = cysin(2t) + cpcos(2t). We try
Yy, = ctsin(2t)+dt cos(2t) to be a particular solution of y”(t)+4y = 3sin(2t).
We have y, = ctsin(2t) + dt cos(2t),
Yy, = csin (2t) + 2ct cos (2t) + dcos (2t) — 2dtsin (21),
yy =4ccos(2t) —4ctsin (2t) —4dsin (2t) — 4dt cos (2t) and y, (1) + 4y,(t) =
4ccos(2t) —4dsin(2t) = 3sin(2t) if c = 0 and d = —3. Thus the general
solution of y"(t)+4y = 3sin(2t) is y(t) = —3 t cos (2t) +¢; sin(2t) + ¢, cos(2t).
Using the condition y(0) = 2 and y/(0) = —1, we get ¢; = —3 and ¢, = 2.
Thus y(t) = —3 tcos (2¢) — £ sin(2t) 4 2 cos(2t).

4. (Sec 3.7 Problem b)
Solution: Solving r?+ 1 = 0, we have r = +i. So the general solution of
y"(t) +y(t) = 01is y(t) = ¢ cos(t) + cosin(t). We will use the variation of
parameter formula to solve y”(t) + y(t) = tan(t). We have y,(t) = cos(t),
ya(t) = sin(t) , g(t) = tan(t)
Wiy1,y2)(t) = y1(t)ya(t) — w2(t)i () = cos(t) - (cos(t)) — sin(t) - (=sin(t)) =
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cos?(t) + sin (t) = 1

sin( tan sin?(t 1—cos®(t) o
f W(Z’;gw t) - f dt f cos((t)) dt = f cos( ( dt = fsec —Cos )dt -
ln|sec()+t ()|—s1n()+cand
) —

Ik W(legw)(t) dt = [ & = [sin(t)dt = —cos(t) + d . We have Thus
y(t) = —cos(t) - (In] sec( )+ tan(t)| — sm( ) + ¢) + sin(t)(— cos(t) + d).

5. (Sec 3.7 Problem 14)
Solution: Rewrite t2y"(t) — t(t + 2)y'(t) + (t + 2)y(t) = 2t* as
y'(t) — SRy (8) + Fy(t) = 2t.
We will use the variation of parameter formula to solvey”(t) — %2/ (t) +
E2y(t) = 2t. We have y;(t) =t, yo(t) = te' , g(t) = 2¢
Wiy, yz)(t) = yl(t)yé(t) — a(t)yi(t) = te’ +te') —te' - 1 = %",

Tt = bt = 20 =2+ and
[ W(?;llgw dt = [ ffidt = [2e7dt = e +d . We have Thus y(t) =

—t- (2t + ) +tel(—2e7t +d) = —2t? — ¢t — 2t + dte' = =2t — (c + 2)t + dte'.
So y,(t) = —2t* or y,(t) = —2t* — 2t.



