Math 6980 Homework #1 solutions

la. Let V have basis {v1,va,...,v,}. Then every v € V' is a unique
linear combination of the {v;} so:

V={qvi+ - +c,|c €k}

Since k has ¢ elements there are ¢" possible n-tuples of ¢;s so |V| = ¢".

b. Let A € GL(n,q), which means the columns of A are linearly
independent. The first column can be any of the ¢" — 1 nonzero vec-
tors in k™. The second column must not be in the span of the first
column, which contains ¢ vectors. Thus there are ¢" — ¢ choices. The
third column cannot be among the ¢* vectors spanned by the first two
columns, so there are ¢" — ¢* choices, etc.. Thus we get:

n—1

GL(n,q)| = [J(a" - ).

i=0
c. By (b) we know GL(2,2) has 6 elements. They are:

{ 10 11 0 1 01 11 10 )
o1/)°’\o1)’\v10)/)’\V11)>LV10)"\11
Notice this group is isomorphic to 3.

B9. First observe that if A®* and B*® are graded algebras then so is
A ® B with

(A® B), = ®_yA; ® By
In particular the first graded piece of Sym*V @ Sym*W is (V ® C) @
(C® W). Define a linear map from V@ W to (V@ C) @ (C® W) by

extending the obvious maps from V and W linearly. By the universal
property this determines a homomorphism of graded algebras:

O Sym* (Ve W) — Sym*V @ Sym*W.

This map can be seen to be an isomorphism since it takes the standard
basis on the left to the standard basis on the right. The component in
the nth homogeneous term gives the isomorphism from B2.

The second part is similar.

3a. {v1 ® wy,v1 @ wa, Vy @ Wy, Vy ® Wa, V3 @ W1, V3 & Wa}



o 0 2 -2 -1 1

0o 0 4 -2 -2 1

b 1 -1 0 0 3 =3
’ 2 -1 0 0 6 =3
2 -2 -1 1 1 -1

4 -2 =2 1 2 -1

4. The trace statement is an easy calculation. Now QAQ™! =
(QA)Q™! so trace(QAQ ™) = trace(Q'QA)=trace(A), so similar ma-
trices have the same trace.

5. Pick a basis of W and extend to a basis of V. Define g : V' — k so
that g agrees with f on the basis of W. On the remaining basis vectors
g can be arbitrary.

Exercise 1.1
Let f € V*. The pairing in question is given by < f,v >= f(v). To
get:

<P (g)(W), p(g)(v) >=<w,v* >
it is enough to check on a basis so let {vy,vs,...,v,} be a basis of V
with dual basis {01, 9, ...,0,} Let p(g) have matrix A and p*(g) have
matrix B in terms of these basis. Since < v;,v; >= d;; we need:

< p"(9)(05), p(g)(vi) >= by
Expanding out we get:

< Z st’f)s, ZA]%’U]{; >= 5ij
s k

which gives:

Z stAsi = 51']'7
s=1
i.e. " BA=1,s0B="A""1as defined.

Exercise 1.3 The matrix p(g) acts on the (one-dimensional) top exte-
rior power A™(V) by the determinant. Hence the assumption is equiv-
alent to the statement that A"(V) = C as G-modules. Now see the
remark on the bottom of page 28 about perfect pairings. The wedge
product gives a bilinear map A*(V) x A" *(V) — A"(V) = C. For any
basis vector v;, A vj, A -+ Awj, of AF(V) there is (exactly one) basis



3

vector of z € A" (V) such that vj, Avj, A--- Avj, A is nonzero, so
this is a perfect pairing. (z is just the wedge of the remaining n — k
basis vectors of V.) Thus it induces an isomorphism:

Ak(v) o~ Anfk(v)* ~ An—k(v*>
Exercise 1.4 a. Let e, be as described. For the descriptions to obvious

bijection x — e, needs to be a G-map, i.e. we need ge, = e;,. We just
check on y € G:

_ —1
(9e2)(y) = €a(g™'y) = 07 ¥ =0y,
S0 gey; = €y
b. Easy to check this using (zy)™' =y~ 'z~



