
Math 8310 Spring 2007 Midterm Exam #1.

Part I: Do all five problems.

1. Let p be prime. Prove that xp−1
x−1

is irreducible in Z[x].

2. For which integers n is x3 + nx + 2 irreducible in Z[x].

3. Let R be a ring and G an infinite multiplicative cyclic group with generator x. Is
the group ring R(G) isomorphic to the polynomial ring in one indeterminate over R?
Explain.

4. Give an example of a ring R and a finitely generated R module that is not finitely
generated as an abelian group.

5. State three equivalent conditions for an R module P to be projective.

Part II: Choose 3 out of 5.

7. Suppose f : M → N is an R-module homomorphism. Prove that f is one-to
one if and only for every R-module D and every pair of R-module homomorphisms
g, h : D → M such that fg = fh, we have g = h.

8. Let 0 → A → B
f→ C → 0 and 0 → C

g→ D → E → 0 be short exact sequences of
R-modules.

a. Show that 0 → A → B
gf→ D → E → 0 is exact.

b. Show that every exact sequence may be obtained by splicing together suitable
short exact sequences in this manner.

9. Suppose f : M → N and g : N → M are R-module homomorphisms such that
gf = 1M . Prove that N = Im f ⊕Ker g.

10. Suppose I is a right ideal of a ring R with identity and B is a left R-module.
Prove there is a group isomorphism:

R/I ⊗R B ∼= B/IB

where IB is the subgroup of B generated by all elements of the form {ib | i ∈ I}.

11. Let M be a right R module and N a left R module. Describe in detail the
construction of the tensor product M ⊗R N . What structure does it have?










