
Math 8310 Spring 2007 Midterm Exam #2.

Each part is worth 1/3 of the final score.

Part I: “Short” answer. Do all five problems.

1. Let V be vector space. Show that there is a natural injective linear transformation
from V to V ∗∗, which is an isomorphism if V is finite-dimensional.

2. Which of the following matrices are in rational canonical form? Justify your
answer.

A :=




2 0 0
0 0 6
0 1 −1


 B :=




1 0 0
0 0 6
0 1 −1


 C :=




2 1 0
0 2 1
0 0 2




3. Let V be a 4-dimensional vector space with basis {v1, v2, v3, v4}. Give a basis for
Sym2(V ) and Λ2(V ).

4. Show that any finite field extension is algebraic.

5. Write down a 5 × 5 matrix which has minimal polynomial (x − 2)2(x − 1) and
characteristic polynomial(x− 2)3(x− 1)2.

Part II: Do this problem.

6. State the fundamental theorem for finitely generated modules over a PID. Discuss
the invariant factor form and elementary divisor form. Explain how this theorem can
be used to prove the existence of rational canonical and Jordan canonical form for a
matrix A ∈ Mn(K) . Include a discussion of what, if any, requirements on the field
K are necessary for each.

Part III: Choose 2 out of 4.

7. Find all possible rational canonical forms for a 6 × 6 matrix in M6(Q) which has
minimal polynomial (x− 2)2(x + 3).

8. Suppose K is not a perfect field. Prove there exists irreducible inseparable poly-
nomials over K. Conclude that there exist inseparable finite extensions of K.

9. Let V be an n-dimensional vector space over K and let ψ : V → V be a linear
map. Describe the determinant of ψ in terms of certain exterior powers of V .

10. Let K be an extension of F with [K : F ] = n. Prove that K is isomorphic to a
subfield of the ring of n× n matrices over F .










