13.3 Arc Length

The distance traveled by a particle 7(t) = x(t)i+y(t)j+2(t)k in a time interval £, < t < ¢,
is approximately |U(t1)|(t2 — t1) ( speed times time elapsed.) To get the distance traveled
over a long time interval a <t < b one adds up the approximate distances

[U(t1)|(t2 — t1) + [U(22)[ (83 — t2) + [T(E3)|(ta — t3) + - -+ + [U(tn1)[(tn — tn1)

where a = t; <ty < ... <t,. In the limit as n goes to infinity and the intervals get shorter
we get the distance traveled is
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Example Find the distance traveled by the particle on the path
F(t) = e costi + e'sint] + e'k

0<t<A4r
Solution: Compute the speed. First we need the velocity.

7'(t) = (¢! cost — €' sint)i + (e'sint + e’ cost)] + 'k = e'[(cost —sint)i+ (sint + cost) + k]
Therefore the speed is
|7 (t)| = €'[(cos t—sin t)?+(sin t4cos t)>4+1]/% = e![(cos t)*+(sin t)?—2 cos t sin t+(sin t )2+ (cos t)>+2 cos t

The length of the curve is
4 4
/ |T(t)|dt = / V3etdt = V/3el i = V3(er — 1)
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Arc Length Parameterization Given a curve 7(t), a <t < b and ty where a < tq <b
The arclength parameter with base point 7(to) is
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which is the distance traveleﬁ along the curve in the time interval ty < 7 < t Given t, s is
determined but assuming |v(7)| # 0 for any 7 then it is also true that s determines t. (The
odometer reading tells us what time it is.)

Example In the previous example s = f; 1U(T) dT = \/3 fti e dr = /3[e! — e']. There-
fore

t(s) = m% +eto]

This tells us the time when we have traveled s units along the curve. Note when s = 0
t(0) = to. We can use this computation to “parameterize 7 according to arclength”

7i(s) = € cost(s)i+ e ®t(s)sint(s)] + ek
= |:i + €t0:| [cos(ln(i + eto));+sin(ln(i + €t0>)j’+ E
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This is the same path but it is parameterized to that the speed as on traverses the path is
one
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and one can check that |7} (s)| = 1.



