14.6 Tangent Planes and Differentials:

Example Find the tangent plane to the surface z® +zy* +2y* + 22 = 4 at (-1,1,-2). Find
also the normal line to the surface at (-1,1,-2).

Solution This surface is the level surface of the function f(x,y, 2) = x3+ xy? + 2y° + 22
Therefore we have a normal to the surface:

V= 32>+ y?)i + (2zy + 6y%)] + 2zkso thatV f(—1,1,2) = 47 + 4] — 4k
Therefore an equation for the tangent plane is
dz+1)+4y—1)—4(z+2)=0o0rz+y—2z=2

The normal line is

—

F= (=144 + (1+4)] + (=2 — 4)k
(that isz = —1+4+4t, y =1+ 4t and z = —2 — 4t.)
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Example Find the gradient of f(z,y,2) = y%¢™* + 2%z Iny
The surface f(x,y,z) = ¢ (c is a constant) has tangent plane at Py = (xg, %0, 20) (on
the surface, so that f(zo,vo, 20) = ¢)

fo(Po)(x — o) + f,(FPo)(y — yo) + f2(Po)(z — 20) =0

The normal line is

v=x0+ fo(Po)t, y=yo+ fy(R)t, z=2z+ f(Fo)t

Example Find the tangent plane and the normal line to the graph z = tanzy + 2%Iny
at (m/4,1).

We see that the graph of F(z,y) = tanzy + xlny is the level surface of f(z,y,2) =
tanzy +xlny — z at (7/4,1,1) and so we can apply the formula above. We have f, = F, =
(secxy)’y +Invy, f, = F, = (secaxy)’x +z/y and f, = —1. At (7/4,1,1), f. =2, f, = 37/4
so that the tangent plane is

2(:10—%)+%T(y—1)—(z—1):00rz:1+2(x—%)+%(y—1)

The normal lineis x =7/4+2t,y =1+ (3r/4)t and 2 =1 — ¢.
The surface z = F(z,y) has the tangent plane at Py = (x¢, Yo, F'(x0, %))

Z = F(m(),?/o) + Fm(wm yo)(x - Io) + Fy(x07 yo)(y - yo)
The normal line is
r=x0+ Fp(zo,y0)t, y=1y0o+ Fy(xo,v0)t, 2= F(zo,y0) —t

Example Find parametric equations for the tangent line to the curve of intersection of
the two surfaces

42° —y? +92° = 36
—2x4+5y+2=8



at(3,3,-1).

( Solu')cion: The tangent line is tangent to both surfaces and so it is perpendicular to both
normals. The normal to the hyperboloid of one sheet is V f = (Sx);— 2y]’—i— 182k and so at
(3,3-1) it is Vf = (24)7 — 6] — 18k = 6(47 — j — 3k). The normal to the plane is, of course
N = -2+ 5;—1— k. These vectors are perpendicular to the curve of intersection and so their
cross product is parallel to the curve.

- - =

. T gk
VXN = 6 4 —1 -3
-2 5 1

= 6(147 + 27 + 18k) = 12(7i + j + 9k)
Consequently the tangent line to the curve of intersection is
Ft)= B+ Tt)i+ (B+1)] + (=1 +9t)k

or in the book’s notation: x =3+ Tt,y = ....
Definition The linearization of f(z,y) at (xo, yo), assuming f is differentiable at (z¢, yo),
is
L(z,y) = f(wo,y0) + fe(z0,y0)(x — x0) + fy (20, %0) (¥ — Yo)

Error If f has continuous first and second partials and if |f,.| < M, |fi,| < M and
| fyy| < M for some constant M > 0 on some rectangle around (zo, yo) then

|f(2,y) = Lz, y)| < M|z — 20| + |y — 0l)”

Example If f(z,y) = /22 + y+2y then the linearization at (1,3) is: f, = z(z? +y)~ /2,
fo=1/2)@* +y) 2 +2,

L(z,y) =8+ (1/2)(x — 1) + (17/8)(y — 3)

Definition The total differential of f(x,y) at (xg, o), assuming f is differentiable at
($07 yO)a 18
df = fu(xo,y0)dx + f, (20, Yo)dy

There is a comparable formula in the case of functions of 3 variables

df = fu(z0, Y0, 20)dx + fy(x0, Yo, 20)dy + f-(0, Yo, 20)dz

Example The diagonal of an x by y rectangle is /22 + y2. If the construction is such
that the x =4+ 0.02 and y = 3 £0.01 then the diagonal is is v/3% + 42 + df ~ 5+ df where

df =f(xo, yo)dz + f, (0, yo)dy

4 3
=wo(x + y5) "2 (£0.02) + yo(af + y5) ~/*(£0.01) ~ £ (5(0.02) + g(0.01)) = 40.022



