LESSON 11 PYTHAGOREAN AND BASIC IDENTITIES

Examples Use one Pythagorean Identity and Basic Identities to find the exact
value of the other five trigonometric functions for the following.

1. c¢sca = -5 and « isinthe Ill quadrant
2
2. C03ﬂ=§ and csc S <0
17 _
3. tanez—T and sin @ >0

Examples Find all the exact solutions for the following equations.

1. 2cos’fd =1+siné 2. T -2cosa =8sin’a
3. sec’f =9 - Ttan B 4., —5cot’x = 6CSCX + 5

Recall the following Basic Identities from Lesson 2:

in
1. tan(9=M 2 cow:M
cos

S
2.
5

S
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[HEN

cot @ = secld = ——
3. tan @ 4. cos &
1
cscld = ——
. sin 8

Recall the following Pythagorean Identities from Lesson 2:
1. cos’h +sin’h =1
2. sec’f —tan’0 =1

3. csclh — cot?h =1



Examples Use one Pythagorean Identity and Basic Identities to find the exact
value of the other five trigonometric functions for the following.

1. c¢sca = -5 and « isinthe Ill quadrant Back to Examples List
: 1
Since cSC o = — 5, then SIN & = "5
Since csCa = -5 and csc’a — cot‘a =1 by one of the Pythagorean

Identities, then

(-5)° —cot’a=1= 25 -cot’a=1= cot’a=24 =

cota = £, 24 . Since « isinthe Il quadrant, then cota = /24 |

1
Since Cot @ = /24 then TN a = ﬁ

) 1
Now, we need to find coSa and SeCa. Since SN a = —g and

cos’a +sin’a =1 by one of the Pythagorean ldentities, then you could
use this identity to find Cosc«. However, you only need to use the
Pythagorean Identities once to solve these problems.

CoS o _
Since Cota = proapey then COSa =cot a sin . Since cota = /24 and

. 1 A 24

San[:—1 thenCOSO[:1/24 £__j:_—-

5’ 5 5
CoS SeC o 5

1 o = — —— = -

Since 5 . then \/ﬂ
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1
. C0SaH =—-——~—— SnNg=-=- tana = — Secc
Answers: 5 5 \/ﬂ

and cot o = ./ 24

5

2
cos f = 3 and cse B <0 Back to Examples List

First, determine what quadrant the angle A is in. Using Method 1 from
Lesson 6, we have:

cos f > 0 = the x-coordinate of the point of intersection of the terminal
side of the angle B with the Unit Circle is positive. That is, x > 0.

cscf <0 = sin <0 = the y-coordinate of the point of intersection
of the terminal side of the angle B with the Unit Circle is negative. That is,
y<O0.

Thus, we have that x > 0 and y < 0. Thus, the angle £ is in the IV quadrant.
You may use Method 2 or Method 3 from Lesson 6 if you wish.

2 3
Since C0s B = 3 then Sec § = 5

2 :
Since C0s S = 3 and cos®f +sin”pB =1 by one of the Pythagorean

Identities, then

2
(%j +sin’p=1= g+sin2ﬂ:1: sin*f == =

| o

sin B =% =—_ Since B isinthe IV quadrant, then Sin S = -

5 5
3 3
3

) 5
ince sin B = - Y— CSCf =~ —
Since Sin B 3 , then p T



sin g

Now, we need to find tan # and cot 8. Since tan/j = 05 and
J5
' \/E 2 tan f = _ 3 _E
S f = =—3and €0 /= = then 2 5 .
3
ince tan g = /5 cot,B——i
Since = 5 , then \/E
G 5 ; ;
sin B=-YX" tanf=-Y" secBf="cCh=-—
ANSWers: B 3 B 5 B 5 p /5
2
cot f = — —
and p \/g
17 _
tan 0 = - —gand sin6 >0 Back to Examples List

First, determine what quadrant the angle 6 is in. Using Method 1 from
Lesson 6, we have:

sih @ >0 = the y-coordinate of the point of intersection of the terminal
side of the angle 6 with the Unit Circle is positive. Thatis, y > 0.

The tangent of the angle € is the y-coordinate of the point of intersection of
the terminal side of the angle & with the Unit Circle divided by the x-

: : . : : y .
coordinate of the point of intersection. That is, an @ = Y Since we have

that tan & < 0 and y > 0, then we have the following:

y _(#)

(-)=tanfd ===~ = x<0
X ?



Thus, we have that x <0 and y > 0. Thus, the angle @ is in the Il quadrant.
You may use Method 2 or Method 3 from Lesson 6 if you wish.

inoe tan 0 = — V- cotg = - o
Since = 3 , then 7
17 ) ,
Since tan 6 = - g and sec“@ — tan“6 =1 by one of the Pythagorean

Identities, then

J7

sec?0 — |- V"0 | 21 = gec2g - o1 o sec?o = O o
8 64 64

secd = +

oo | ©

9
. Since @ is in the Il quadrant, then Sec & = — 3

Since Sec 0 = —g,then cos 0 = —g.

_ _ _ sin 6
Now, we need to find sin @ and cscd. Since @60 =——  then

cos @'’
VI
8

sih@ =tandcosd. Since tand = -

sin 8 = _E(_ﬁ) = E

8 9 9

8
and C0s 0 = Y then

) 17 9
Since SIn 0 = T,then csc 0 = Niia

\l

J17 9

Answers: €0s 6 = —g,sine = —— secf = —— CsCO =

9
9 8’ Jir
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Examples Find all the exact solutions for the following equations.

1.

2c0s’6 =1+ sin@ Back to Examples List

This equation is neither quadratic in cos @ nor sin 8. We will use the
Pythagorean Identity cos“@ + sin °6 =1 to replace cos 6 by 1 — sin ? 0.
The resulting equation will be quadratic in sin @. Since cos?@ + sin >0 =1,
then cos?@ =1 - sin?6. Thus,

2c0s°0 =1+sinf = 2(1-sin?0)=1+sinéb =
2 -2sin’d=1+sinf = 0=2sin°0 +sinf -1 =
(sin@ +1)(2sind - 1) =0

Thus, either sin @ +1 =0 or 2sin& —1=0. Thus, there are two

equations to be solved. NOTE: These types of equations were solved in
Lesson 10. Please read that lesson in order to see how to solve these
equations.

Since sin & + 1 =0 = sin & = —1, then the solutions of the first equation

3 _ _
are 0 = -5t 2Nn7  where n is an integer.

i . 1
Since 2sin@d —1=0 = SN @ = > then the solutions of the second

V4 SY/4
equation are ¢ = ri 2N and 0 = I 2N7 where n is an integer.



T 5r 3
Answers: 0 = y +2nz 0 = ry +2n7 and 0 = > + 2N7  where n

IS an integer

7 —2cosa = 8sin*a Back to Examples List

This equation is neither quadratic in cosa nor sin . We will use the
Pythagorean Identity cos “a + sin >a = 1 to replace sin “a by 1 — cos*a .
The resulting equation will be quadratic in €0S . Since cos>a + sin >a =1,
then sin“a =1 — cos’a. Thus,

2c0sa + 7 =8sin‘a = 2cosa +7 =8(1-cos’a) =

2cosa + 7 =8 — 8cos?a = 8cos’a + 2cosa —1=0 =
(2cosa + 1)(4cosa —1) =0

Thus, either 2cosa + 1 =0 or 4cosa —1=0. Thus, there are two

equations to be solved. NOTE: These types of equations were solved in
Lesson 10. Please read that lesson in order to see how to solve these
equations.

1
Since 2c0sa +1=0 = COSa = — E’ then the solutions of the second

_ 21 Ar _ _
equation are & = —= + 2N7 gnd @ = 3 7 2Nz where n is an integer.

To solve the second equation 4cosa — 1 = 0:

1
4cosa —1=0 = 4cosa =1 = COSO!=Z



1

Determine where the solutions o« will occur. Since Z IS not the maximum

positive number for the cosine function, then the solutions do not occur at the
coordinate axes. Thus, the solutions occur in two of the four quadrants.
Since cosine is positive in the | and IV quadrants, the solutions for this
equation occur in those quadrants.

Find the reference angle a' for the solutions « :

1

1 , _
COSO(=Z:> cos o' = = «a' = C0oS

N

1
4
The solutions in the | quadrant: The one solution in the | quadrant, that is

1
between 0 and 27, is & = COS ' Z' Now, all the other solutions in the |

guadrant are coterminal to this one solution. Thus, all the solutions in the |

1

quadrant are given by @ = C0S 2 + 2N7 where n is an integer.

The solutions in the IV quadrant: The one solution in the IV quadrant, that is

1
between — 27 and 0, is @ = — C0S ' Z' Now, all the other solutions in the

IV quadrant are coterminal to this one solution. Thus, all the solutions in the

1 1

IV quadrant are given by & = —C0S 1 + 2N7  where n is an integer.

Thus, the solutions of the second equation 4cosa —1=0 are

1

1 1 .
7t 2N7 where n is an integer.

a = COS "~ Z+2n7z and @ = — COS ~

2 4
Answers: «a = COS_li + 2!’172', a = ?ﬂ. + 2n7Z’ a = ?ﬂ. + 2nrx and

1 1

a = — COS "~ 2 + 2N7  where n is an integer



sec’f =9 — 7tan S Back to Examples List

This equation is neither quadratic in sec # nor tan S. We will use the
Pythagorean Identity sec® 8 — tan® 8 = 1 to replace sec’ 8 by 1 + tan’ 5.
The resulting equation will be quadratic in tan #. Since sec’ - tan? g =1,
then sec’fB =1+ tan? B . Thus,

sec’f =9 -Ttan f = 1l+tan*B =9 - 7tan g =

tan’p +7tan B -8=0 = (an B -1)(tan B +8) =0

Thus, either tan # —1=0 or tan # + 8 = 0. Thus, there are two

equations to be solved. NOTE: These types of equations were solved in
Lesson 10. Please read that lesson in order to see how to solve these
equations.

Since tan # —1=0 = tan & = 1, then the solutions of the first equation

T o
are B = i 2n7 and B = il 2Nn7 where n is an integer.

To solve the second equation tan S + 8 = 0
tan f+8=0 = tanp =-8

Determine where the solutions B will occur. Since tangent is negative in the
Il and IV quadrants, the solutions for this equation occur in those quadrants.

Find the reference angle B' for the solutions S :
tn f=-8 = tanp' =8 = p'=tan '8

The solutions in the 1l quadrant: The one solution in the Il quadrant, that is

between 0 and 27, is S =7 — B' =7 — tan ' 8. Now, all the other
solutions in the Il quadrant are coterminal to this one solution. Thus, all the



solutions in the Il quadrant are given by B =7 —tan '8 + 2nz =
— tan " 8 + (2n + 1)z, where n is an integer.

The solutions in the IV quadrant: The one solution in the IV quadrant, that is

between — 27 and 0, is B = —tan "' 8. Now, all the other solutions in the
IV quadrant are coterminal to this one solution. Thus, all the solutions in the
IV quadrant are given by B = —tan ~* 8 + 2nz , where n is an integer.

Thus, the solutions of the second equation tan S +8 =0 are
B=-tan""8+ (2n +1)x and B = —tan '8 + 2nz, where n is an
integer. NOTE: Since the period of the tangent function is 7, then this
answer may also be written as # = —tan "' 8 + nz, where n is an integer.

Y4
Answers: ﬂ=%+2nﬂ, ,3=T+ 2Nz and B =-tan '8 + nr,

where n is an integer

—5cot*X = 6CSC X + 5 Back to Examples List

This equation is neither quadratic in cot X nor csc X. We will use the
Pythagorean Identity csc’x — cot®x =1 to replace cot”X by csc?x — 1,
The resulting equation will be quadratic in €SC X. Since csc?x — cot’x =1,
then cot’x = csc®x — 1. Thus,

—~5cot*Xx = 6CsCX +5 = —-5(csc’x —1) =6cscx + 5 =
—5¢csc’X +5=6cscx +5 = —5¢5¢’X = 6Csc X =

0 =5csc’x + 6cscx = cscx(5csex +6) =0

Thus, either csc X = 0 or 5¢sc X + 6 = 0. Thus, there are two equations to
be solved.



To solve the first equation ¢sc X = 0: Since csc X = 0 and CSCX = ——

sin x’
1 - - - - - -
then sin x = 0, A fraction is zero if and only if its numerator is zero. The
- 1 - -

numerator of the fraction Sin x will always be 1. Thus, the equation
csc X = 0 has no solutions.
To solve the second equation 5¢sC X + 6 = O:

6 : 5
5cscx + 6 =0 = 5ccx=-6 = CSCX:—E = SIﬂX:—E
Determine where the solutions X will occur. Since — < is not the minimum

6
negative number for the sine function, then the solutions do not occur at the
coordinate axes. Thus, the solutions occur in two of the four quadrants.
Since sine is negative in the Il and IV quadrants, the solutions for this
equation occur in those quadrants.

Find the reference angle X' for the solutions X :

1

: 5 . D
SNX=-—-— = snXx =—- = X =8N

o | o
o | o

The solutions in the 11l quadrant: The one solution in the Ill quadrant, that is

, . .5
between 0 and 27, is X =7 + X =7 + 8N ' E Now, all the other

solutions in the Ill quadrant are coterminal to this one solution. Thus, all the

.5

solutions in the Il quadrant are given by X = 7 + SN~ 5 +2n7 =

1 9

X = sin " 6" (2n + 1)7  where n is an integer.

The solutions in the IV quadrant: The one solution in the IV quadrant, that is



between — 27 and 0, is X = — sin ~* 5' Now, all the other solutions in the

IV quadrant are coterminal to this one solution. Thus, all the solutions in the

1

IV quadrant are given by X = —sin ~ 5 + 2N7 where n is an integer.

Thus, the solutions of the second equation 5cscX + 6 =0 are

X = sin _12 + (2n + 1)72' and X = —sin _16 + 2n7r’ where n is an
integer.

.1 5 = =1
Answers: X = SIn 5 +(2n + 1)7 and X = —sin 5 + 2N7  where n

IS an integer



