LESSON 3  REFERENCE ANGLES

Topics in this lesson:

1.
THE DEFINITION AND EXAMPLES OF REFERENCE ANGLES
2.
THE REFERENCE ANGLE OF THE SPECIAL ANGLES
3.
USING A REFERENCE ANGLE TO FIND THE VALUE OF THE SIX TRIGONOMETRIC FUNCTIONS
1.
THE DEFINITION AND EXAMPLES OF REFERENCE ANGLES
Definition  The reference angle of the angle 
[image: image1.wmf]q

, denoted by 
[image: image2.wmf]'
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, is the acute angle determined by the terminal side of 
[image: image3.wmf]q

 and either the positive or negative x-axis.

Recall, an acute angle is an angle whose measurement is greater than 
[image: image4.wmf]°
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 and less than 
[image: image5.wmf]°

90

.

NOTE:  By definition, the reference angle is an acute angle.  Thus, any angle whose terminal side lies on either the x-axis or the y-axis does not have a reference angle.

Examples  Find the reference angle 
[image: image6.wmf]'
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 for the following angles 
[image: image7.wmf]q

 made by rotating counterclockwise.

1.

[image: image8.wmf]q

 is in the I quadrant.

[image: image478.png]The Blus Angle Is Reference Angle for the Given Angle in the First Quadrant
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Animation of the reference angle.
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Relationship between 
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 is in the II quadrant.

[image: image479.png]The Blus Angle Is Reference Angle for the Given Angle in the Second Quadrant
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Animation of the reference angle.
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3.
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 is in the III quadrant.

[image: image480.png]The Blus Angle Is Reference Angle for the Given Angle in the Third Quadrant
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Animation of the reference angle.
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Relationship between 
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4.
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 is in the IV quadrant.

[image: image481.png]The Blus Angle Is Reference Angle for the Given Angle in the Fourth Quadrant
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Animation of the reference angle.
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Relationship between 
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Examples  Find the reference angle 
[image: image41.wmf]'

q

 for the following angles 
[image: image42.wmf]q

 made by rotating clockwise.

1.
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 is in the IV quadrant.

[image: image482.png]The Blus Angle Is the Reference Angle for the Given Angle in the Fourth Quadrant
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Animation of the reference angle.
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        Relationship between 
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 and 
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2.
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 is in the III quadrant.

[image: image483.png]The Blus Angle Is the Reference Angle for the Given Angle in the Third Quadrant
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Animation of the reference angle.
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Relationship between 
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 and 
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3.
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 is in the II quadrant.

[image: image484.png]The Blue Angle Is the Reference Angle for the Given Angle in the Second Quadrant
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Animation of the reference angle.
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Relationship between 
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4.
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 is in the I quadrant.

[image: image485.png]The Blus Angle Is the Reference Angle for the Given Angle in the First Quadrant
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Animation of the reference angle.
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Relationship between 
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Examples  Find the reference angle for the following angles.

1.
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The angle 
[image: image77.wmf]q

  is in the II quadrant.

[image: image486.png]The Blue Angle Is Reference Angle for the Given Angle of 140 Degrees
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Animation of the reference angle.
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The angle 
[image: image83.wmf]a

 is in the I quadrant.

[image: image487.png]The Blue Angle |z the Referznce Angle for the Given Angle of Negative 350 Degrees
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Animation of the reference angle.
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The angle 
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 is in the III quadrant.

[image: image488.png]The Blue Angle Is Reference Angle for the Given Angle of 9 Pi Seventh
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Animation of the reference angle.
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The angle 
[image: image97.wmf]f

 is in the II quadrant.

[image: image489.png]The Blue Angle ls the Reference Angle for the Given Angle of Negative 9 Pi Seventh
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Animation of the reference angle.
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The angle 
[image: image105.wmf]g

 is in the IV quadrant.

[image: image490.png]The Blue Angle Is the Reference Angle for the Given Angle of Negative 7 Pi Fifteenth
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Animation of the reference angle.
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The angle 
[image: image110.wmf]q

 is in the IV quadrant.

[image: image491.png]The Blus Angle Is Reference Angle for the Given Angle of 79 Pi Forty-Second
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Animation of the reference angle.
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[image: image492.png]The Blue Angle |z the Referznce Angle for the Given Angle of Negative 150 Degrees
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Animation of the reference angle.
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8.
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The angle 
[image: image123.wmf]b

 is on the negative x-axis.  Thus, the angle 
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 does not have a reference angle.
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The angle 
[image: image126.wmf]g

 is on the positive y-axis.  Thus, the angle 
[image: image127.wmf]g

 does not have a reference angle.
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2.
THE REFERENCE ANGLE OF THE SPECIAL ANGLES
The reference angle of the Special Angles of  
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The reference angle of the Special Angles of  
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3.
USING A REFERENCE ANGLE TO FIND THE VALUE OF THE SIX TRIGONOMETRIC FUNCTIONS

To find the value of a trigonometric function of an angle in the II, III, and IV quadrants by rotating counterclockwise, we will make use of the reference angle of the angle.  To find the value of a trigonometric function of an angle in the I, II, III, and IV quadrants by rotating clockwise, we will make use of the reference angle of the angle.

Theorem  Let 
[image: image146.wmf]'
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 be the reference angle of the angle 
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.  Then
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where the sign of  + or 
[image: image154.wmf]-

 is determined by the quadrant that the angle  
[image: image155.wmf]q

  is in.

We will use this theorem to help us find the exact value of the trigonometric functions of angles whose terminal side lies in the first (rotating clockwise), second, third, and fourth quadrants.  We do not need any help to find the exact value of the trigonometric functions of angles whose terminal side lies on one of the coordinate axes.  We know the x-coordinate and the y-coordinate of the point of intersection of these angles with the Unit Circle.  So, we know the exact value of the cosine, sine, and tangent of these angles from the x-coordinate, y-coordinate, and the y-coordinate divided by the x-coordinate, respectively.  This might be the reason that a reference angle is not defined for an angle whose terminal side lies on one of the coordinate axes.

The cosine, sine, and tangent of the special angles with a denominator of 6 in radian angle measurement.  The cosine, sine, and tangent of the special angles with a denominator of 4 in radian angle measurement.  The cosine, sine, and tangent of the special angles with a denominator of 3 in radian angle measurement.

Examples  Use a reference angle to find the exact value of the six trigonometric functions of the following angles.
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(This is the 
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(This is the 
[image: image181.wmf]6

7

p

 angle in units of radians.)
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(This is the 
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