LESSON 4 COTERMINAL ANGLES
Topics in this lesson:
1. THE DEFINITION AND EXAMPLES OF COTERMINAL ANGLES
2. FINDING COTERMINAL ANGLES
3.  TRIGONOMETRIC FUNCTIONS OF COTERMINAL ANGLES
1. THE DEFINITION AND EXAMPLES OF COTERMINAL ANGLES

Definition Two angles are said to be coterminal if their terminal sides are the
same.

Examples Here are some examples of coterminal angles.

1.  Thetwo angles of @ =140° and S =— 220 ° are coterminal angles.

The Two Angles of 190 Degrees and Megative 220 Degrees Are Coterminal

™~
/

B L

Animation of the making of these two coterminal angles.

14 31z

2. Thetwo anglesof & = 5 and £ = T are coterminal angles.
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The Two Angles of 7PIB and 31PifG Are Coterminal

Animation of the making of these two coterm

()
s

inal angles.

The two angles of @ =—-1845° and B =1395° are coterminal angles.

The Tuwo Angles of Negative 1845 Degrees and 1395 Degrees Are Coterminal

S

2

Animation of the making of these two coterm

inal angles.
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2.  FINDING COTERMINAL ANGLES

Theorem The difference between two coterminal angles is a multiple (positive or
negative) of 27 or 360 °,

Examples Find three positive and three negative angles that are coterminal with
the following angles.

1. 6=660°
6, =660 ° + 360 °=1020°
6, =1020° + 360 ° =1380°
NOTE: 6, =1380° =1020° + 360° = (660° + 360°) + 360° = 660° + 2(360°)
6, =660 °—360 ° =300 °
6, =300°-360°=-60°
NOTE: 6, =-60°=300° - 360° = (660° — 360°) — 360° = 660° — 2(360°)
O, =—-60°-360°=-420°
NOTE: 6, =-420°=-60° — 360 °=[660 ° — 2(360 °)] — 360 °=660 ° — 3(360 °)
s =—420°-360 °=-780 °

NOTE: 6, =—-780°=-420° — 360 °=[660 ° — 3(360 °)] — 360 °=660 ° — 4(360 °)
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NOTE: There are other answers for this problem. If the difference between
the angle of € =660° and another angle is a multiple of 360 °, then this
second angle is an answer to problem.

87
o =—
5
87 8/ 10 Tirx
o =——-27 = — =
5 5 5 5
7l ffr 107 6/«
a,=——-21 = - =
5 5 5 5
7 77 7 7
NOTE: a2=6—ﬂ=—ﬂ—27z= 8—”—27[ —27z=8—”—2(27r)
5 5 5
67 6/r 10z 5irx
Qy=——— 27 = - =
5 5 5 5
NOTE: a3:57—ﬂ=67—ﬂ—27r= 87—7T—2(27r) —27[287—7Z—3(27z)
5 5 5 5
7 7 1 7
a4=8_ﬂ_9(2ﬂ)=8_ﬂ_9(07r]=8 7Z'_907Z'=_37Z'
5 5 5 5 5 5
3 37 10« 137
Qg =—— =20 =—— — =—
5 5 5
NOTE: a5——13—”=—3—ﬁ—27z: 87—7T—9(27z) —27z=87—7r—10(27z)
5 5 5 5
137 137 10« 2371
aG:———Zﬂ':———_z__
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NOTE: @ =—23T7[=—13?7[—27Z'=(87?7[—10(27Z)j —27r=87?7[—11(27r)

NOTE: There are also other answers for this problem. If the difference

8/ r
between the angle of & = N and another angle is a multiple of 27, then

this second angle is an answer to problem.

87

Let’s see how the angle & = 5 Is made. We will need the following property of

arithmetic, which comes from the check for long division.
q
b)a = a=qb+r
r

Dividing both sides of the equation & =q-b + r by b, we obtain the equation

a r
b =Qq+ b For the work that we will do in order to find one particular coterminal

angle of a given angle in radians, we will want the number g above to be an even
number.

8l

87
Now, consider the fraction of 3 in the angle & = 5 given above.

17
87
— > 5587
> 5

37
35

2

87 2
Thus, 7 = 17 + = The number 17 is an odd number. However, we may write 17

as 17 =16 + 1, where the number 16 is an even number. Thus, we have that
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8—7:17+E:(16+1)+g:16+ 1+g =16+ §+z :16+Z
5 5 5 5 5

87 /
Thus, 7 = 16 + = - Now, multiply both sides of this equation by 7 to obtain that

8z =7z(16+zj :167z+7—7z =8(2r) + L
5 5 5 5

87 rx
This equation tells us how to make the angle & = 5 In order to make the angle

T r
a = 5 it will take eight complete revolutions and an additional rotation of ——

5
o S 87«
going in the counterclockwise direction in order to make the angle & = ——.

5

87« r
Thus, the two angles 0!=T and —— are coterminal angles. Notice that

5
7—7T<27z_
5

The Angles of 87 P and 7RIS Are Coterminal

I
|/




Animation of the making of these two coterminal angles.

Another animation of the making of these two coterminal angles.

Examples Find the angle between 0 and 27 or the angle between — 27 and 0 that
is coterminal with the following angles.

811
g=27"
1 6
_ R 8 7
Consider the fraction of B N the angle ¢ = 6
14
2 56
6
25
24
1
85 1 _ _ _
Thus, =14 + - The 14 is an even number. So, multiply both sides of

this equation by 7 to obtain that

87 _ st c 14z E Z7020) 4 E
6 6 6 6

811
In order to make the angle ¢ = 6 it will take seven complete revolutions

T
and an additional rotation of 6 going in the counterclockwise direction.

/A
Thus, the angle of 6 is the coterminal angle that we are looking for.
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Animation of the making of these two coterminal angles. Another animation
of the making of these two coterminal angles.

Answer:
nswer:
91rx
F==
_ _ 91 917
Consider the fraction of 7 n the angle S =— 1
22
91
— - 4)91
;o
8
11
8
3
91 3 _ _ _
Thus, 7~ = 22 + 2 The 22 is an even number. Now, multiply both sides of

this equation by — 7 to obtain that

—gl—ﬂz—ﬂ 22+§ :—227z—3—7[:ll(—27z) _ 3
4 4 4 4

Olxz

In order to make the angle ﬂZ—T, it will take eleven complete

3r
revolutions and an additional rotation of 1 going in the clockwise

3

direction. Thus, the angle of — e is the coterminal angle that we are

looking for. Animation of the making of these two coterminal angles.
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37
Answer: — ——

4
_ 1127
7773
_ _ _ 112 «
Consider the fraction of 3 n the angle 7 = — 3 -
37
1 — 3112
9
22
21
1
112 1 _ _
Thus, 3 =37 +§. The 37 is an odd number. So, we may write 37 as

37 =36 +1, where the number 36 is an even number. Thus, we have that

1—12=37+1:(36+1)+1=36+ 1+1 = 36 + §+1 :36+ﬂ
3 3 3 3 3

3 3
112 4 _ _ _ _
Thus, —~ = 36 + 3. Now, multiply both sides of this equation by -7 to
obtain that
_Hem —n(36+fj - 367 - _qg(—27) - 27
3 3 3 3
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112
In order to make the angle 7 =— 3 it will take eighteen complete

Ar
revolutions and an additional rotation of 3 going in the clockwise

Ar
direction. Thus, the angle of ——~ is the coterminal angle that we are

3
looking for.
Ar
Answer: — -
3
9
a=—-
2
_ _ 59 I
Consider the fraction of o n the angle @ = I
29
59
— > 259
; 2%
4
19
LS
1
59 1 _ _
Thus, = = 29 + - The 29 is an odd number. So, we may write 29 as

29 =28 + 1, where the number 28 is an even number. Thus, we have that

5—9=29+1=(28+l)+lz28+ 1+1 = 28+ g+1 =28+§
2 2 2 2 2 2 2

59 3
Thus, - =28 + —. Now, multiply both sides of this equation by 7 to obtain

"2 2
that
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97 _ olog+3) = 287+ 3% —14(21) + 8
2 2 2 2

5071
In order to make the angle @ =——, it will take fourteen complete

2
. . . 3z .
revolutions and an additional rotation of —_going in the counterclockwise

3r
direction. Thus, the angle of o Is the coterminal angle that we are looking

for. Animation of the making of these two coterminal angles.

3r
Answer: —-
2
g 17
2
_ _ 17 17«
Consider the fraction of SN the angle & = - R
17 8
— 217
16
1
17 1 _ _ _
Thus, 5T 8 + 5 The 8 is an even number. Now, multiply both sides of

this equation by — 7 to obtain that

L A T Y
2 2 2 2
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8.

17 =

In order to make the angle ¢ = - P it will take four complete revolutions

T
and an additional rotation of 2 going in the clockwise direction. Thus, the

T
angle of — B is the coterminal angle that we are looking for. Animation of

the making of these two coterminal angles.

T
Answer: — E

$p=82r

The number 82 is an even number. Thus, 82 7 = 41(27). In order to make
the angle ¢ =82 , it will take forty-one complete revolutions. Thus, the
angle of 0 is the coterminal angle that we are looking for.

Answer: 0

B=-2x

The 21 is an odd number. So, we may write 21 as 21=20+1, where the

number 20 is an even number. Now, multiply both sides of this equation by
— 7r to obtain that

- 2lr=-7n(20+1) =-207-7=10(-2x) -«
In order to make the angle S =-217, it will take ten complete revolutions

and an additional rotation of 7 going in the clockwise direction. Thus, the
angle of — 7 is the coterminal angle that we are looking for.

Answer: — 7

y =4110°
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Use your calculator to find the whole number of times that 360 will divide
into 4110 . Since 4110 + 360 = 11.41666 ... and 360 times 11 equals
3960, then we have that

11
360 ) 4110

3960

150

Thus, 4110=11(360) +150. When working in degrees, the whole number of
11, in this case, does not have to be even. Thus,

4110 =11(360) + 150 => 4110° =11(360°) + 150 °

In order to make the angle y =4110°, it will take eleven complete
revolutions and an additional rotation of 150 ° going in the counterclockwise
direction. Thus, the angle of 150 ° is the coterminal angle that we are
looking for.

Answer: 150°

6 =-8865°

Use your calculator to find the whole number of times that 360 will divide
into 8865 . Since 8865 + 360 = 24.625 and 360 times 24 equals 8640, then
we have that

24
360 ) 8865

8640

225
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Thus, 8865 = 24(360) + 225. Multiplying both sides of this equation by —1,
we obtain that — 8865 = 24(— 360) — 225. Thus,

— 8865 = 24(— 360) — 225 = —8865° = 24(— 360 °) — 225°

In order to make the angle € =—38865°, it will take twenty-four complete
revolutions and an additional rotation of 225° going in the clockwise
direction. Thus, the angle of —225° is the coterminal angle that we are
looking for.

Answer: —225°

Back to Topics List

3.  TRIGONOMETRIC FUNCTIONS OF COTERMINAL ANGLES

Theorem Let « and S be two coterminal angles. Then

1. cosa = cos f 4. seCa = sec fB
2. Sina =sing 5. CSCa = CsC f
3. tan ¢ = tan S 6. cota =cotpf

We can use this theorem to find any one of the six trigonometric functions of an
angle that is numerically bigger than 2 7 or 360°. When given an angle that is

numerically bigger than 27 or 360°, we will want to find the angle that is
coterminal to it and is numerically smaller than 2 7 or 360 °.

Examples Use a coterminal angle to find the exact value of the six trigonometric
functions of the following angles.
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Doing one subtraction of 2 7, we obtain that

11~ 11z 67 57
— -2 = - =
3 3 3 3
117 ST _ o
Thus, the two angles of ¢ = 3 and Ty oare coterminal. The angle 3 s

T
in the IV quadrant and has a reference angle of 3 Thus, by the theorem

above, we have that

Doing one addition of 2 7, we obtain that

19 = 9r 8x 117
- +27 = Yt T

Doing a second addition of 2 7, we obtain that

11 7 1~ 8=« 3
- ——— 427 =z - — + —=-——
4 4
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19 7 3

Thus, the two angles of @ =— e and — T, are coterminal. The angle
3r

/A
1 Is in the Il quadrant and has a reference angle of 1 Thus, by the
theorem above, we have that

149 »
F="%
_ _ 149 149 7
Consider the fraction of B n the angle £ = 5
24
W — 6 )149
2
29
2
5
149 5 o
Thus, =~ = 24 + 5+ This implies that
149 = ¥4 St

=28Ur+—=12(27) + —
6 6
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149~
In order to make the angle /= 6 it will take twelve complete

S
revolutions and an additional rotation of ry going in the counterclockwise

o
direction. Thus, the angle of —~ is the coterminal angle that we are looking

6
St T
for. The angle 5 Isin the Il quadrant and has a reference angle of X

Thus, by the theorem above, we have that

1497[:0035—”=—cos£:—£ sec149ﬂ=—i
6 6 2 6 J3
. 149 . b5rx . 1 149
sin =SSN — =5SN — = — CSC =2
6 2 6
149 = 5r T 1 149
tan =tan — = —tan — = - — cot =—,3
6 6 3 6 /3

_ _ 58 S8
Consider the fraction of 5N the angle 7 = 3

59 19
— — 3)58
; 2 3%
3
28
27

1
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58

1 4
Thus, 5" = 19 + 3 18 + 3- This implies that

BT 18r+ 2T _g2r) + AF
3 3 3

587
In order to make the angle 7 = 3 it will take nine complete revolutions

Ar
and an additional rotation of 3 going in the counterclockwise direction.

Ar
Thus, the angle of Y Is the coterminal angle that we are looking for. The

Ar U

angle 3 is in the I1l quadrant and has a reference angle of 3 Thus, by the

theorem above, we have that

58 7 4 T 1 58 7
3 3 3
3 58 2
Sn58—”=sin—=—snz=—£ csc 2~
2 3 /3
58 7 A T 58 & 1
tan —— = tan — = tan — = /3 cot =
3 3 3 \f 3 \/5

169 =
="
_ _ 169 169 =
Consider the fraction of — in the angle ¢ = — :

4 4
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42

169 — 4169
16
9
_8
1
169 1 o
Thus, -~ = 42 + 2+ This implies that
R P A YO Y S
4 4 4
189~
In order to make the angle ¢ =- 1 it will take twenty-one complete

/A
revolutions and an additional rotation of 1 going in the clockwise direction.

T
Thus, the angle of — N is the coterminal angle that we are looking for. The

T

/A
angle — n Is in the IV quadrant and has a reference angle of 1 Thus, by the

theorem above, we have that
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0=-
6
_ _ _ 521 &
Consider the fraction of B N the angle & = - 6
87
2r — 6)527
8
47
&
5
527 5 11
Thus, —— = 87 +— =86 + —_ This implies that
6 6 6
ST ger - T - gy(-20) -
6 6 6
50 =
In order to make the angle ¢ =- 6 it will take forty-three complete
_ N _ 117 o _
revolutions and an additional rotation of g 90ing in the clockwise
- - 11 72- - -
direction. Thus, the angle of — 5 s the coterminal angle that we are
_ Mz
looking for. The angle — T Isin the | quadrant and has a reference angle
T
of 6" Thus, by the theorem above, we have that
: 117 K ( 5277[] 2
cos|——— | = ——— | =C0S— = — - =
6 2 J3
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) 527 i 117 . 1 527
sin | — =Sh|———| =8N — = = cSC|——| =2
6 6 2 6

6
tan (- 2277 ) - an [ 17 s 2 - L cot[- 2217 /3
6 6 6 /3 6

17 =
o=——"
2
: _ 17 17« _ 17 1
Consider the fraction of El in the angle & =— 5 Since o =8+ 5
then
L T Y W
2 2 2
17z _
In order to make the angle & = — o it will take four complete revolutions

T
and an additional rotation of 2 going in the clockwise direction. Thus, the

T T
angle of — 7 is the coterminal angle that we are looking for. The angle — =

2 2
lies on the negative y-axis. Thus, by the theorem above, we have that
Ccos _irm —cos[-Z|=0 sec _irz -
5 5 5 = undefined
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p=065x

Since 657 =647 + 7 = 32(27) + 7, then in order to make the angle

B =065, it will take thirty-two complete revolutions and an additional
rotation of 7 going in the counterclockwise direction. Thus, the angle of =
is the coterminal angle that we are looking for. The angle 7 lies on the
negative x-axis. Thus, by the theorem above, we have that

cosebr =cosz = -1 secbbr = -1
sn6s5z =sinz =0 cSC 65 7 = undefined
0
tan 657 = tan 7 = 1 =0 cot 657 = undefined
Q. y=—30rx

Since —307 =15(-27x), then in order to make the angle y =-30 7, it

will take fifteen complete revolutions going in the clockwise direction. Thus,
the angle of 0 is the coterminal angle that we are looking for. The angle O
lies on the positive x-axis. Thus, by the theorem above, we have that

cos(—307) =cos0 =1 sec(-307) =1
sin (—307z) =sin0=0 csc (—30 7) = undefined
0
tan (-30 7) = tan 0 = 1 0 cot (—307) = undefined
10. ¢ =9840°

Use your calculator to find the whole number of times that 360 will divide
into 9840 . Since 9840 + 360 = 27.3333 .... and 360 times 27 equals 9720,

then we have that
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11.

217
360 ) 9840
9720

120

Thus, 9840 = 27(360) +120. Thus,
0840 =27(360) +120 = 9840° =27(360°) +120°

In order to make the angle ¢ =9840° it will take twenty-seven complete

revolutions and an additional rotation of 120 ° going in the counterclockwise
direction. Thus, the angle of 120° is the coterminal angle that we are

looking for. The angle 120 ° is in the Il quadrant and has a reference angle
of 60 °. Thus, by the theorem above, we have that

cos9840°=c05120°=—00360°=—% sec 9840° = — 2
. . . J3 o2
Sin 9840 °© =sin 120 ° = sin 60 ° = =Y csc 9840 ° = —3
o 1
tan 9840° = tan 120° = —tan 60° = — /3 cot 9840 ° = — —
/3
a =900°

Subtracting two times 360°, we obtain that 900° — 720° = 180°.

Thus, the two angles of a =900° and 180° are coterminal. The angle 180°
Is on the negative x-axis. Thus, using Unit Circle Trigonometry, we have that

cos 900° = cos180° = -1 sec 900° = -1
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12.

sin 900° = sin 180° = 0 csc 900° = undefined

tan 900° = tan 180° = 0 cot 900° = undefined

[ =-1290°
Adding three times 360°, we obtain that —1290° + 1080° = - 210°.
Thus, the two angles of B =-1290° and — 210° are coterminal. The angle

—210° is in the Il quadrant and has a reference angle of 30°. Thus, by the
theorem above, we have that

3
cos (—1290°) = cos (- 210°) = —cos 30° = —g

sec (—1290°) = - 2z

B

sin (—1290°) = sin (- 210°) = sin 30° = % csc (—1290°) = 2

tan (- 1290°) = tan (- 210°) = —tan 30° = - —

B

cot (-1290°) = — /3
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