LESSON 6 THE SIX TRIGONOMETRIC FUNCTIONS

IN TERMS OF A RIGHT TRIANGLE

Topics in this lesson:

1. DEFINITION AND EXAMPLES OF THE TRIGONOMETRIC

FUNCTIONS OF AN ACUTE ANGLE

TRIANGLE

IN TERMS OF A RIGHT

2.  USING A RIGHT TRIANGLE TO FIND THE VALUE OF THE SIX
TRIGONOMETRIC FUNCTIONS OF ANGLES IN THE FIRST, SECOND,
THIRD, AND FOURTH QUADRANTS

1. DEFINITION AND EXAMPLES OF THE TRIGONOMETRIC
FUNCTIONS OF AN ACUTE ANGLE IN TERMS OF A RIGHT

TRIANGLE

0

adjacent side
of 8

opposite side
of 6

opposite side

of 6

adjacent side
of 6

Definition Given the angle @ in the triangle above. We define the following

cos @ = a—dJ
hyp
sin 6 = opp
hyp
tan 6 = opp

adj

sec d =

csc @ =

cot g =
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Illustration of the definition of the cosine function, sine function, tangent function,
secant function, cosecant function, and cotangent function for the acute angle 6
using right triangle trigonometry.

Second illustration of the cosine function, sine function, tangent function, secant
function, cosecant function, and cotangent function for the acute angle & using
right triangle trigonometry.

Illustration of the definition of all the six trigonometric functions for an acute angle
@ using right triangle trigonometry. Second illustration of all the six trigonometric
functions.

NOTE: Since the three angles of any triangle sum to 180 ° and the right angle in
the triangle is 90 °, then the other two angles in the right triangle must sum to 90 °.
Thus, the other two angles in the triangle must be greater than 0° and less than
90 °. Thus, the other two angles in the triangle are acute angles. Thus, the angle 6

above is an acute angle. If we consider the angle @ in standard position, then € is
in the first quadrant and we would have the following:

y

r
P (0)=(xy)

= y ‘= opposite side of

0 O
-r X = adjacent rox
side of @

(:05«9:5:61—OIJ sec6?:£:M

r  hyp X adj
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y _ opp r_hyp

sihn @ = = = cscld = — =
r hyp y opp
tanH:X:O—pF_) cot¢9=§=a—OIJ
X adj y 0pp

The advantage to this definition is that the angle & does not have to be in standard
position in order to recognize the hypotenuse of the triangle and the opposite and
adjacent side of the angle 6. Thus, the right triangle can be oriented anyway in the
plane. The triangle could be spun in the plane and when it stopped spinning, you
would still be able to identify the hypotenuse of the triangle and the opposite and
adjacent side of the angle 6.

One disadvantage of this definition is that the angle & must be an acute angle. This
would exclude any angle whose terminal side lies on one of the coordinate axes. It
would also exclude any angle whose terminal side lies in the second, third, fourth
and first (by rotating clockwise) quadrants; however, the reference angle for these
angles would be acute and could be put into a right triangle.

Examples Find the exact value of the six trigonometric functions for the following
angles.

1.

2

Using the Pythagorean Theorem to find the length of the hypotenuse, we

have that the length of the hypotenuse is 4 4 + 25 = \/E Thus, we have
that
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5 = opposite side of 0

2 = adjacent side of ¢

cos«9=adj: : secH:hyP:m
hyp /29 adj 2
sin 9 = PP _ > cscezhypz‘/279
hyp /29 opp 5
taI’I@:O—pP:E Coteza_djzg
adj 2 opp 5
2.
a
8
5
4

Using the Pythagorean Theorem to find the length of the second side, we have that
the length of the second side is /64 —16 = /48 = 4\/5. Thus, we have that
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adjacent side of a = 4\/5

4 = opposite side of «

COS o = adj = 4\/3 = \/5 SeCa = i
hyp 8 2 J3
: opp 4 1
shag = — =— == —
a o 8 csCa =2
opp _

tan o =

4 1
adj_4\/§_\/§ COtO(Z\/E

NOTE: These answers should look familiar to you. The angle « would

T
have to be the 30 ° or 5 angle.

Examples Use a right triangle to find the exact value of the other five
trigonometric functions if given the following.

_ 3
1. Sh g = g and £ is an acute angle

: V3 _ opp
sih f = — = —
p -

~ hyp
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p

NOTE: The number circled above was found using the Pythagorean

Theorem by /49 -3 = \/476

46
cosﬂ:adjzr secﬁzi

hyp 7 46
sinﬁ'—‘/§ - cscﬂ—i

- (given) \/3
3 / 4

tanﬂ:Opszz i Cotﬂzﬁz ﬁ

adj /46 46 3 3

tan ¢ = 6 and « is an acute angle

tana:G:E:O—pP
adj
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I

1

NOTE: The number circled above was found using the Pythagorean

Theorem by 4/1+36 = ﬁ

adj 1
oS @ = = =
v J3 seca = /37
sin g = PP _ 0 cscazﬂ
hyp /37
tan o = 6 (given) cota = —
12 )
sec O = = and 0 is an acute angle
seCQ:E: C089=£=a—OIJ
5 2 hyp

12

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



NOTE: The number circled above was found using the Pythagorean
Theorem by /144 — 25 = /119,

5 12
cos f = — secld = — (qi

1 5 (given)
sin¢9=0|0p=‘f119 csc9:i

hyp 12 (119
tan@:opl?:"llg cotz9:i

adj 5 119

Back to Topics List

2.

USING A RIGHT TRIANGLE TO FIND THE VALUE OF THE SIX
TRIGONOMETRIC FUNCTIONS OF ANGLES IN THE FIRST,
SECOND, THIRD, AND FOURTH QUADRANTS

Examples Determine what quadrant the following angles are in if given the
following information.

1.

cosd <0 and sin@d >0

Method 1:

cos @ < 0 = the x-coordinate of the point of intersection of the terminal

side of the angle 6 with the Unit Circle is negative. That is, x <O0.
sih @ >0 = the y-coordinate of the point of intersection of the terminal

side of the angle 6 with the Unit Circle is positive. Thatis, y > 0.

Thus, we have that x <0 andy > 0. Thus, the angle & is in the Il quadrant.
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Method 2:

cosd <0 sihé@d >0
yA yA
C S S
< :X < =X
C

Thus, the common quadrant is the Il quadrant.
Method 3:

cosd < 0 = @ isin either the Il or Il quadrant
sin @ >0 = @ isineither the I or Il quadrant

Thus, the common quadrant is the Il quadrant.

Answer: |l

tana < 0 and cosa > 0

Method 1:

cosa > 0 = the x-coordinate of the point of intersection of the terminal
side of the angle a with the Unit Circle is positive. That is, x > 0.

The tangent of the angle « is the y-coordinate of the point of intersection of
the terminal side of the angle a with the Unit Circle divided by the x-

: : : . . y .
coordinate of the point of intersection. That is, fan @ = e Since we have

that tan ¢ < 0 and x > 0, then we have the following:
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2
X _:>y<0

(+)

(-) =tana =

since only a negative divided by a positive will result in a negative.

Thus, we have that x >0 and y < 0. Thus, the angle « is in the IV quadrant.

Method 2:
tana < 0 cosa >0
yA yA
T C
< :X < > X
T C

Thus, the common quadrant is the IV quadrant.

Method 3:
tana < 0 = « isineither the Il or IV quadrant
cosa >0 = a isineitherthe | or IV quadrant

Thus, the common quadrant is the IV quadrant.

Answer: 1V

sin <0 and cot § >0
Method 1:

sn <0 =y<0
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cot S >0 = tan § > 0. Since we have that tan £ > 0 and y <0, then we
have the following:

(+):tan,8:¥=(—;):>X<0

since only a negative divided by a negative will result in a positive.

Thus, we have that x <0 and y < 0. Thus, the angle f is in the Il quadrant.

Method 2:
sin # <0 cot >0 or tan 5 >0
yA yA
T
< :X < >
S S T

Thus, the common quadrant is the I11 quadrant.
Method 3:

sih <0 = p isineither the Il or IV quadrant

cot # >0 = f isin either the I or Il quadrant
or tan B > 0 = f isineither the I or 1l quadrant
Thus, the common quadrant is the 11l quadrant.

Answer: |l

tany <0 and secy <0

Method 1:
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secy <0 = cosy <0 = x<0

Since we have that tan ¥ < 0 and x < 0, then we have the following:

y ?
(-)=tany===— = y>0
X

(-)
since only a positive divided by a negative will result in a negative.

Thus, we have that x <0 and y > 0. Thus, the angle y is in the Il quadrant.

Method 2:
tan y < 0 secy <0 or cosy <0
yA yA
T C
< :X < ;X
T C

v v

Thus, the common quadrant is the Il quadrant.
Method 3:

tan y <0 = y isin either the Il or IV quadrant

secy < 0 = vy isineither the Il or Il quadrant
or cosy <0 = y isin either the Il or Il quadrant

Thus, the common quadrant is the Il quadrant.

Answer: |l
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cscd <0 and secd > 0

Method 1:

cscd <0 = sinfd <0 = y<0
secd >0 = cosd >0 = x>0

Thus, we have that x > 0 and y < 0. Thus, the angle @ is in the IV quadrant.

Method 2:
cscd <0 or sihd <0 secd >0 or cosd >0
yA yA
C
< :X < =X
S S C

Thus, the common quadrant is the IV quadrant.
Method 3:

cscd < 0 = @ isin either the Ill or IV quadrant
or sin @ <0 = @ isin either the Il or IV quadrant

secd >0 = 0 isineitherthe | or IV quadrant
or cosd >0 = 0 isineitherthe | or IV quadrant

Thus, the common quadrant is the IV quadrant.

Answer: 1V
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Examples Use a right triangle to find the exact value of the other five
trigonometric functions if given the following.

11
1. Cosp = ~5 and S isinthe IV quadrant

Since the angle £ is in the IV quadrant, then it is not an acute angle. Thus,
the angle B can not be put in a right triangle. Thus, we have that

1L adj

cos f = — #
b 6 hyp

However, the reference angle £ of the angle £ is an acute and can be put in
a triangle. Thus, we have that

Ju V1L _ ad
6

cos f = = C0s ' = =
6 hyp

NOTE: The number circled above was found using the Pythagorean
Theorem by /36 -11 = /25 = 5

From the triangle, we obtain that

J11 ., opp 5 ,_opp _ 5
Y= —— (%o » Sin = — = — tan = =
cos f 5 (“given”) p hyp 6 p adj \/ﬁ
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Since the angle £ is in the IV quadrant, then we know that the sine (and
cosecant) of /S is negative and the tangent (and cotangent) of S is negative.
Now, using reference angles, we obtain that

Ju 6

cos f = — i seCc f = —
p 5~ (given) p i
: : 5 6
sin f =—-sin ' = —— csC B = — —
p p 5 p .
5 J11
tan f = —-tan f' = - — cot f=—-21—
J11 5
17
csCa = ) and cota > 0

First, we will use Method 1 from above in order to determine what quadrant
the terminal side of the angle « is in.

csca <0 =>sha<0 =y<0

cota >0 = tana > 0. Since we have that tan & > 0 and y <0, then we
have the following:

y (-)

(+) =tana==-=-— = x<0
X ?

since only a negative divided by a negative will result in a positive.
Thus, we have that x <0 and y < 0. Thus, the angle « is in the 11l quadrant.

You may use Method 2 or Method 3 from above if you prefer.

17 , 8
cSCa=-— = SNa =-—
17

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



Since the angle « is in the Ill quadrant, then it is not an acute angle. Thus,
the angle a can not be put in a right triangle. Thus, we have that

Sina:—ﬁ;«t%
17 hyp

However, the reference angle ' of the angle « is an acute and can be put in
a triangle. Thus, we have that

: 8 ., 8 opp
Shag =—— = SnNg' = — = —
17 7 hyp
17
8
al
—

NOTE: The number circled above was found using the Pythagorean

Theorem by / 289 — 64 = /225 =15,

From the triangle, we obtain that

COSOt'=a—O|j=E sina'—ﬁu' » tanoz'zﬂzE
hyp 17 17 (given?) adj 15

Since the angle a is in the Ill quadrant, then we know that the cosine (and
secant) of « Is negative and the tangent (and cotangent) of « is positive.
Now, using reference angles, we obtain that

. 15 17
CoSa = —-CcosSa' = —— seCo = — —
17 15
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sino:——g CSCa——g i
3 (given)

.8 15
taha = taha = — cot g = —
15 8

5
fan 0 = - and secd < 0

First, we will use Method 1 from above in order to determine what quadrant
the terminal side of the angle & is in.

secld <0 = cosd <0 = x<0

Since we have that tan @ < 0 and x < 0, then we have the following:

(—):tanQ:X=LZY>0
X (=)

since only a positive divided by a negative will result in a negative.
Thus, we have that x <0 andy > 0. Thus, the angle & is in the Il quadrant.
You may use Method 2 or Method 3 from above if you prefer.

Since the angle @ is in the Il quadrant, then it is not an acute angle. Thus, the
angle € can not be put in a right triangle. Thus, we have that

tanez—g;t%

adj

However, the reference angle 6" of the angle @ is an acute and can be put in
a triangle. Thus, we have that

tan0=—§:> tan9'=§:%

7 adj
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4.

NOTE: The number circled above was found using the Pythagorean
Theorem by /49 + 25 = |/ 74.

From the triangle, we obtain that

adj 7 ., opp 5 5
= sin ' = = fan @' = — (<« D)
hyp /74 hyp 74 7 Ceiven)

cos @' =

Since the angle @ is in the Il quadrant, then we know that the cosine (and
secant) of @ is negative and the sine (and cosecant) of @ is positive. Now,
using reference angles, we obtain that

cosfd = -cos ' = -

7
ﬁ secld = — -

siné’:sinH':i (;s(;(9=\/ﬂ

7
tan @ = — = (qi cotd = ——
7 (given) 5

sin f = — and f isin the Il quadrant
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Since the angle £ is in the Il quadrant, then it is not an acute angle. Thus,
the angle B can not be put in a right triangle. Thus, we have that

. 5
sin f = — # —
b 9 hyp

However, the reference angle S of the angle S is an acute and can be put in
a triangle. Thus, we have that

: 5 ., 5 opp
sin f = — sin ' = = = &
p 9:> b 9 hyp
9
5
d B

NOTE: The number circled above was found using the Pythagorean
Theorem by /81— 25 = |/56.

From the triangle, we obtain that

adj /56 . 5 . opp 5
cos B' = — SIn '— T e D) fan B = — =
p hyp 9 p 9 (“given”) adj 56

Since the angle S is in the Il quadrant, then we know that the cosine (and
secant) of S is negative and the tangent (and cotangent) of £ is negative.
Now, using reference angles, we obtain that
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‘/% sec f = - :

cos,Bz—cos,B'z—T E

sin B = g (given) csc B =§

tanﬂ:—tanﬂ'z—% cotﬂ:—@
seca = -5 and sina <0

First, we will use Method 1 from above in order to determine what quadrant
the terminal side of the angle « is in.

seCa <0 = cosa<0 =>x<0
sha<0 = y<0

Thus, we have that x<0and y <0. Thus, the angle « is in the Ill quadrant.

You may use Method 2 or Method 3 from above if you prefer.
1
seCax = -5 = C0Sa = "z

Since the angle « is in the Ill quadrant, then it is not an acute angle. Thus,
the angle a can not be put in a right triangle. Thus, we have that

1 ad
cosq = —= # —
5 hyp

However, the reference angle ' of the angle o is an acute and can be put in
a triangle. Thus, we have that
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1 .1 ad
5 5 hyp
5
i N
1

NOTE: The number circled above was found using the Pythagorean

Theoremby 4/ 25-1 = \/ﬂ

From the triangle, we obtain that

1 ., opp 24 . opp
coS = e ’ SN = = tan = = /24
a 5 (“given”) o hyp 5 a adj N

Since the angle « is in the Ill quadrant, then we know that the sine (and
cosecant) of « is negative and the tangent (and cotangent) of « is positive.
Now, using reference angles, we obtain that

1
CosS a = —: sca = -5 (given)
. o Ju 5
Sha =-Snha = ——— cSCa = — ——
5 24

1
tana = tana' = /24 cotazﬁ
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