LESSON 8 THE GRAPHS OF THE TRIGONOMETRIC FUNCTIONS

Topics in this lesson:

SINE GRAPHS

COSINE GRAPHS

SINE AND COSINE GRAPHS WITH PHASE SHIFTS
SECANT AND COSECANT GRAPHS

TANGENT GRAPHS

COTANGENT GRAPHS

SOk whE

1. SINE GRAPHS

Example Use the Unit Circle to graph two cycles of the function Yy = sin X on the
interval [0, 47].

Example Use the Unit Circle to graph two cycles of the function y = sin X on the
interval [- 47, 0].

Definition The amplitude of a trigonometric function is one-half of the difference
between the maximum value of the function and the minimum value of the function
if the function has both of these values.

NOTE: The maximum value of a function is the largest y-coordinate on the graph
of the function and the minimum value of a function is the smallest y-coordinate
on the graph of the function if the graph has both of these values.

The sine and cosine functions will have an amplitude. However, the tangent,
cotangent, secant, and cosecant functions do not have an amplitude because these
functions do not have a maximum value nor a minimum value.

Definition The period of a trigonometric function is the distance needed to
complete one cycle of the graph of the function.

All the trigonometric functions have a period.

For the function y = sin X, the amplitude of the function is 1 and the period is 27 .
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Given the function y = asin bx, the amplitude of this function is |a| and the

odis X
perio IS‘b‘.

Theorem The sine function is an odd function. That is, sin (— &) = —sin @ for
all @ in the domain of the function.
NOTE: The domain of the sine function is all real numbers.

Examples Sketch two cycles of the graph of the following functions. Label the
numbers on the x- and y-axes.

1. y = 5sin 3x

27 27
Amplitude = |5] = 5 Period = 757 =
3] 3
t o1 2 1z 7
1 period = 3 3= 6
y ---------------------- Feriod I Perod l
1
i | | i X
T\ Erooom Iz Jaz
6 3 2 /3 6 TN 6 3
-5 P eriod/44

NOTE: The first cycle begins at 0. We do not need to label that number.

2r 21
Since the period is EX the first cycle ends at ER which is obtained by
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2r 27w _ _ 2r _ _
0+ 3 = 3 That is, we add the period of 3 to the starting point of 0.
2r  2n Arm
The second cycle ends at —— 3 , which is obtained by 3 + 3 = 3 That
. . 27 . 27
IS, we add the period of Y to the starting point of ER

Now, the rest of the numbers on the x-axis were obtained in the following
manner:

T T T T
The 6 Wwas obtained by 0 + 6 = 6 That is, we add 5 which is one-

fourth of the period, to the starting point of 0.

i . TLE_2F T T
The 5 was obtained by 6 6 5 3" That is, we add X which is
T
one-fourth of the period, to the next starting point of X
u . m L E_3m % . T hich
The 5 Was obtained by 5 5 6 5 That is, we add X which is
27
one-fourth of the period, to the next starting point of e
em 3 x _ A _2m ul
We can check the 3 by —~ 5 5 5 3 . That is, we add 6,whlch
3z
is one-fourth of the period, to the next starting point of I
Sw _ Ar 7w Oxm T
The —— was obtainedby —— + = = That is, we add —, which is one-
6 6 6 6 6
Ar
fourth of the period, to the next starting point of ———. Or, you can obtain the

6
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o7 . . 27 T .
6 by adding the period of 3 to the previous s N the first cycle. Thus,
T 27 x 4m b=«

6 3 6 6 6 °

_ o & T _ U .
The 7 was obtained by ry + 6 5 7. That is, we add —, which is

6 )
. . . o .
one-fourth of the period, to the next starting point of R Or, you can obtain
. . 2 T .
the 7 by adding the period of Y to the previous 3 N the first cycle.
Thus, 3 3 3 :
lr _ 6r 7 Iz _ T o
The —~— was obtained by ——~ + ~ = —~. Thatis, we add —~, which is one-
6 6 6 6 6
6rx
fourth of the period, to the next starting point of 5 Or, you can obtain the
r _ _ 27 _ T _
ry by adding the period of 3 to the previous 5 in the first cycle. Thus,
T 2n 3n 4n Irx
2 3 6 6 6
ar Imo,m _8m _ 47 . T
We can check the 3 by 5 5 5 3 - That is, we add 6,whlch
r

Is one-fourth, of the period to the next starting point of PR

The graph of two cycles of Yy = 5sin 3X in blue compared with the graph of
two cycles of y = sin X in red.
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2
Amplitude = ﬁ Period = 1 = 2z -6 = 12z
6
1 1 127
- i - — 127 = — =
1 period 1 1 3
y Period | L t

3r 6 Or 27 157 18 217 4

HPeriodf4

_\/>__

NOTE: The first cycle begins at 0. We do not need to label that number.
Since the period is 127, the first cycle ends at 127, which is obtained by

0 + 127 = 12x. That is, we add the period of 127 to the starting point of
0. The second cycle ends at 247, which is obtained by 127 + 127 = 24r.
That is, we add the period of 127 to the starting point of 127 .

Now, the rest of the numbers on the x-axis were obtained in the following
manner:

The 37 was obtained by 0 + 37 = 3z. That is, we add 37, which is one-
fourth of the period, to the starting point of 0.
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The 67 was obtained by 37 + 37 = 6z. That is, we add 37, which is
one-fourth of the period, to the next starting point of 37 .

The 97 was obtained by 67 + 37 = 97 . That is, we add 37, which is
one-fourth of the period, to the next starting point of 67 .

We can check the 127 by 97 + 37 =127, That is, we add 37, which is
one-fourth of the period, to the next starting point of 97 .

The 157 was obtained by 127 + 37 = 15z. That is, we add 37, which is
one-fourth of the period, to the next starting point of 127. Or, you can
obtain the 157 by adding the period of 127 to the previous 37 in the first
cycle. Thus, 37 + 127 = 157,

The 187 was obtained by 157 + 37 = 18x. That is, we add 37, which is
one-fourth of the period, to the next starting point of 157z. Or, you can
obtain the 187 by adding the period of 127 to the previous 67 in the first
cycle. Thus, 67 + 127 = 187,

The 217 was obtained by 187 + 37 = 21z . That is, we add 37, which is
one-fourth of the period, to the next starting point of 18z. Or, you can obtain
the 21z by adding the period of 127 to the previous 97 in the first cycle.
Thus, 97 + 127 = 21rx.

We can check the 247 by 21r + 37 = 24x. That is, we add 37, which is
one-fourth, of the period to the next starting point of 217 .
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(X
The graph of two cycles of ¥ = ﬁ Sin (gj in blue compared with the graph

of two cycles of Y = sin X in red.

4 .
= ——3SIN 27X
y 7

4
NOTE: Since the sine function is being multiplied by a negative 7 then the

graph will be inverted. Thus, we will need to draw two inverted sine cycles.

4 4 27
Amplitude = ‘—;‘ =3 Period = og 1
1 _ 1 1
7 period = 2'1: 2
y Feriod | Y] [ — 1
% -
HPeriodfd-|

N |-

i
1
4

~|~

NOTE: The first cycle begins at 0. We do not need to label that number.
Since the period is 1, the first cycle ends at 1, which is obtained by
0 +1=1. Thatis, we add the period of 1 to the starting point of 0. The
second cycle ends at 2, which is obtained by 1 + 1 = 2. That is, we add the
period of 1 to the starting point of 1.
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Now, the rest of the numbers on the x-axis were obtained in the following
manner:

1
. That is, we add Z . which is one-fourth

M|

1 _ 1
The  was obtained by 0+ i

of the period, to the starting point of 0.
1 : 1,1 _2_1 : L
The 5 Was obtained by 171717 % That is, we add 4,Whlch IS one-

1
fourth of the period, to the next starting point of 1

1 3 _ 1 o
Z = Z' That is, we add 4,Whlch IS one-
2

fourth of the period, to the next starting point of 1

3 2
The 2 was obtained by 2 +

3 1 4
We can check the 1 by 2 + A 1. That is, we add 2 which is one-
3

fourth of the period, to the next starting point of 1

5 _ 4 1 5 _ 1 o
The - was obtained by -7 = — = —. That s, we add — , which is one-fourth

4 4 4 4 4

4 5

of the period, to the next starting point of 1 Or, you can obtain the 2 by

1
adding the period of 1 to the previous 2 in the first cycle.  Thus,
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5 1 6 3

3 1
— H — _I_ . = - = - - - - _
The 5 was obtained by 11717 That is, we add 1 which is one
5 3

fourth of the period, to the next starting point of rE Or, you can obtain the 5

1
by adding the period of 1 to the previous - in the first cycle. Thus,

2
1 1 2 3
—+1==-4+ ===
2 2 2 2

1_7 . o
17 That is, we add 1 which is one-
6 7

fourth of the period, to the next starting point of 1 Or, you can obtain the 2

7

6
The 4 was obtained by 2 +

3
by adding the period of 1 to the previous — in the first cycle. Thus,

4
3 3 4 7
—+1l=—-4+-=-
4 4 4 4
7 1 8 _ 1 o
WecanchecktheZbyZJrZ:Z:Z. That is, we add Z,Wthh IS one-

7

fourth, of the period to the next starting point of 1

4 .
The graph of two cycles of ¥ = — 7 SN 27X in blue compared with the

graph of two cycles of Y = —sin X in red.

) X
=8sih | — —
4 [sj
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: 7 X
NOTE: Since the sine function is an odd function, then SN (— ?) =

. (7
— SIn (ng. Thus, we have that

y = 8sin [—Bj - — 8sin (ij
3 3

Since the sine function is being multiplied by a negative 8, then the graph
will be inverted. Thus, we will need to draw two inverted sine cycles.

. . 2_7[ 3 67
Amplitude = 8 Period = 7 = 27 - 7=
3
Lo 161
g period = =0 Ty
y
---------------------- Period | Periad |
8 |
FPeriodd-|
i i i | | X
3 3 97 6xv 157 T 3r 12«
14 7 14 7 14 7 2 7
_8+

NOTE: The first cycle begins at 0. We do not need to label that number.
67 67
Since the period is Ea the first cycle ends at ——, which is obtained by

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



6r 6r _ _ 67 _ _
0+ 3 = ER That is, we add the period of 3 to the starting point of 0.
127 o _ 6r 6r 12x
The second cycle ends at 7 which is obtained by 7 + 7 = 7
671 67
That is, we add the period of 3 to the starting point of ER

Now, the rest of the numbers on the x-axis were obtained in the following
manner:

3 3 37r

3n
— ' 0+ — — -
The 14 Was obtained by w1 That is, we add 1 , Which is one

fourth of the period, to the starting point of 0.

3 3 3 6r 37 37

_ H + = = R
The 7 was obtained by 1 1 1 7 That is, we add 1

3z
14 -

which is one-fourth of the period, to the next starting point of ——-

9z _ 67 N 3z 9« 3
The 14 Was obtained by 1 1 e That is, we add 1 , Which is
671
one-fourth of the period, to the next starting point of -~ e
671 97z+37z_127z_67r 3_7z
We can check the 2 by 1 1 7 7 That is, we add 1

Or

which is one-fourth of the period, to the next starting point of TR
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L7 _ 12 7 N 3= 157 _ 3z o

The 14 Was obtained by 7 1 R That is, we add 1 , which is
127

one-fourth of the period, to the next starting point of EVEE Or, you can

_ 157 _ _ 67 _ 3z _
obtain the E7S by adding the period of 3 to the previous 7 n the first

37z+67r_37r+127z_157z

cycle. Thus, W * 7" =0 T T

9z _ 157r+37r_187z_97z _ 3
The 2~ was obtained by 1 1 1 7 That is, we add 1

157
which is one-fourth of the period, to the next starting point of EVEE Or, you
_ Or _ _ 67 _ 3T

can obtain the Ea by adding the period of 3 to the previous = in the
_ 3r N 67 9rx
first cycle. Thus, 2 2 7

3z _ 187r+37z_217r_37r _ 3z
The 5 was obtained by v 1 v 5 - That is, we add e

187
which is one-fourth of the period, to the next starting point of BV Or, you
_ 3z _ _ 67 _ Or
can obtain the o by adding the period of 3 to the previous T the
_ 97r+67r_97r+127z_217r_37z
first cycle. Thus, 1 7 1 1 1 5 -
127 2lr 37 24r 12rx 3z

We can check the = = . Thatis, we add

_|_
7 YT Ty T T 14
o _ _ _ 2lrx
which is one-fourth, of the period to the next starting point of BT
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4 .
The graph of two cycles of ¥ = — 7 SN 27X in blue compared with the

graph of two cycles of ¥ = —sin X in red.

Back to Topics List
2. COSINE GRAPHS

Example Use the Unit Circle to graph two cycles of the function y = C0S X on the
interval [0, 47].

Example Use the Unit Circle to graph two cycles of the function y = C0S X on the
interval [- 47, 0].

For the function y = Co0s X, the amplitude of the function is 1 and the period is
2.

Given the function y = acosbx, the amplitude of this function is |@| and the

s 2
Perio IS‘b‘.

Theorem The cosine function is an even function. That is, cos (— @) = cos @ for
all @ in the domain of the function.
NOTE: The domain of the cosine function is all real numbers.

Examples Sketch two cycles of the graph of the following functions.

1.y =.3cos8x

2 2
Amplitude = ‘ﬁ‘ = \ﬁ Period = ﬁ = ?ﬂ = %
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r 1z 7
1 period = 17 1
y
) Period | Period |
\ﬁ ]
| | i — X
Az prox Sk 3 oz
16 8 16 4 16 8 16 2
_\/5 HPeriod/4

T T
Since the period is -, the first cycle ends at 1 and the second cycle ends at

27
v = o The other numbers on the x-axis were obtained by the following:

27 r 3w

16 16 16

S om _Ar _m
Check: 6" " 16 =16~ 4

4 T 5x T
+ —_

T
_ - == - + =
16 16 16 OR 16 4 16 16 16

Y4 r _b6r 3r T

6 16 16 8 OR §74 7378 "8
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3 4 i

671 T i 3 T
_ — = — O R — + —
16 16 16 16 4 16 16 16

1 iy __8ﬂ

/A
L = -
Check: 6" " 16 " 15 ~ 2

The graph of two cycles of Yy = ﬁ cos 8X in blue compared with the graph
of two cycles of Y = COS X in red.

X
= —4cos|—
! [5)

Since the cosine function is being multiplied by a negative 4, then the graph
will be inverted. Thus, we will need to draw two inverted cosine cycles.

27
Amplitude = 4 Period = 1 = 27-5 = 10z
5
1 1 10 7 S5
— i - —-10 = =
1 period 1 Z 1 5
) F— Feriod | Period ------meeeeeeee- 4
4T
HPeriodsd-|
i i i — X
T BR ggr /BT 5, BT 5
2 TS PP &
—4 |
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Since the period is 107z, the first cycle ends at 107 and the second cycle

ends at 20m. The other numbers on the x-axis were obtained by the
following:

0+ 7 = 7
2 2
oY1 5z 10«
+ = = or
2 2 2
10 © N Sz 1onx
2 2 2
157 5 207
Check: + - =107
2 2
07 b5Sr 257 Y/ 5r 207 5
+ = OR — +10x = + =
2 2 2 2 2 2
Sr bS5r 30«
+ = =157 OR 57 + 107 =157
2 2 2
07 5. 3brx 157 157 07 3rx
+ = OR — +10x = + =
2 2 2 2 2 2 2
S 5r 40
Check: —~ + — = =20r

X
The graph of two cycles of ¥ = — 4 C0S (gj in blue compared with the graph

of two cycles of Yy = —C0S X in red.
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1 17X
y = >C0S|———
2 17

X
NOTE: Since the cosine function is an even function, then COS (— ?j =

r
cos EX . Thus, we have that

o1 A L
Amplitude = 5 Period = Tr = 77 = 7 =73
17
(U SO N O A
4 Peniod = 7 "2 71 T 1
Yl Period | Period ------mmeeememmee- {
1 4
2
i i | | X
7\ 7 pl M 85\ 5 f19 68
14 14 7 14 7 14 7
1 HFeriodf4
i
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34 34
Since the period is =, the first cycle ends at -~ and the second cycle ends at

7
68 _ _ _
7 The other numbers on the x-axis were obtained by the following:
17 17
+ — ==
14 14

v 17 34 1

_+__—:
14 14 14 7

# ol
U 1 14

51 17 68 %4

Check: 10 "1 "1 = 7

68 17/ & 17 7V 68 85

14 14 14 14 7 14 14 14

8 17 102 51 17 4 51

14 14 14 7 7 7 7

102 17 119 51 34 51 68 119

14 14 14 14 7 14 14 14
119 17 136 68

Check: — = = =

4+ — = —
14 14 14 7

1 17X
The graph of two cycles of ¥ = 5 C0s (— 7) in blue compared with the
graph of two cycles of Y = COS X in red.,

Back to Topics List
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3. SINE AND COSINE GRAPHS WITH PHASE SHIFTS

Definition A phase shift for a trigonometric function is a horizontal shift. That is,
it is a shift with respect to the x-axis. Thus, the shift is either right or left.

NOTE: In order to identify a horizontal shift, hence, a phase shift, the coefficient

of the x variable must be 1. If the coefficient is not 1, then you will need to factor
out the coefficient.

Given the function Yy = asin (bx +c), we may write this function as

. c
y = asin {b(x + EH by factoring out b.

27

C
The amplitude of this function is \a\ and the period is m The phase shift is b

c c c
units to the right if + < 0 oris p unitsto the leftif > 0.

Similarly, given the function y = acos (bX + c), we may write this function as

c
y = acos {b(x + BH by factoring out b.

2 C
The amplitude of this function is \a\ and the period is m The phase shift is b
_ . cC . c e
units to the right if b <0 oris b units to the left if b >0,

Examples Sketch one cycle of the graph of the following functions.

1. y = 3sin (2x — )
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NOTE: Since the coefficient of the x variable is not 1, the phase shift is not
7 units to the right.

Since the coefficient of the x variable is 2, then we will need to factor the 2
out in order to identify the phase shift.

y = 3sin (2x — ) = 3sin {Z[X - ZH

2
_ _ 27
Amplitude = 3 Period = o =7
- ﬂ. - -
Phase Shift: 2 units to the right
y fommeer e Period ----m-mmmeememmeeee- 4
3+
| | | | j X
T 3 °r pr
2 4 TN 4 /2
FPeriod/ 4
3|

T T
Since the phase shift is - units to the right, then the cycle starts at - . Since

2 2
L . 37 _
the period is 7, then this cycle ends at o obtained by
Vs T 2n  3r
—+r=—+—=—
2 2 2 2

The other numbers on the x-axis were obtained by the following:
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L eriodz ~ox = E
1 period = 1 =7

37 . TL,E_2r, r_ 37 . il
The q was obtained by 5 1 1 1 1 That is, we add —,

which is one-fourth of the period, to the starting point of the cycle, which is
/A

5
_ 3z & Arx _ V4 o
The 7 was obtained by v + n = 7 = 7, That is, we add 1 which is
. . . 37
one-fourth of the period, to the next starting point of K
o _ dr © S« _ V4 o
The  was obtained by e + n = e That is, we add 1 which is one-

4
fourth of the period, to the next starting point of e

SY/4

Jom 7 _ bz _3m
Check: 1 1

NOTE: Since the coefficient of the x variable is not 1, the phase shift is not

27

? units to the left.

1
Since the coefficient of the x variable is — Z’ then we will need to factor the
1

! out in order to identify the phase shift.
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: ( X 27[) : 1( 871)
y=7sin|-—+ —|=7sin|-——| X - —
4 9 4 9

87

_ r 1
NOTE: The g Was obtained by 9o 1

Since the sine function is an odd function, then

RN RIS PR,

Since the sine function is being multiplied by a negative 7, then the graph
will be inverted. Thus, we will need to draw an inverted sine cycle.

2
Amplitude = 7 Period = {1 = 27 -4 = 87
4
8z .
Phase Shift: 9 units to the right
y
prmmmemm - Feriad -----mmmemmmmmeeen 4
7__
FPerioddd
' i i i X
8 6r Mddr 62r 80rx
9 9 9 9 9
-7 L
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87

871
Since the phase shift is —— units to the right, then the cycle starts at 9

9
_ _ _ _ 80 _
Since the period is 87, then this cycle ends at 9 obtained by

8 87 2r 80«
— + 87 = + =
9 9 9 9 -

The other numbers on the x-axis were obtained by the following:

8

E. H — E 87[ —_ — - 2
4perlod—4 = =
h26_7z b'db8—7[+277_87[+18ﬂ_26ﬁ hat "
The 9 was obtained by 9 9 9 9 . Thatis, we a
27, which is one-fourth of the period, to the starting point of the cycle,
hich i Sz
whichis ~g~.
A r _ 6r 18r 4dAr _
The —;— was obtained by + = That is, we add
9 9 9 9
8z . . .
2w = 9 which is one-fourth of the period, to the next starting point of
%1
9 -
62 7 _ Mr 18r 62nxn _
The —— was obtained by + = . That is, we add
9 9 9 9
187
2w = 9 which is one-fourth of the period, to the next starting point of
“r
9
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3. y:ﬁsin(3x+%j

NOTE: Since the coefficient of the x variable is not 1, the phase shift is not

A

Z units to the left.

Since the coefficient of the x variable is 3, then we will need to factor the 3
out in order to identify the phase shift.

y = /6 sin (3x+%): J/ 6 sin {3[X +%”

27
Amplitude = ﬁ Period = Y
T
Phase Shift: E units to the left
y } Period |
ﬁ 1
| | | ' | ' X
T I 3 11)>I\ 137 /4
12 4 12 12 4
Nl FPeriod 44

T T
Since the phase shift is 1 units to the left, then the cycle starts at — e
_ _ 2z _ r _
Since the period is 3 then this cycle ends at I3 obtained by
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T 2_7[ T 8 1

- — + = - — 4+ — = — . i .
12 3 12 12 1 This cycle starts to the left of the y-axis

and finishes to the right of the y-axis. We are sketching a graph that goes up,
down, and up again. If we allow our sketch to cross the y-axis, our picture
will probably contain misinformation about where the actual graph crosses
the y-axis. We do not want our picture to have misinformation in it. Our
sketches have not been drawn to scale, but all the numbers on the x- and y-
axes have been correct.

The sketch, that we draw, does not have to cross the y-axis. We know that
where one cycle of the graph ends, another cycle begins.

i

In this problem, our first cycle ends at TR Let’s sketch the second cycle
r

5r
that begins at TR This second cycle will end at e obtained by
I 8r 15xn b5« 2r 8«

N _ _ . : cn _on
T 1 1 4 That is, will add the period of 3 1 to the
r

starting point of the second cycle, which is TR

The other numbers on the x-axis were obtained by the following:

1 12z _ 1z =z
g Period = T =578 T %

3z _ 7_7r+£_77z+27z_97z_37z _
The g Wwas obtained by 1 T 1 1 4 That is, we

/A
add 6 which is one-fourth of the period, to the starting point of the second
r

cycle, which is TR
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117 Or 27 lrn T 27

i : N _ : T_en
The 1 Wwas obtained by 1 1 TR That is, we add 5 10
Ox
which is one-fourth of the period, to the next starting point of TR
Bz _ 117z+27z_137r _ 27T_18_7r
The 1 was obtained by 1 TR That is, we add T g
L . . Az
which is one-fourth of the period, to the next starting point of ETE

137 27 157 oY/4

. -|— = =
Check: =" "0 "o = 4

6
Since the coefficient of the x variable is — g, then we will need to factor the
6

"5 out in order to identify the phase shift.

10z 12 & 6 12_7r

: , )
NOTE: The 7 was obtained by T TE=T7 %7

Since the sine function is an odd function, then

11 . 6( 107[] 11 . 6( 107[]
y=-sin|-=| X+ — || = =sin| =| x + —
8 5 7 8 9) 7
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o U N I
Amplitude = 8 Period = 6 = 6 " 3 = 3
5
10z
Phase Shift: K units to the left
y frmmm e T e .|
11 +
8
| | | ' | — X
10z 57 557 15\( 1257 /407
7 21 84 14 84 21
1 FPeriod/ 44
AL
_ 107 10z
Since the phase shift is K units to the left, then the cycle starts at — =
_ _ Y4 _ o _
Since the period is EX then this cycle ends at 1 obtained by
_10_7r+5_7z__307z+357z_57z _
2 3 1 1 o1 This cycle starts to the left of the y-

axis and finishes to the right of the y-axis. Again, since we are sketching the
graph of this function, we do not want our sketch to cross the y-axis because
our picture will probably contain misinformation about where the actual
graph crosses the y-axis.

o
In this problem, our first cycle ends at DK So, let’s sketch the second cycle
_ S _ _ 40 © _
that begins at o This second cycle will end at o1 obtained by
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5 Sdr 40rx
_+_

1 1 2 That is, will add the period of 3 1 to the

or
starting point of the second cycle, which is K

The other numbers on the x-axis were obtained by the following

1 Ll or
g period =T =
7 _ 57Z'+57Z'_207Z'+357Z'_557Z' _
The gy Wwas obtained by 1 T YT That is, we
o
add ETE which is one-fourth of the period, to the starting point of the second
le, which i o
cycle, which is ~.
o7 _ 57 N Pr  NVr 4z 1orx _
The 14 Was obtained by 81 81 81 7 7 That is, we
5t 37z o _ _ _
add o = YR which is one-fourth of the period, to the next starting point
557
of o1
125 7 _ 07z N Pdr  15=x _
The Tgq Wwas obtained by 81 81 YRR That is, we add
5t 37z o _ _ _
o s which is one-fourth of the period, to the next starting point of
0z
84 -
1257 3Br 160r 40rx
Check: + =

84 84 8 2
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5. y:—2cos(4x—%j

Since the coefficient of the x variable is 4, then we will need to factor the 4
out in order to identify the phase shift.

y:—2003(4x—£):—2cos{4(x—ﬁﬂ
6 24

Since the cosine function is being multiplied by a negative 2, then the graph
will be inverted. Thus, we will need to draw an inverted cosine cycle.

i ) 27 T
Amplitude = 2 Period = —/— = —
4 2
- 7[ - -
Phase Shift: o units to the right
y
I Period I
2 —_t
FPeriodf44
! i i X
T T iz 5&5\ 137
4 /6 24 12 \24
_92 T

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



T

T
Since the phase shift is % units to the right, then the cycle starts at - R
137

T
Since the period is o then this cycle ends at TS obtained by

T T T 127 13«

— + =
24 2 24 24 24

The other numbers on the x-axis were obtained by the following:

T _T
2 8

NS

" period =

M|

T T 37z 47[ Vs
- = = —. That is, we add

T T
- i — +
The g Was obtained by YR 24 o4 2 6

v/
8 which is one-fourth of the period, to the starting point of the cycle, which

.7
Is o -
iz _ 47 N 3z In _ r _3r
The oq Was obtained by Y Y YR That is, we add 8 o1
Ar

which is one-fourth of the period, to the next starting point of =~ R

Sx 14 3. 10« Y4
= = That is, we add

The 5 Wwas obtained by 2 4 2 1
T _ 37w i
8 g which is one-fourth of the period, to the next starting point of = R

_ 107 N 3z Bx
Check: =y "4 =

1 T X S
y = ZC0S| — + —
6 3 8
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VA VA
Since the coefficient of the x variable is =, then we will need to factor the =

3’ 3
out in order to identify the phase shift.

1 T X S5x 1 7[( lSj
y ==-C0S| — 4+ — |=2cos|=| X+ =
6 3 8 6 3 8

15 5

e B 5T r 57 3 5.3 15
NOTE.Te8wasota|ne Y8 "3 g 7 8 1°
e = L A P
Amplitude = 5 Period = T = L 1= 6
3
L
Phase Shift: 8 units to the left
y frmmm e T T
l €
6
i i i i X
55 B 4\ 5 8
8 g 8 8 8
1 FPeriod/ 44
L
_ 15 15
Since the phase shift is 8 units to the left, then the cycle starts at — R
33
Since the period is 6, then this cycle ends at ) obtained by
15 15 48 33
-—— +6=-—+ == —

3 3 3 g " This cycle starts to the left of the y-axis and
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finishes to the right of the y-axis. Again, since we are sketching the graph of
this function, we do not want our sketch to cross the y-axis because our
picture will probably contain misinformation about where the actual graph
crosses the y-axis.

33

In this problem, our first cycle ends at R So, let’s sketch the second cycle

33 81
that begins at IR This second cycle will end at ry obtained by

33 48 81 o _ 43 : :

) + 3 8 That is, will add the period of 6 = ry to the starting point
33

of the second cycle, which is R

The other numbers on the x-axis were obtained by the following:

1l _0_3
4per|od—4 =279
5 . B,3_8,12_5 . o7
The g Wwas obtained by 3 5" 3 3 g That is, we add 12
which is one-fourth of the period, to the starting point of the second cycle,
33
which is g
a7 : s, L2 _of : 3_12
The g Wwas obtained by 3 3 g That is, we add 5~ 8 , which is
45
one-fourth of the period, to the next starting point of e
69 o 512 e 3_1
The g was obtained by 3 3 g - That is, we add 5" 3 , Which is
57

one-fourth of the period, to the next starting point of R
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= cos(z—” - x]
g 5

Since the coefficient of the x variable is —1, then we will need to factor the
—1 out in order to identify the phase shift.

() ) (oo 2)

Since the cosine function is an even function, then

R S

Amplitude = 1 Period = 27
2
Phase Shift: 3 units to the right
y
fommmmemee - Period ----mmmmeeememmeeeo
1

i X

i i
21 9 14 Or 12rx
5 10 5

5 10
FPeriodi4
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27 2r
Since the phase shift is — units to the right, then the cycle starts at —.

5 5
_ _ _ 127 _
Since the period is 27, then this cycle ends at 5 obtained by
27 2r 107 12«

— + 27 = + =
5 5 5 5 °

The other numbers on the x-axis were obtained by the following:

271_1
2

" period = T

1
4

Or 47 Sz 9x T

2r
R H - _I_ - = + et H JE—
The 10 Was obtained by 5 5 T 10 10 10 That is, we add —,

which is one-fourth of the period, to the starting point of the cycle, which is
2z
5

lr _ 97 S Ur Irx _
The 5 was obtained by 10 + = = . That is, we add
T o Ox

2" 10 which is one-fourth of the period, to the next starting point of 10

197 147 5z 197« T b5r

- - + — - - =
The 10 Wwas obtained by 10 . That is, we add 5> T 10
147

10 -

which is one-fourth of the period, to the next starting point of

197 S5 24r  12rx

. _|_ = =
Check: 10" " 10 " 10 T 5

Back to Topics List

4. SECANT AND COSECANT GRAPHS
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Given the function y =acsc(bx +¢), we may write this function as

C
y =acsc {b( X + Eﬂ by factoring out b. The cosecant function does not have

2r C I
an amplitude, the period is m and the phase shift is b units to the right if b <0
. _C _
oris o units to the left if b > 0. In order to obtain a sketch of the graph of the

cosecant function, you will make use of the sketch of the graph of sine function.
First sketch the graph of y = asin (bx + ¢) and then locate the x-intercepts of the

sketch. These are the locations of the vertical asymptotes of the cosecant function.
Draw these vertical asymptotes and then use the sketch of the graph of the sine
function to sketch the graph of the cosecant function.

Similarly, given the function y = asec (bx + c), we may write this function as

C
y = asec {b( X + Eﬂ by factoring out b. The secant function does not have an

27

C C
amplitude, the period is m and the phase shift is b units to the right if o <0 or

C

C
IS b units to the left if b > 0. In order to obtain a sketch of the graph of the

secant function, you will make use of the sketch of the graph of cosine function.
First sketch the graph of y = a cos (bx + c) and then locate the x-intercepts of the

sketch. These are the locations of the vertical asymptotes of the secant function.
Draw these vertical asymptotes and then use the sketch of the graph of the cosine
function to sketch the graph of the secant function.

Examples Sketch two cycles of the graph of the following functions. Label the
numbers on the y-axis. On the x-axis, only label where the cycles begin and end.

1. y = 2CSC 6X

First, sketch the graph of ¥ = 2sin 6X. For this sine function, we have the
following:
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27

T
Amplitude = 2 Period = 5 " 3 Phase Shift: None

T
Since there is no phase shift and the period is 7, then the first cycle starts at

V4 T 21
0 and end at 3 The second cycle starts at 3 and ends at ER
y H H H H
2 | E E
T 2r X
1 + 3 3
-2 *

T X

8 .
First, sketch the graph of Y = ES'n [— Tj Since the sine function is an

3

. X .
odd function, then SIn (— T] = =3I (ij Thus, we have that
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8
Since the sine function is being multiplied by a negative =, then the graph

will be inverted. Thus, we will need to draw two inverted sine cycles.

For this sine function, we have the following:

1
oo

8 2z o 4

I = — i = = 47T -+ —
Amplitude 5 Period T -
4

I

Phase Shift: None

Since there is no phase shift and the period is 8, then the first cycle starts at 0
and end at 8. The second cycle starts at 8 and ends at 16.

y

ul|oo

o1|oo

y:ﬁcsc(x—%ﬂ]
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. or
First, sketch the graph of ¥ = ﬁ sin | X — 5 Notice the coefficient of

the x variable is 1. For this sine function, we have the following:

Amplitude = ﬁ Period = 27
571
Phase Shift: ry units to the right
: L. 9T : . o7
Since the phase shift is ry units to the right, then the first cycle starts at 5
_ o o 1 7 _
Since the period is 27, then this first cycle ends at 6 obtained by
5_7z+2ﬂ_57r+127r_177r 29_7[
5 5 5 6 and the second cycle ends at 5
_ 177 N Rr 297
obtained by 5 5 5
y
V5 |
Sl Uz Br X
6 6
-5
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4. y :125ec(%j

3
First, sketch the graph of Y = 12 cos (g Xj. For this cosine function, we

have the following:

2z 8 167
Amplitude = 12 Period = 3 = 27 - 3= 3
8
Phase Shift: None
. . . . 167 .
Since there is no phase shift and the period is 3 then the first cycle starts
l67r 167r 327r
at0 and end at —,—. The second cycle startsat —,— and ends at ——
| j U \
12 |
i i
167 R

-12 |

5. y = —Sec X

First, sketch the graph of y = —C0S 7 X,
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Since the cosine function is being multiplied by a negative 1, then the graph
will be inverted. Thus, we will need to draw two inverted cosine cycles.

For this cosine function, we have the following:

27

Amplitude = 1 Period = o - 2

Phase Shift: None

Since there is no phase shift and the period is 2, then the first cycle starts at 0
and end at 2. The second cycle starts at 2 and ends at 4.

11

I * Y 1
| r 5 |
+ -

2 ; ; 4 X

+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ +
+ +
+ +
¥ T
+ +
+ +
+ +
+ +
+ + + +
+ + + +
+ + + +

_1— . + . .
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +
+ + + +

y = 55ec(7x + 377[)

37
First, sketch the graph of Y = 9 C0S (7X + Tj Since the coefficient of

the x variable is 7, then we will need to factor the 7 out in order to identify
the phase shift. Thus, we have that
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y = 5cCos 7x+3—7Z =5¢C0S| 7 x+3—7Z
4 28

For this cosine function, we have the following:

2
Amplitude = 5 Period = 3
3r
Phase Shift: 8 units to the left
. . 37 .
Since the phase shift is o8 units to the left, then the first cycle starts at
3r
T o8 Since the period is =~ 7 then this first cycle ends at -5 28 , Obtained by
37r+2_7z__37r+87z_57z _ _
28 7 T T g 8 28" This cycle starts to the left of the y-axis

and finishes to the right of the y-axis. Since we are sketching the graph of
this function, we do not want our sketch to cross the y-axis because our
picture will probably contain misinformation about where the actual graph

crosses the y-axis.

St
In this problem, our first cycle ends at - 8 So, let’s sketch the second cycle

S5x

28

or N 8z 13nx _ 3z |
o8 | 78 8 - The next cycle will end at 1 obtained by

137 N 87 217z 3rx

137
that begins at -5 as our first cycle. This cycle will end at —5- 28 obtained by

28 28 28 4 -
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i ¥ i i

+ + + +

y + + + +
+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

+ + + +

— + + + +
+ + + +

+ + + +

! ! : : ! X :
3r S5r . . 137 . . 3r X
28 28 : : 28 : : 4

Back to Topics List
5. TANGENT GRAPHS

Example Find the x-intercepts of the graph of Yy = tan X in the interval
[- 27, 27].

NOTE: The interval [- 27, 2x] of angles are the angles going one time around
the Unit Circle clockwise for the subinterval [- 27, 0] and the angles going one
time around the Unit Circle counterclockwise for the subinterval [0, 27].

To find the x-intercepts, set yequal to0: tan x = 0,

; tanx—SinX tanx—0:>SinX—0
Since oS X’ then c0S X .

Since a fraction can only equal zero when the numerator of the fraction equals zero,
sin X .
then oy ~ 0 = sin x =0, By Unit Circle Trigonometry, we are looking for

angles in the interval [- 27, 27] that intersect the Unit Circle so that the y-
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coordinate of the point of intersection is 0. Going around the Unit Circle
clockwise, these angles are

X =0, -7, —27. Going around the Unit Circle counterclockwise, these angles
are Xx =0, 7, 2.

Thus, the x-intercepts of the graph of Y = tan X in the interval [- 27, 27] are the
points (- 27,0), (-x,0), (0,0), (x,0), and (27, 0).

Example Find the vertical asymptotes of the graph of y = tan X in the interval
[- 27, 27].

NOTE: The interval [— 27, 27] of angles are the angles going one time around
the Unit Circle clockwise for the subinterval [- 27, 0] and the angles going one
time around the Unit Circle counterclockwise for the subinterval [0, 27].

sin X
Since fanXx = oS X then the vertical asymptotes will occur where the

denominator of this fraction is equal to zero. Thus, we want to solve the equation
cos X = 0 in the interval [- 27, 27].

By Unit Circle Trigonometry, we are looking for angles in the interval [- 27, 27]

that intersect the Unit Circle so that the x-coordinate of the point of intersection is

T 3r

0. Going around the Unit Circle clockwise, these angles are X = — PR
37

T
Going around the Unit Circle counterclockwise, these angles are X = PR

Thus, the vertical asymptotes of the graph of Yy = tan X in the interval [- 27, 27]
37 T T 3

X= ——, X=——, X =—, X = —
are 5 5 5 and 5 -

Example Sketch two cycles of the graph of y = tan X using the x-intercepts and
vertical asymptotes of the function.
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I I A e

—Period/2---:

E_ ........... Peraod Period

The function Y = tan X does not have an amplitude and the period of the function
is 7.

In general, given the function y = atan (bx + c), we may write this function as

C
y = atan {b( X + Bﬂ by factoring out b. The tangent function does not have an

T C C
amplitude, the period is m and the phase shift is b units to the right if b <0 or
. C _ . C

is 1 units to the leftif > 0.

Theorem The tangent function is an odd function. That is, tan (- 8) = —tan 6

for all @ in the domain of the function.

A sketch of the graph of the tangent function can be obtained from the x-intercepts
and vertical asymptotes of the function. Two consecutive vertical asymptotes are a
distance of the period from each other. The x-coordinates of the x-intercepts are
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midway between two consecutive vertical asymptotes. That is, the x-coordinates
of the x-intercepts are the midpoint of two consecutive vertical asymptotes.

So to sketch the graph of a tangent function, you only need to know where the first
vertical asymptote is located. Then use the period to find the next consecutive
vertical asymptote. For an unshifted tangent function, the first two consecutive
vertical asymptotes are symmetric about the y-axis. For a shifted tangent function,
first shift one vertical asymptote for the unshifted graph. Once you have the
vertical asymptotes, you find the x-coordinates of the x-intercepts by finding the
midpoint of two consecutive vertical asymptotes.

a+b
2

Recall the midpoint of the numbers a and b is the number

Examples Sketch two cycles of the graph of the following functions.

1. y = 81tan 5x

/A
Amplitude: None Period = 5 Phase Shift: None
1 J /4
S period = —
2P 10
y
. : X
T CT /4 37
10: i1 5 110
: ---F'eriu:udf?'_---é
4 — Pefiod | (SFYYTaY; [— :




3 T T T 27 3z T

— ' — 4+ - = — + — = — ' —
The 10 Wwas obtained by 0 5 10 10 10 That is, we add —,

T
which is the period, to the starting point of 10" which is where the first

vertical asymptote to the right of the y-axis crosses the x-axis.

i . Lz 3wy _1(4z) _Llrez) =z
The 5 Wwas obtained by 2110 " 10 5| 10 51 5 5 That

T 3z
Is, we found the midpoint of 10 and 10" Of course, you could also use the

fact that two consecutive x-intercepts are a distance of the period from each

T
other. Since the first x-intercept is 0 and the period is 5 then the second x-
T

intercept is 5

y :—Jﬂtan(%j

Since the tangent function is being multiplied by a negative \/71 then the

graph will be inverted. Thus, we will need to draw two inverted tangent
cycles.

i 8
Amplitude: None Period = 9 = 7 - 9= 9
8

Phase Shift: None

1

1 _3.872 A
2perlod— 5

9 T 9
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: : . : X
_d4x 4r 8N iRz _4x
9 : P9 9 t9 3
;--Periudf}--
*— ------------ Pefiod ] Period
h47r btained b 47r+87r_127z_47r hat | dd87z
The 3wasotalne Y g 9 9 3.Tatls,wea :
L . . . m .
which is the period, to the starting point of 9 which is where the first

vertical asymptote to the right of the y-axis crosses the x-axis.

8z g L4z fer) _1(167) 8z _
The g Wwas obtained by 51 9 9 21 9 9 - That is, we

4r 127

found the midpoint of 9 and 9 Of course, you could also use the fact

that two consecutive x-intercepts are a distance of the period from each other.

87
Since the first x-intercept is 0 and the period is ——, then the second x-

87

intercept is 9

y = ;tan (- 7X)
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NOTE: Since the tangent function is an odd function, then tan (—zXx) =
—fan 7 X, Thus, we have that

4 4
=—fan(—x7Xx) = ——1tan 7 X
y =3 ( ) -

4
Since the tangent function is being multiplied by a negative 7, then the

graph will be inverted. Thus, we will need to draw two inverted tangent
cycles.

T
Amplitude: None Period = T 1 Phase Shift: None
1 ] 1
S period = 7
2P 2
y : :
1: 21 3
- Do 1 P o
2 t 2 22
;--Periudf}-- :
T Pefiod = Periad

3 _ 1 1 2 3 _ o
The - was obtained by > + 1= 5+ 35 = 3. Thatis, weadd 1, which is
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1
the period, to the starting point of -, which is where the first vertical

asymptote to the right of the y-axis crosses the x-axis.

| 1(1 3) 1(4) 1 |
The 1 was obtained by 5| 5+ 5 | = 5|3 25(2)21' That is, we

1 3
found the midpoint of 5 and 5 Of course, you could also use the fact that

two consecutive x-intercepts are a distance of the period from each other.
Since the first x-intercept is 0 and the period is 1, then the second x-intercept
is 1.

4

=12tan| 3x — —
’ ( 7)

Since the coefficient of the x variable is 3, then we will need to factor the 3
out in order to identify the phase shift. Thus, we have that

y = 12 tan 3x—4—ﬂ =12tan | 3 x—4—ﬂ
7 21

Amplitude: None Period = 3

Ar
Phase Shift: o1 units to the right

rt 1z
2perlod—2 376

For the unshifted tangent graph the first two consecutive vertical asymptotes
are symmetric about the y-axis separated by a distance of the period, which is
T

3 for this function. Thus, the first vertical asymptote to the right of the
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T
y-axis for the unshifted tangent graph is X = 6 Let’s shift this vertical

Ar

asymptote -

units to the right. Thus, the first vertical asymptote for the
47r /= 87 157 b=x

= + = =
obtained by 6 u 2 @ @2 1

S5z
: iy =
shifted graph is EVR

Ar
That is, we add o1 which is the amount of the shift, to the starting point of

T
X which is the first unshifted vertical asymptote to the right of the y-axis
crosses the x-axis.

571 S Ux P97 6 P 437
14 21 7 D42
: -Periodi2— :

Period Period ----------- E

297 Srx r 15z 14rx 297

The 42 was obtained by 1 3 0 7 2 That is, we

Sx

add 5, which is the period, to the starting point of IrE which is where the

first shifted vertical asymptote to the right of the y-axis crosses the x-axis.
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43 9r l1Ar 43 r ldr

aor : N _ : T _ A
The 1 Was obtained by o 7 e That is, we add 3 1
297
which is the period, to the starting point of R which is where the second
vertical asymptote crosses the x-axis.
Uz o L(5T o Bx) (157 297
The o Was obtained by >\ 12 42 5| 12 1

1(44x\ 1( 227\ 1lrx _ L o7
S\ = — = . That is, we found the midpoint of -~ and

2 2\ 21 21 14
27z
42
6z o 1(27 48z 1(72z) _1(367) _
The 7~ was obtained by 5| a2 42 5| a2 5| 21
1(124] _ b . ST
5| 7 7 That is, we found the midpoint of 0 and TR Of

course, you could also use the fact that two consecutive x-intercepts are a
distance of the period from each other. Since the first x-intercept, that we

_ o 11z I S 4
found using the midpoint formula, is o1 and the period is 3 = o1 then

117 I 18x (/4

i ' - =
the second x-intercept is 1 1 o1 7

6x 1lx
y = tan| — + —
7 21

6

6
Since the coefficient of the x variable is ; . then we will need to factor the ;

out in order to identify the phase shift. Thus, we have that
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ox 1z 6 117
y=fan| — + — | =tan| = | X + —
7 21 7 18

e 2 . Ur 6 Uz 7 Uz 1
NOTE: The 1g Was obtained by 1 77 9 s 3 5§ °
Uz
18 -

: _ z I r
Amplitude: None Period = ¢ = 7 - 5> 6

7
117
Phase Shift: 18 units to the left
1oL = _Iz
2perlod =56 D

For the unshifted tangent graph the first two consecutive vertical asymptotes
are symmetric about the y-axis separated by a distance of the period, which is

r
— for this function. Thus, the first vertical asymptote to the left of the

6
- - - 77[ -
y-axis for the unshifted tangent graph is X = — IR Let’s shift this vertical
117 _ _ _
asymptote 18 units to the left. Thus, the first vertical asymptote for the
. . Br .
shifted graph is X =~ BN obtained by
Iz Ux Az 2z Bro r
1 18 % % %5 That is, we subtract 18 , Which
r
is the amount of the shift, to the starting point of — TR which is the first

unshifted vertical asymptote to the right of the y-axis crosses the x-axis.
Note that we subtract the amount of the shift because we are moving to the
left.
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F-Petiod/2--

- R Period ---------tfemeeeeee Period ---------- 2

87 _ Bz Iz Br LRz &z
The 35 Was obtained by % 5 % % %
r 437
That is, we subtract ——, which is the period, to the starting point of — B

which is where the first shifted vertical asymptote to the left of the y-axis
crosses the x-axis.

iz _ 8r Rx 1z _

The 35 Wwas obtained by % B 3% That is, we
r M2 o _ _ _ 85

subtract 5 3 which is the period, to the starting point of — R

which is where the second vertical asymptote crosses the x-axis.

16 7 1 87 437 1 128 =
The = —5~ was obtained by 5 | ~ T =S| T =

9 36 3% )| 20 %
5 9 ) 9 - That is, we found the midpoint of 3% and
_ Bz
36
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537 | 1) 2z (8= _1(_ 22z _
The was obtained by - %6 6 2 36

18

1(_83z)_ 8z _ Lo 12
5 9 18 - That is, we found the midpoint of 5 and

8
TR Of course, you could also use the fact that two consecutive x-
intercepts are a distance of the period from each other. Since the first x-

16 =

intercept, that we found using the midpoint formula, is — 9 and the period
. Iz _ . 167 Iz Rz 2Axm _
Is ¢ then the second x-intercept is 9 6 18 18
8z

18 -

Back to Topics List
6. COTANGENT GRAPHS
Example Find the x-intercepts of the graph of Yy = cot X in the interval

[- 27, 27x].

NOTE: The interval [— 27, 27] of angles are the angles going one time around
the Unit Circle clockwise for the subinterval [- 27, 0] and the angles going one
time around the Unit Circle counterclockwise for the subinterval [0, 27].

To find the x-intercepts, set y equal to 0: cot X = 0,

; cotx—cosx cotx—O:COSX—O
Since sin X’ then sin x )
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Since a fraction can only equal zero when the numerator of the fraction equals zero,

COS X o _ _
then —— =0 = cosx = 0, By Unit Circle Trigonometry, we are looking for

sin X
angles in the interval [- 27z, 2x] that intersect the Unit Circle so that the x-
coordinate of the point of intersection is 0. Going around the Unit Circle

V4 37
clockwise, these angles are X = o T, Going around the Unit Circle
_ T 3
counterclockwise, these angles are X = PR E

Thus, the x-intercepts of the graph of Y = cot X in the interval [- 27, 27] are the
37 V4 T 3
i T 0 ' PN 0 ) NN O ’ T 0
pomts( 5 ] ( 5 j [2 j and( 5 j

Example Find the vertical asymptotes of the graph of y = cot X in the interval
[- 27, 27].

NOTE: The interval [— 27, 27] of angles are the angles going one time around
the Unit Circle clockwise for the subinterval [- 27, 0] and the angles going one
time around the Unit Circle counterclockwise for the subinterval [0, 27].

Since COLX = —— then the vertical asymptotes will occur where the

denominator of this fraction is equal to zero. Thus, we want to solve the equation
sin X = 0 in the interval [- 27, 27].

By Unit Circle Trigonometry, we are looking for angles in the interval [- 27, 27]
that intersect the Unit Circle so that the y-coordinate of the point of intersection is
0. Going around the Unit Circle clockwise, these anglesare X = 0, -7, —27.

Going around the Unit Circle counterclockwise, these anglesare X = 0, 7, 2r.

Thus, the vertical asymptotes of the graph of ¥y = cot X in the interval [- 27, 27]
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NOTE: The vertical line given by the equation X = 0 is the y-axis.

Example Sketch two cycles of the graph of y = cot X using the x-intercepts and
vertical asymptotes of the function.

y

F-Peﬂudfznf

T :
J— « T
2 *

Period

The function Yy = cot X does not have an amplitude and the period of the function
is 7.

In general, given the function y = acot (bX + ¢), we may write this function as

C
y = acot {b( X + Bﬂ by factoring out b. The cotangent function does not have

T C c

an amplitude, the period is m and the phase shift is b units to the right if b <0
. C _ . C

or is - units to the left if > 0,

Theorem The cotangent function is an odd function. That is, cot (— &) = —cot ¢

for all @ in the domain of the function.
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Like the tangent function, a sketch of the graph of the cotangent function can be
obtained from the x-intercepts and vertical asymptotes of the function. Two
consecutive vertical asymptotes are a distance of the period from each other. The
x-coordinates of the x-intercepts are midway between two consecutive vertical
asymptotes. That is, the x-coordinates of the x-intercepts are the midpoint of two
consecutive vertical asymptotes.

So to sketch the graph of a cotangent function, you only need to know where the
first vertical asymptote is located. Then use the period to find the next consecutive
vertical asymptote. For an unshifted cotangent function, the first vertical asymptote
Is the y-axis. For a shifted cotangent function, first shift one vertical asymptote for
the unshifted graph. Once you have the vertical asymptotes, you find the x-
coordinates of the x-intercepts by finding the midpoint of two consecutive vertical
asymptotes.

Examples Sketch two cycles of the graph of the following functions.

1. y = ﬁcot8x

T
Amplitude: None Period = 8 Phase Shift: None
y
|- Periodi2--
X
i r _T
16 8 4
------------- Period




. . E(sz_l(z]_z .
The 15 Was obtained by 5 3 5| 8 16" That is, we found

T

the midpoint of 0 and g

3z o Lfm 2w _1(3z) 3z
The 15 Was obtained by 5| 8 3 51 g 16 - That is, we

27

T T
found the midpoint of 8 and n = e Of course, you could also use the

fact that two consecutive x-intercepts are a distance of the period from each
other. Since the first x-intercept, that we found using the midpoint formula,

T

7 .2z . .
s 1¢ and the period is 8 16" then the second x-intercept is

T 2ﬂ'__ 3

4+ — = —
16 16 16 -

X
=15cot| - —
Y ( 2)

X
NOTE: Since the cotangent function is an odd function, then COt (_ EJ =

1
— cot (E Xj. Thus, we have that

y = 15cot(—5) _ —15cot(E xj
2 2

Since the cotangent function is being multiplied by a negative 15, then the
graph will be inverted. Thus, we will need to draw two inverted cotangent
cycles.
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T
Amplitude: None Period = 1 = 2« Phase Shift: None
2
y
---Perindi2---}

h 1 b X

P27 37 cAr

E[ Period -----mmemmme 3

1 1
The 7 was obtained by - (0 +27) = > (27) = 7. That is, we found the

midpointof 0 and 7.

1 1
The 37 was obtained by - (27 + 4r) = > (67) = 37 . That is, we found

the midpoint of 27 and 4z . Of course, you could also use the fact that two

consecutive x-intercepts are a distance of the period from each other. Since
the first x-intercept, that we found using the midpoint formula, is 7 and the
period is 27, then the second x-interceptis 7 + 27 = 37

y = §cot(9—” - 6xj
5 2
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Since the coefficient of the x variable is — 6, then we will need to factor the
— 6 out in order to identify the phase shift. Thus, we have that

y:§cot 9—7[—6x :gcot —6x+9—7Z :§cot -6 X_3_”
5 2 5 2 5 4

3 O

pe S . m g _ 7 1 _3m
NOTE: The 1 was obtained by , TP =G S

NOTE: Since the cotangent function is an odd function, then

3 3
cot {— G(X - Tﬂ = —cot {GLX - Tﬂ Thus, we have that

Since the cotangent function is being multiplied by a negative 5 then the
graph will be inverted. Thus, we will need to draw two inverted cotangent
cycles.

T
Amplitude: None Period = 6

3z

Phase Shift: 1

units to the right

For the unshifted cotangent graph the first vertical asymptote is the y-axis.

3
— units to the right. Thus, the first

4
3

vertical asymptote for the shifted graph is X = 7 obtained by

Let’s shift this vertical asymptote

37  3rx ) 3z .. :
0+ 4 = 2 - Thatis, we add R which is the amount of the shift, to the

starting point of 0.
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3z : S5rx 11 + 137
4 6 : . 12
b-Period/2--+ .

Pertiod o [SEY0a1 [pem—— .

117 Or 27 1rx

3T 7w
R H 4+ — = + = 1
The 1 Wwas obtained by 1 T 1 T That is, we add

37

/A
X which is the period, to the starting point of K which is where the first
shifted vertical asymptote to the right of the y-axis crosses the x-axis.

137 117 27 13z T 2r

- H + — H =
The TG obtained by 1 1 TR That is, we add 6 12

117

which is the period, to the starting point of ETE which is where the second

vertical asymptote crosses the x-axis.

57 | 13z Uy 109z Uz
The 6 was obtained by AW 12 21 12 12

1(20z) _1(5z)_5z _ 3T
ol 12 | T2l 3] 5 That is, we found the midpoint of 1 and

Uz
12 -
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_ 1(11lz 13x 1(24rn 1
The 7 was obtainedby 5| 15 * 05 | = 5| p | = E(Zﬂ) = 7. That

117 137

is, we found the midpoint of TS and ETE Of course, you could also use

the fact that two consecutive x-intercepts are a distance of the period from
each other. Since the first x-intercept, that we found using the midpoint

o T
formula, is ry and the period is , then the second x-intercept is
o, x_br

6 6 6

y = 2001’(; + 47;]

1

1
Since the coefficient of the x variable is ; . then we will need to factor the ;

out in order to identify the phase shift. Thus, we have that

y = Zcot(; n 4;;) - 2cotH(x i 287[)}

Amplitude: None Period = = I

~N N

Phase Shift: 287 units to the left

For the unshifted cotangent graph the first vertical asymptote is the y-axis.
Let’s shift this vertical asymptote 287 units to the right. Thus, the first
vertical asymptote for the shifted graph is X = —287, obtained by
0- 287 = —28z. That is, we subtract 287, which is the amount of the

shift, to the starting point of 0. Note that we subtract the amount of the shift
because we are moving to the left.
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Period

The — 357 was obtained by —287 — 77 = —357. That is, we subtract
/7, which is the period, to the starting point of — 287, which is where the
first shifted vertical asymptote to the left of the y-axis crosses the x-axis.

The — 427 was obtained by —357 — 77 = —427. That is, we subtract
/7, which is the period, to the starting point of — 357, which is where the
second shifted vertical asymptote to the left of the y-axis crosses the x-axis.

63 7 637z

The — =~ was obtained by —[ Bz + (-287)] = —( 637) = —

That is, we found the midpoint of — 357 and — 287

M M

The =~ Wasobtalnedby—[ 2r + (- 357[)]——( 777?)——7.

That is, we found the midpoint of — 427 and — 357 . Of course, you could

also use the fact that two consecutive x-intercepts are a distance of the period
from each other. Since the first x-intercept, that we found using the midpoint
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637 o 14 7 _
formula, is — PN and the period is 77 = ER then the second x-intercept
. 8Bz WUz Tz
Is — = 5 5
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