LESSON 9  THE INVERSE TRIGONOMETRIC FUNCTIONS
Topics in this lesson:

1.
REVIEW OF INVERSE FUNCTIONS
2.
THE INVERSE SINE FUNCTION
3.
RELATIONSHIPS BETWEEN THE SINE AND INVERSE SINE FUNCTIONS
4.
THE INVERSE COSINE FUNCTION
5.
RELATIONSHIPS BETWEEN THE COSINE AND INVERSE COSINE FUNCTIONS
6. 
THE INVERSE TANGENT FUNCTION
7.
RELATIONSHIPS BETWEEN THE TANGENT AND INVERSE TANGENT FUNCTIONS
8.
APPLICATIONS OF THE INVERSE TRIGONOMETRIC FUNCTIONS
1.
REVIEW OF INVERSE FUNCTIONS

Example  Consider the following function 
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 and its inverse 
[image: image2.wmf]1

-

f

.

[image: image1604.png]|



[image: image1605.png]








  
[image: image3.wmf]f


[image: image1606.png]



[image: image1607.png]


[image: image1608.png]


    

        x .






 . y
[image: image1609.png]N











     
[image: image4.wmf]1

-

f




      D








   E

NOTE:  The function 
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 maps x in the set D to y in the set E and 
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 maps y back to x.  Of course, this is what an inverse function is suppose to do.

Example  Consider the following function 
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.  Does 
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 have an inverse? 
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The function 
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 maps x in the set D to a in the set E.  So, the inverse function would map a back to x.  The function 
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 maps y in the set D to b in the set E.  So, the inverse function would map b back to y.  However, where does the inverse function map c.  Note that the domain of the function 
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 is the set 
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 and the range of the function 
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 is the set 
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The function 
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 is not an onto function.  In order for a function to be an onto function, every element in the set E must be used.  For the given function 
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, the element c in the set E was not used.  In order for a function to have an inverse, it must be an onto function.  If a function is not an onto function, then the lack of this needed condition is easy to fix.  To fix the lack of the onto condition, replace the set E by the range of the function.







   
[image: image18.wmf]f


[image: image1616.png]


[image: image1617.png]


      x .





     . a



y .






           . b






         
[image: image19.wmf]1

-

f




  D









           Range of 
[image: image20.wmf]f

 =  
[image: image21.wmf]}

,

{

b

a


Now, this function has an inverse function.  Notice the following relationship above:  The domain of the inverse function 
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 is equal to the range of the function 
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.

Example  Consider the following function 
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.  Does 
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 have an inverse?
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Note that the domain of the function 
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 is the set D, which is the set 
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 and the range of the function 
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 is the set 
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.  Also, note that the function 
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 is an onto function.  The set E is the range of the function 
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.  The function 
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 maps x in the set D to c in the set E. The function 
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 also maps y in the set D to c in the set E.  So, the inverse function would map c back to either x or y.  Which one do you use?  The problem here is that the function 
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 is not a one-to-one function.  In order for a function to be a one-to-one function, you may only use each element in the set E once.  In order for a function to have an inverse, it must be a one-to-one function.  If a function is not a one-to-one function, then the lack of this needed condition is not as easy to fix as the lack of the onto condition.  In order to fix the lack of the one-to-one condition, you must put a restriction on the domain of the function.  In other words, you must eliminate elements from the set D.  What elements in the set D are you going to chose to eliminate?  This is the reason that fixing the lack of the one-to-one condition is harder.  For the function 
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, the domain is the set D = 
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.  Thus, we will either eliminate x or y.  Each restricted domain will produce an inverse function.  Thus, these two choices for the restricted domain will produce two inverse functions.  

If we eliminate y, then we get the following inverse function:
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If we eliminate x, then we get the following inverse function:
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The function 
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 has two possible inverse functions depending on the restricted domain that is chosen.

Notice the following relationship for both inverse functions above:  The restricted domain of the function 
[image: image51.wmf]f

 is equal to the range of the function 
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Theorem  A function 
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 has an inverse function, denoted by 
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 if and only if the function 
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 is one-to-one and onto.

We have the following relationships:
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We also have the following two relationships between a function 
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 and its inverse function 
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Example  Find the inverse function of the function 
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First, consider the graph of 
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Information about the domain of the function 
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can be determined by the x-coordinate of the points on the graph.  Since the value of the x-coordinates range in value from negative infinity to positive infinity, then the domain of 
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 is all real numbers.  Information about the range of the function 
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can be determined by the y-coordinate of the points on the graph.  Since the value of the y-coordinates range in value from zero to positive infinity, then the range of 
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 is all real numbers greater than or equal to zero.  In interval notation, we have the following:
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Since the range of 
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Recall the following test for checking the graph of a function for being one-to-one:

The Horizontal Line Test:  If a horizontal line intersects the graph of a function in more than one place, then the function is not one-to-one.

By the horizontal line test, the function 
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 is not one-to-one.  We will have to put a restriction on the domain of the function in order to fix this.  We have the following two choices for the restricted domain:  1) the interval of numbers 
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; that is,  the set of numbers greater than or equal to zero or 2) the interval of numbers 
[image: image86.wmf]]

0

,

(

¥

-

; that is, the set of numbers less than or equal to zero.  Each restricted domain will produce an inverse function.  Thus, these two choices for the restricted domain will produce two inverse functions.

For the first choice of 
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 and the graph of the function 
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 on the restricted domain looks like the following:
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Since the restricted domain of 
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For the second choice of 
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 and the graph of the function 
[image: image96.wmf]f

 on the restricted domain looks like the following:
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Since the restricted domain of 
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Now, let’s find the inverse function(s) algebraically.

Set 
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Solve for x:
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Thus, either 
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Notice, as predicted above the domain of 
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 for the first inverse function and the range of 
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 for the second inverse function.

Now, let’s verify the two relationships for this function and its two inverse functions are true.

1.
For the first restricted of domain of 
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, then x is a positive number.  The absolute value of a positive number is itself.
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, then y is greater than or equal to zero.  Thus, the square root of y is defined.
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Thus, the two relationships for this function and its two inverse functions hold.

Back to Topics List
2.
THE INVERSE SINE FUNCTION
Consider the following two cycles of the graph of 
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Definition  The inverse sine function, denoted by 
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Notation: Sometimes, 
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NOTE:  The angles that are in the interval 
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Thus, the angles that are used for the inverse sine function have their terminal side 

1. In the first quadrant and are measured going counterclockwise.

2.
In the fourth quadrant and are measured going clockwise.


3.
On the positive x-axis.  This is the angle of 0.


4.
On the positive y-axis.  This is the angle of 
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On the negative y-axis.  This is the angle of 
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Examples  Find the exact value of the following.
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 is negative, then the angle answer is in the IV quadrant.  Since the angle is not in the I quadrant, let’s find the reference angle for it.
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.  Now, go to the IV quadrant with this reference angle and measure the angle  
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There are two reasons that the answer is  
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Answer:  
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 is negative, then the angle answer is in the IV quadrant.  Since the angle is not in the I quadrant, let’s find the reference angle for it.
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Back to Topics List
3.
RELATIONSHIPS BETWEEN THE SINE AND INVERSE SINE FUNCTIONS
From Section 1 above, we have the following relationships:
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We also have the following two relationships between the sine function and its inverse sine function:
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The second way is to use a coterminal angle.  Since the angle 
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I quadrant, then find the positive angle between 0 and 
[image: image440.wmf]2

p

 that is coterminal 

with 
[image: image441.wmf]10

17

p

-

.  This angle is obtained by adding 
[image: image442.wmf]p

2

 to 
[image: image443.wmf]10

17

p

-

.  Thus, 
[image: image444.wmf]10

3

10

20

10

17

2

10

17

p

p

p

p

p

=

+

-

=

+

-

.  Since the angle 
[image: image445.wmf]10

17

p

-

 is coterminal with the angle 
[image: image446.wmf]10

3

p

, then 
[image: image447.wmf]10

3

sin

10

17

sin

p

p

=

÷

ø

ö

ç

è

æ

-

.  Thus,

 
[image: image448.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

10

17

sin

sin

1

p

  = 
[image: image449.wmf]10

3

10

3

sin

sin

1

p

p

=

÷

ø

ö

ç

è

æ

-

 by Relationship 1 above since 
[image: image450.wmf]2

10

3

2

p

p

p

£

£

-

.

NOTE:  This second method will work for any negative angle, between 
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and 0, whose terminal side is in the I quadrant.  Let 
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 be such a negative angle in the I quadrant.  Since the angle 
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As we will see in our last example, this second method will also work for a positive angle, between 0 and 
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, whose terminal side is in the IV quadrant.  However, this second method will not work for any angle, between 
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The first way is to use reference angles.  The reference angle for the angle 
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The second way is to use a coterminal angle.  Since the angle 
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NOTE:  This second method will work for any positive angle, between 0 and  
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 be such a positive angle in the IV quadrant.  Since the angle 
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Again, this second method will not work for any angle, between 
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, whose terminal side is in either the II or III quadrant.
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4.
THE INVERSE COSINE FUNCTION
Consider the following two cycles of the graph of 
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Since the restricted domain of 
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Definition  The inverse cosine function, denoted by 
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, is defined by 
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Notation: Sometimes, 
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 is denoted by 
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.  That is, 
[image: image552.wmf]x

Arc

cos

 =  
[image: image553.wmf]x

1

cos

-

.

NOTE:  The angles that are in the interval 
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Thus, the angles that are used for the inverse cosine function have their terminal side


1.
In the first quadrant and are measured going counterclockwise.


2.
In the second quadrant and are measured going counterclockwise.


3.
On the positive x-axis.  This is the angle of 0.


4.
On the positive y-axis.  This is the angle of 
[image: image557.wmf]2
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.


5.
On the negative x-axis.  This is the angle of 
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.

Examples  Find the exact value of the following.

1.
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 is negative, then the angle answer is in the II quadrant.  Since the angle is not in the I quadrant, let’s find the reference angle for it.
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There are two reasons that the answer is  
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Answer:  
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Since  
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 is negative, then the angle answer is in the II quadrant.  Since the angle is not in the I quadrant, let’s find the reference angle for it.
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There are two reasons that the answer is  
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Since 0 is not positive, then the angle answer is not in the I quadrant.  Since 0 is not negative, then the angle answer is not in the II quadrant.  Thus, the angle answer comes from one of the coordinate axis.  It’s either the positive x-axis, the positive y-axis, or the negative x-axis.  Which of the three angles of  0 , 
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 would you be able to take the cosine of and get 0?  Or in terms of Unit Circle Trigonometry, which one of these three angles intersections the Unit Circle so that the x-coordinate of the point of intersection is 0?  The answer is 
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Since 1 is the maximum positive number, then the angle answer does not come from the I quadrant.  The angle answer comes from one of the coordinate axis.  It’s either the positive x-axis, the positive y-axis, or the negative x-axis.  Which of the three angles of  0 , 
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 would you be able to take the cosine of and get 1?  Or in terms of Unit Circle Trigonometry, which one of these three angles intersections the Unit Circle so that the x-coordinate of the point of intersection is 1?  The answer is  0.
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Since 
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 is the minimum negative number, then the angle answer does not come from the II quadrant.  The angle answer comes from one of the coordinate axis.  It’s either the positive x-axis, the positive y-axis, or the negative x-axis.  Which of the three angles of  0 , 
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Since 
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 is positive, then the angle answer is in the I quadrant.  Which of the three angles of  
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 would you be able to take the cosine of and get 
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5.
RELATIONSHIPS BETWEEN THE COSINE AND INVERSE COSINE FUNCTIONS
From Section 1 above, we have the following relationships:
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We also have the following two relationships between the cosine function and its inverse cosine function:
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Examples  Find the exact value of the following.
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NOTE:  This second method will work for any negative angle between 
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6. 
THE INVERSE TANGENT FUNCTION
Consider the following three cycles of the graph of 
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Definition  The inverse tangent function, denoted by 
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, is defined by 
[image: image888.wmf]x

y

1

tan

-

=

 if and only if 
[image: image889.wmf]x

y

=

tan

, where x is any real number and 
[image: image890.wmf]2

2

p

p

<

<

-

y

.

Notation: Sometimes, 
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Thus, the angles that are used for the inverse tangent function have their terminal side


1.
In the first quadrant and are measured going counterclockwise.


2.
In the fourth quadrant and are measured going clockwise.


3.
On the positive x-axis.  This is the angle of 0.

From Lesson 2, you had the following diagram to help you find the value of the tangent of the three Special Angles in the I quadrant.
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Now, reverse the arrows to have a diagram to help you find the value of the inverse tangent of these three numbers of 1, 
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Examples  Find the exact value of the following.
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Since 0 is not positive, then the angle answer is not in the I quadrant.  Since 0 is not negative, then the angle answer is not in the IV quadrant.  Thus, the angle answer comes from one of the coordinate axis.  Since there is only one axis involved for the inverse tangent function, namely, the positive x-axis.  Thus, the answer is 0.
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7.
RELATIONSHIPS BETWEEN THE TANGENT AND INVERSE TANGENT FUNCTIONS
From Section 1 above, we have the following relationships:
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We also have the following two relationships between the tangent function and its inverse tangent function:
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Examples  Find the exact value of the following.
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Since the domain of the inverse tangent function is the set of all real numbers, then 
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The second way is to use reference angles:  Since 
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 by Relationship 1 above since 
[image: image1060.wmf]2
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Answer:  
[image: image1061.wmf]3
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7.
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Note that 
[image: image1063.wmf]6

5
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 is an angle such that 
[image: image1064.wmf]2
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.  Thus, Relationship 1 above does not apply.  There are two ways to find the answer.

The first way is to find the value of 
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[image: image1066.wmf]÷

ø

ö

ç

è

æ

-

6

5

tan

p

  = 
[image: image1067.wmf]3

1

6

tan

=

p

, then 
[image: image1068.wmf]6
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The second way is to use reference angles:  Since 
[image: image1069.wmf]6
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[image: image1070.wmf]ú
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  =  
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p

 by Relationship 1 above since 
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Answer:  
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Note that 
[image: image1076.wmf]16
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p

 is an angle such that 
[image: image1077.wmf]2
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.  Thus, Relationship 1 above does not apply.  Since 
[image: image1078.wmf]16

19

p

 is not one of our special angles, then we will not be able to find the exact value of 
[image: image1079.wmf]16

19
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p

.  Thus, we will need to use reference angles to find the answer.

The angle 
[image: image1080.wmf]16

19

p

 is in the III quadrant and the reference angle for this angle is 


[image: image1081.wmf]16
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p

.  Since 
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 by Relationship 1above since 
[image: image1085.wmf]2
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Answer:  
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9.
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Note that 
[image: image1088.wmf]12

11
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 is an angle such that 
[image: image1089.wmf]2
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.  Thus, Relationship 1 above does not apply.  Since 
[image: image1090.wmf]12

11

p

 is not one of our special angles, then we will not be able to find the exact value of 
[image: image1091.wmf]12
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.  Thus, we will need to use reference angles to find the answer.

The angle 
[image: image1092.wmf]12
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p

 is in the II quadrant and the reference angle for this angle is 
[image: image1093.wmf]12
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.  Since 
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, then 
[image: image1095.wmf]÷

ø

ö

ç

è

æ

12

11

tan

tan

p

Arc

  = 
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 by Relationship 1above since 
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Answer:  
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10.

[image: image1099.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

17

30

tan

tan

1

p


Note that 
[image: image1100.wmf]17

30
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 is an angle such that 
[image: image1101.wmf]2

17

30

p

p

-

<

-

.  Thus, Relationship 1 above does not apply.  Since 
[image: image1102.wmf]17
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 is not one of our special angles, then we will not be able to find the exact value of 
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.  Since the angle 
[image: image1104.wmf]17
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 is in the I quadrant, there are two ways to find the answer.

The first way is to use reference angles.  The reference angle for the angle 
[image: image1105.wmf]17
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 is 
[image: image1106.wmf]17

4

p

.  Since 
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 by Relationship 1 above since 
[image: image1110.wmf]2
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.

The second way is to use a coterminal angle.  Since the angle 
[image: image1111.wmf]17

30

p
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 is in the 

I quadrant, then find the positive angle between 0 and 
[image: image1112.wmf]2

p

 that is coterminal 

with 
[image: image1113.wmf]17
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p

-

.  This angle is obtained by adding 
[image: image1114.wmf]p

2

 to 
[image: image1115.wmf]17
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.  Thus, 
[image: image1116.wmf]17
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 is coterminal with the angle 
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 by Relationship 1 above since 
[image: image1122.wmf]2
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.

NOTE:  This second method will work for any negative angle, between 
[image: image1123.wmf]p

2
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and 0, whose terminal side is in the I quadrant.  Let 
[image: image1124.wmf]q

 be such a negative angle in the I quadrant.  Since the angle 
[image: image1125.wmf]q

 is in the I quadrant, then 
[image: image1126.wmf]2
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.  Adding 
[image: image1127.wmf]p
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 to both sides of this compound inequality, we obtain that 
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.  Thus,

 
[image: image1129.wmf]2
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.  Since the angles 
[image: image1130.wmf]q

 and 
[image: image1131.wmf]p
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 are coterminal, then  
[image: image1132.wmf])
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.  Thus, 
[image: image1133.wmf])
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  =  
[image: image1134.wmf]]
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[image: image1135.wmf]p
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 by Relationship 1 above since 
[image: image1136.wmf]2
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As we will see in our last example, this second method will also work for a positive angle, between 0 and 
[image: image1137.wmf]p

2

, whose terminal side is in the IV quadrant.  However, this second method will not work for any angle, between 
[image: image1138.wmf]p

2
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 and 
[image: image1139.wmf]p
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, whose terminal side is in either the II or III quadrant.

Answer:  
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11.
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Note that 
[image: image1142.wmf]19
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 is an angle such that 
[image: image1143.wmf]2
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.  Thus, Relationship 1 above does not apply.  Since 
[image: image1144.wmf]19
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 is not one of our special angles, then we will not be able to find the exact value of 
[image: image1145.wmf]19
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.  Since the angle 
[image: image1146.wmf]19
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 is in the IV quadrant, there are two ways to find the answer.

The first way is to use reference angles.  The reference angle for the angle 
[image: image1147.wmf]19
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 is 
[image: image1148.wmf]19
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.  Since 
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 by Relationship 1

above since 
[image: image1152.wmf]2
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.

The second way is to use a coterminal angle.  Since the angle 
[image: image1153.wmf]19
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 is in the IV quadrant, then find the negative angle between 
[image: image1154.wmf]2

p

-

 and 0 that is coterminal with 
[image: image1155.wmf]19
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.  This angle is obtained by subtracting 
[image: image1156.wmf]p
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 from 
[image: image1157.wmf]19
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.  Thus, 
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above since 
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NOTE:  This second method will work for any positive angle, between 0 and  
[image: image1165.wmf]p

2

, whose terminal side is in the IV quadrant.  Let 
[image: image1166.wmf]q

 be such a positive angle in the IV quadrant.  Since the angle 
[image: image1167.wmf]q

 is in the IV quadrant, then 
[image: image1168.wmf]p
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.  Subtracting 
[image: image1169.wmf]p
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 from both sides of this compound inequality, we obtain that
[image: image1170.wmf]p
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.  Thus,
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.  Since the angles 
[image: image1172.wmf]q

 and 
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 are coterminal, then  
[image: image1174.wmf])

2

(

tan

tan

p

q

q

-

=

.  Thus, 
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 by Relationship 1 above since 
[image: image1178.wmf]0
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Again, this second method will not work for any angle, between 
[image: image1179.wmf]p

2

-

 and 
[image: image1180.wmf]p

2

, whose terminal side is in either the II or III quadrant.

Answer:  
[image: image1181.wmf]19
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Back to Topics List
8.
APPLICATIONS OF THE INVERSE TRIGONOMETRIC FUNCTIONS

Examples  Find the exact and the approximate angle 
[image: image1182.wmf]q

 , which is between 
[image: image1183.wmf]°

0

 and 
[image: image1184.wmf]°

360

, which passes through the following points.

1.

[image: image1185.wmf])
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From Lesson 5, we have that 
[image: image1186.wmf]4
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.  The most common mistake made students at this point is to say that 
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.  Of course, this is clearly not true.  Since the point 
[image: image1188.wmf])
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 is in the II quadrant and the terminal side of the angle 
[image: image1189.wmf]q

 passes through this point, then the terminal side of 
[image: image1190.wmf]q

 is in the II quadrant.  However, since 
[image: image1191.wmf]4
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 is negative, then the angle 
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 is in the IV quadrant.  Thus, 
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Use the inverse tangent function to find the reference angle for the angle 
[image: image1194.wmf]q

:
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Now, go to the II quadrant and measure the angle 
[image: image1196.wmf]q

.

Exact:   
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NOTE:  Any angle coterminal to this angle will also pass through the point 
[image: image1199.wmf])
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.  However, these coterminal angles would not be between 
[image: image1200.wmf]°

0

 and 
[image: image1201.wmf]°

360

.
Answers:   
[image: image1202.wmf]4
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[image: image1203.wmf]°
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2.
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From Lesson 5, we have that 
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.  For this problem, it is almost true that 
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 is in the IV quadrant.  Since 
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 is negative, then the angle 
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 is in the IV quadrant.  However, the angle 
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 is negative.  The angle 
[image: image1211.wmf]q

 is to be between 
[image: image1212.wmf]°

0

 and 
[image: image1213.wmf]°
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. Thus, 
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Use the inverse tangent function to find the reference angle for the angle 
[image: image1215.wmf]q

:
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Now, go to the IV quadrant and measure the angle 
[image: image1217.wmf]q

.

Exact:   
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Approximate:   
[image: image1219.wmf]°

=

°

-

°

»

-

°

=

9

.

280

1

.

79

360

'

360

q

q


NOTE:  Any angle coterminal to this angle will also pass through the point 
[image: image1220.wmf])
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.  However, these coterminal angles would not be between 
[image: image1221.wmf]°

0

 and 
[image: image1222.wmf]°
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.

Answers:   
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3.
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From Lesson 5, we have that 
[image: image1226.wmf]2
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.  Since the point 


[image: image1227.wmf])
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 is in the III quadrant and the terminal side of the angle 
[image: image1228.wmf]q

 passes through this point, then the terminal side of 
[image: image1229.wmf]q

 is in the III quadrant.  However, since 
[image: image1230.wmf]2
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 is positive, then the angle 
[image: image1231.wmf]2
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 is in the I quadrant.  Thus, 


[image: image1232.wmf]2

3

tan

1

-

¹

q

.

Use the inverse tangent function to find the reference angle for the angle 
[image: image1233.wmf]q

:
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Now, go to the III quadrant and measure the angle 
[image: image1235.wmf]q

.

Exact:   
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NOTE:  Any angle coterminal to this angle will also pass through the point 
[image: image1238.wmf])
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12

(

-

-

.  However, these coterminal angles would not be between 
[image: image1239.wmf]°

0

 and 
[image: image1240.wmf]°

360

.

Answers:   
[image: image1241.wmf]2

3

tan

180

1

-

+

°

=

q

 ;  
[image: image1242.wmf]°

»

3

.

236

q


4.

[image: image1243.wmf])

3

,

7

(


From Lesson 5, we have that 
[image: image1244.wmf]7

3

tan

=

=

x

y

q

.  Since the point 
[image: image1245.wmf])

3

,

7

(

 is in the I quadrant, then for this problem, it is true that 
[image: image1246.wmf]7

3

tan

1

-

=

q

.  Thus, 


[image: image1247.wmf]°

»

=

-

2

.

23

7

3

tan

1

q

.

Exact:   
[image: image1248.wmf]7

3

tan

1

-

=

q


Approximate:   
[image: image1249.wmf]°

»

2

.

23

q


NOTE:  Any angle coterminal to this angle will also pass through the point 
[image: image1250.wmf])

3

,

7

(

.  However, these coterminal angles would not be between 
[image: image1251.wmf]°

0

 and 
[image: image1252.wmf]°

360

.

Answers:   
[image: image1253.wmf]7

3

tan

1

-

=

q

 ;  
[image: image1254.wmf]°

»

2

.

23

q


Example  Find the exact and the approximate value (in degrees) for  
[image: image1255.wmf]a

.







  
[image: image1256.wmf]a
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    48

Notice in the right triangle, 21 is the adjacent side of the given angle 
[image: image1257.wmf]a

 and the given value of 48 is the opposite side of the given angle 
[image: image1258.wmf]a

.  Restricting to the cosine, sine, and tangent functions, which one of these three functions involves the opposite and adjacent sides of the angle?  Answer:  The tangent function.  Thus, we have that







[image: image1259.wmf]7

16

21

48

tan

=

=

a


Since 
[image: image1260.wmf]a

 is an acute angle, then 
[image: image1261.wmf]a

 is in the I quadrant.  Thus,







[image: image1262.wmf]°

»

=

-

4

.

66

7

16

tan

1

a


Answer:   
[image: image1263.wmf]7

16

tan

1

-

=

a

 ;  
[image: image1264.wmf]°

»

4

.

66

a


Example  Find the exact and the approximate value (in degrees) for  
[image: image1265.wmf]b

.
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[image: image1266.wmf]b


Notice in the right triangle, 19 is the opposite side of the given angle 
[image: image1267.wmf]b

 and the given value of 35 is the hypotenuse of the right triangle.  Restricting to the cosine, sine, and tangent functions, which one of these three functions involves the opposite side of the angle and the hypotenuse?  Answer:  The sine function.  Thus, we have that







[image: image1268.wmf]35

19

sin

=

b


Since 
[image: image1269.wmf]b

 is an acute angle, then 
[image: image1270.wmf]b

 is in the I quadrant.  Thus,







[image: image1271.wmf]°

»

=

-

9

.

32

35

19

sin

1

b


Answer:   
[image: image1272.wmf]35

19

sin

1

-

=

b

 ;  
[image: image1273.wmf]°

»

9

.

32

b


Example  A 25-foot ladder is leaning against the top of a vertical wall.  If the bottom of the ladder is 15 feet from the base of the wall, then find the angle of depression from the top of the ladder to the ground.

Let 
[image: image1274.wmf]q

 be the angle of depression.



   ---------------




   
[image: image1275.wmf]q






     25 feet

x



  
[image: image1276.wmf]q






     15 feet

Notice in the right triangle, 15 is the adjacent side of the given angle 
[image: image1277.wmf]q

 and the given value of 25 is the hypotenuse of the right triangle.  Restricting to the cosine, sine, and tangent functions, which one of these three functions involves the opposite side of the angle and the hypotenuse?  Answer:  The cosine function.  Thus, we have that







[image: image1278.wmf]5

3

25

15

cos

=

=

q


Since 
[image: image1279.wmf]q

 is an acute angle, then 
[image: image1280.wmf]q

 is in the I quadrant.  Thus,







[image: image1281.wmf]°

»

=

-

1

.

53

5

3

cos

1

q


Answer:   
[image: image1282.wmf]5

3

cos

1

-

=

q

 ;  
[image: image1283.wmf]°

»

1

.

53

q


Examples  Find the exact value of the following.

1.

[image: image1284.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

cos

1


We know that 
[image: image1285.wmf]5

2

sin

1

-

 is an angle.  Let’s give another name to this angle.

Let 
[image: image1286.wmf]5

2

sin

1

-

=

q

.  Thus, 
[image: image1287.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

cos

1

  =  
[image: image1288.wmf]q

cos

.

Thus, to find the exact value of 
[image: image1289.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

cos

1

, we only need to find the exact value of 
[image: image1290.wmf]q

cos

.  To find the exact value of 
[image: image1291.wmf]q

cos

, we need to know what quadrant the angle 
[image: image1292.wmf]q

 is in and we need to know the exact value of 
[image: image1293.wmf]'

cos

q

.

Since 
[image: image1294.wmf]5

2

sin

1

-

=

q

, then 
[image: image1295.wmf]q

 is in the I quadrant since the 
[image: image1296.wmf]5

2

 is positive.  Since 
[image: image1297.wmf]q

 is in the I quadrant, then 
[image: image1298.wmf]q

cos

 is positive.

Also, since the angle 
[image: image1299.wmf]q

 is in the I quadrant, then it’s an acute angle.  Thus, it could be put into a right triangle.

Since 
[image: image1300.wmf]5

2

sin

1

-

=

q

, then 
[image: image1301.wmf]hyp

opp

=

=

5

2

sin

q
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[image: image1302.wmf]q









   
[image: image1303.wmf]21


Thus, 
[image: image1304.wmf]5

21

cos

=

=

hyp

adj

q

.

Thus, 
[image: image1305.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

cos

1

  =  
[image: image1306.wmf]q

cos

  =  
[image: image1307.wmf]5

21


Answer:  
[image: image1308.wmf]5

21


NOTE:


[image: image1309.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

sin

1

  =  
[image: image1310.wmf]q

sin

  =  
[image: image1311.wmf]5

2




[image: image1312.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

csc

1

  =  
[image: image1313.wmf]q

csc

  =  
[image: image1314.wmf]2

5










[image: image1315.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

sec

1

  =  
[image: image1316.wmf]q

sec

  =  
[image: image1317.wmf]21

5



[image: image1318.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

tan

1

  =  
[image: image1319.wmf]q

tan

  =  
[image: image1320.wmf]21

2




[image: image1321.wmf]÷

ø

ö

ç

è

æ

-

5

2

sin

cot

1

  =  
[image: image1322.wmf]q

cot

  =  
[image: image1323.wmf]2

21


Create your own example:  If the angle is 
[image: image1324.wmf]b

a

1

sin

-

, where the numbers a and b are positive and 
[image: image1325.wmf]b

a

<

, then


[image: image1326.wmf]b

a

b

b

a

2

2

1

sin

cos

-

=

÷

ø

ö

ç

è

æ

-




[image: image1327.wmf]2

2

1

sin

sec

a

b

b

b

a

-

=

÷

ø

ö

ç

è

æ

-



[image: image1328.wmf]b

a

b

a

=

÷

ø

ö

ç

è

æ

-

1

sin

sin






[image: image1329.wmf]a

b

b

a

=

÷

ø

ö

ç

è

æ

-

1

sin

csc



[image: image1330.wmf]2

2

1

sin

tan

a

b

a

b

a

-

=

÷

ø

ö

ç

è

æ

-




[image: image1331.wmf]a

a

b

b

a

2

2

1

sin

cot

-

=

÷

ø

ö

ç

è

æ

-


NOTE:  Since a and b are positive numbers, then the number 
[image: image1332.wmf]b

a

 is positive.  Thus, the angle 
[image: image1333.wmf]b

a

1

sin

-

 is in the I quadrant.

2.

[image: image1334.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

cot

Arc


Let’s give another name to the angle 
[image: image1335.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

Arc

.

Let 
[image: image1336.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

7

33

cos

Arc

q

.  Thus, 
[image: image1337.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

cot

Arc

  =  
[image: image1338.wmf]q

cot

.

Thus, to find the exact value of 
[image: image1339.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

cot

Arc

, we only need to find the exact value of 
[image: image1340.wmf]q

cot

.  To find the exact value of 
[image: image1341.wmf]q

cot

, we can find the exact of 
[image: image1342.wmf]q

tan

 and then take the reciprocal of this value.  To find the exact value of 
[image: image1343.wmf]q

tan

 we need to know what quadrant the angle 
[image: image1344.wmf]q

 is in and we need to know the exact value of 
[image: image1345.wmf]'

tan

q

.

Since 
[image: image1346.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

7

33

cos

Arc

q

, then 
[image: image1347.wmf]q

 is in the II quadrant since the 
[image: image1348.wmf]7

33

-

 is negative.  Since 
[image: image1349.wmf]q

 is in the II quadrant, then 
[image: image1350.wmf]q

tan

 is negative.

Since the angle 
[image: image1351.wmf]q

 is in the II quadrant, then it is not an acute angle.  Thus, it can not be put into a right triangle.  However, the reference angle 
[image: image1352.wmf]'

q

 of the angle 
[image: image1353.wmf]q

 can be put into a right triangle.


[image: image1354.wmf]Þ

÷

÷

ø

ö

ç

ç

è

æ

-

=

7

33

cos

Arc

q

  
[image: image1355.wmf]Þ

-

=

7

33

cos

q

  
[image: image1356.wmf]hyp

adj

=

=

7

33

'

cos

q
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[image: image1357.wmf]'

q








   
[image: image1358.wmf]33


Thus, 
[image: image1359.wmf]33

4

'

tan

=

=

adj

opp

q

.  Thus, 
[image: image1360.wmf]33

4

'

tan

tan

-

=

-

=

q

q

.

Thus, 
[image: image1361.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

cot

Arc

  =  
[image: image1362.wmf]q

cot

  =  
[image: image1363.wmf]4

33

-


Answer:  
[image: image1364.wmf]4

33

-


NOTE:


[image: image1365.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

cos

Arc

  =  
[image: image1366.wmf]q

cos

  =  
[image: image1367.wmf]'

cos

q

-

  =  
[image: image1368.wmf]7

33

-



[image: image1369.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

sec

Arc

  =  
[image: image1370.wmf]q

sec

  =  
[image: image1371.wmf]33

7

-



[image: image1372.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

sin

Arc

  =  
[image: image1373.wmf]q

sin

  =  
[image: image1374.wmf]'

sin

q

  =  
[image: image1375.wmf]7

4



[image: image1376.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

csc

Arc

  =  
[image: image1377.wmf]q

csc

  =  
[image: image1378.wmf]4

7



[image: image1379.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

7

33

cos

tan

Arc

  =  
[image: image1380.wmf]q

tan

  =  
[image: image1381.wmf]33

4

-


Create your own example:  If the angle is 
[image: image1382.wmf]÷

ø

ö

ç

è

æ

-

b

a

Arc

cos

, where the numbers a and b are positive and 
[image: image1383.wmf]b

a

<

, then


[image: image1384.wmf]b

a

b

a

Arc

-

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

cos

cos





[image: image1385.wmf]a

b

b

a
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-

=
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é
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ø
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ç

è

æ

-
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[image: image1386.wmf]b

a

b

b

a

Arc

2

2

cos

sin

-

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

       
[image: image1387.wmf]2

2

cos

csc

a

b

b

b

a

Arc

-

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-



[image: image1388.wmf]a

a

b

b

a

Arc

2

2

cos

tan

-

-

=

ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

       
[image: image1389.wmf]2

2

cos

cot

a

b

a

b

a

Arc

-

-

=

ú

û

ù

ê

ë

é

÷

ø
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ç

è

æ

-


NOTE:  Since a and b are positive numbers, then the number 
[image: image1390.wmf]b

a

-

 is negative.  Thus, the angle 
[image: image1391.wmf]÷

ø

ö

ç

è

æ

-

b

a

Arc

cos

 is in the II quadrant.

3.

[image: image1392.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

3

8

tan

sec

1


Let’s give another name to the angle 
[image: image1393.wmf]÷

ø

ö

ç

è

æ

-

-

3

8

tan

1

.

Let 
[image: image1394.wmf]÷

ø

ö

ç

è

æ

-

=

-

3

8

tan

1

q

.  Thus, 
[image: image1395.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

3

8

tan

sec

1

  =  
[image: image1396.wmf]q

sec

.

Thus, to find the exact value of 
[image: image1397.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

3

8

tan

sec

1

, we only need to find the exact value of 
[image: image1398.wmf]q

sec

.  To find the exact value of 
[image: image1399.wmf]q

sec

, we can find the exact of 
[image: image1400.wmf]q

cos

 and then take the reciprocal of this value.  To find the exact value of 
[image: image1401.wmf]q

cos

 we need to know what quadrant the angle 
[image: image1402.wmf]q

 is in and we need to know the exact value of 
[image: image1403.wmf]'

cos

q

.

Since 
[image: image1404.wmf]÷

ø

ö

ç

è

æ

-

=

-

3

8

tan

1

q

, then 
[image: image1405.wmf]q

 is in the IV quadrant since the 
[image: image1406.wmf]3

8

-

 is negative.  Since 
[image: image1407.wmf]q

 is in the IV quadrant, then 
[image: image1408.wmf]q

cos

 is positive.

Since the angle 
[image: image1409.wmf]q

 is in the IV quadrant, then it is not an acute angle.  Thus, it can not be put into a right triangle.  However, the reference angle 
[image: image1410.wmf]'

q

 of the angle 
[image: image1411.wmf]q

 can be put into a right triangle.


[image: image1412.wmf]Þ
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[image: image1413.wmf]Þ
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8

tan

q

  
[image: image1414.wmf]adj
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8
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[image: image1415.wmf]73
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[image: image1416.wmf]'

q
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Thus, 
[image: image1417.wmf]73

3

'

cos

=

=

hyp

adj

q

.  Thus, 
[image: image1418.wmf]73

3

'

cos

cos

=

=

q

q

.

Thus, 
[image: image1419.wmf]ú
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è

æ
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3

8

tan

sec

1

  =  
[image: image1420.wmf]q

sec

  =  
[image: image1421.wmf]3
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Answer:  
[image: image1422.wmf]3

73


NOTE:


[image: image1423.wmf]ú
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ç

è

æ

-

-
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8
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cos

1

  =  
[image: image1424.wmf]q

cos

  =  
[image: image1425.wmf]73

3



[image: image1426.wmf]ú
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1

  =  
[image: image1427.wmf]q

sin

  =  
[image: image1428.wmf]'
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-

  =  
[image: image1429.wmf]73
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[image: image1430.wmf]ú
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1

  =  
[image: image1431.wmf]q
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  =  
[image: image1432.wmf]8
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[image: image1433.wmf]ú
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  =  
[image: image1434.wmf]q
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  =  
[image: image1435.wmf]3
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[image: image1436.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

3

8

tan

cot
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  =  
[image: image1437.wmf]q

cot

  =  
[image: image1438.wmf]8
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Create your own example:  If the angle is 
[image: image1439.wmf]÷
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tan

, where the numbers a and b are positive, then
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NOTE:  Since a and b are positive numbers, then the number 
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Create your own example:  If the angle is 
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NOTE:  Since a and b are positive numbers, then the number 
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 is positive.  Thus, the angle 
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Create your own example:  If the angle is 
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NOTE:  Since a and b are positive numbers, then the number 
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Let’s give another name to the angle 
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Also, since the angle 
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[image: image1575.wmf]29

2

29

2

87

6

87

6

sin

=

=

=

=

=

hyp

opp

q

.

Thus, 
[image: image1576.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

sin

Arc

  =  
[image: image1577.wmf]q

sin

  =  
[image: image1578.wmf]29

2


Answer:  
[image: image1579.wmf]29

2


NOTE:


[image: image1580.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

cos

Arc

  =  
[image: image1581.wmf]q

cos

  =  
[image: image1582.wmf]87

9



[image: image1583.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

sec

Arc

  =  
[image: image1584.wmf]q

sec

  =  
[image: image1585.wmf]9

87



[image: image1586.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

csc

Arc

  =  
[image: image1587.wmf]q

csc

  =  
[image: image1588.wmf]2

29



[image: image1589.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

tan

Arc

  =  
[image: image1590.wmf]q

tan

  =  
[image: image1591.wmf]9

6



[image: image1592.wmf]÷

÷

ø

ö

ç

ç

è

æ

9

6

tan

cot

Arc

  =  
[image: image1593.wmf]q

cot

  =  
[image: image1594.wmf]6

9


Create your own example:  If the angle is 
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NOTE:  Since a and b are positive numbers, then the number 
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 is in the I quadrant.
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