LESSON 9 THE INVERSE TRIGONOMETRIC FUNCTIONS

Topics in this lesson:

1.
2.
3.

4,
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o

1.

REVIEW OF INVERSE FUNCTIONS

THE INVERSE SINE FUNCTION

RELATIONSHIPS BETWEEN THE SINE AND INVERSE SINE
FUNCTIONS

THE INVERSE COSINE FUNCTION

RELATIONSHIPS BETWEEN THE COSINE AND INVERSE COSINE
FUNCTIONS

THE INVERSE TANGENT FUNCTION

RELATIONSHIPS BETWEEN THE TANGENT AND INVERSE
TANGENT FUNCTIONS

APPLICATIONS OF THE INVERSE TRIGONOMETRIC FUNCTIONS

REVIEW OF INVERSE FUNCTIONS

Example Consider the following function f and its inverse f -

D E

NOTE: The function f maps x in the set D to y in the set E and f - maps y back
to x. Of course, this is what an inverse function is suppose to do.

Example Consider the following function f. Does f have an inverse?
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D E

The function f maps x in the set D to a in the set E. So, the inverse function
would map a back to x. The function f mapsy in the set D to b in the set E. So,
the inverse function would map b back to y. However, where does the inverse
function map c. Note that the domain of the function f is the set {X, Yy} and the
range of the function f is the set {a, b}.

The function f is not an onto function. In order for a function to be an onto
function, every element in the set E must be used. For the given function f, the
element c in the set E was not used. In order for a function to have an inverse, it
must be an onto function. If a function is not an onto function, then the lack of

this needed condition is easy to fix. To fix the lack of the onto condition, replace
the set E by the range of the function.

Range of f = {a, b}
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Now, this function has an inverse function. Notice the following relationship
above: The domain of the inverse function f ™ is equal to the range of the
function f .

Example Consider the following function f. Does f have an inverse?

D f E

Note that the domain of the function f is the set D, which is the set {X, Y} and the
range of the function f is the set {c}. Also, note that the function f is an onto
function. The set E is the range of the function f. The function f maps x in the

set D to ¢ in the set E. The function f also mapsy in the set D to ¢ in the set E. So,
the inverse function would map c back to either x or y. Which one do you use?
The problem here is that the function f is not a one-to-one function. In order for a
function to be a one-to-one function, you may only use each element in the set E
once. In order for a function to have an inverse, it must be a one-to-one
function. If a function is not a one-to-one function, then the lack of this needed
condition is not as easy to fix as the lack of the onto condition. In order to fix the
lack of the one-to-one condition, you must put a restriction on the domain of the
function. In other words, you must eliminate elements from the set D. What
elements in the set D are you going to chose to eliminate? This is the reason that
fixing the lack of the one-to-one condition is harder. For the function f, the
domain is the set D = {X, Y}. Thus, we will either eliminate x or y. Each restricted
domain will produce an inverse function. Thus, these two choices for the restricted
domain will produce two inverse functions.

If we eliminate y, then we get the following inverse function:

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



Restricted domain of f = {x} Range of f = {c}

If we eliminate x, then we get the following inverse function:

Restricted domain of f = {y} Range of f = {c}

The function f has two possible inverse functions depending on the restricted
domain that is chosen.

Notice the following relationship for both inverse functions above: The restricted
domain of the function f is equal to the range of the function f .

Theorem A function f has an inverse function, denoted by f ™ if and only if the
function f is one-to-one and onto.

We have the following relationships:

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



Restricted domain of f Range of f

Range of f Domain of f *

We also have the following two relationships between a function f and its inverse
function f ~*:

1. f (f(x)) = x forall x in the restricted domain of f
2. f(f7*(y)) =y forallyinthe domainof f ™
Example Find the inverse function of the function f (x) = x°,

First, consider the graph of f (x) = x°.




Information about the domain of the function f can be determined by the x-
coordinate of the points on the graph. Since the value of the x-coordinates range in
value from negative infinity to positive infinity, then the domain of f is all real
numbers. Information about the range of the function f can be determined by the
y-coordinate of the points on the graph. Since the value of the y-coordinates range
in value from zero to positive infinity, then the range of f is all real numbers
greater than or equal to zero. In interval notation, we have the following:

Domain of f = (-0, o)
Range of f = [0, )

Since the range of f is [0, ©), then by the discussion above, the domain of f B
is [0, ).

Recall the following test for checking the graph of a function for being one-to-one:

The Horizontal Line Test: If a horizontal line intersects the graph of a function in
more than one place, then the function is not one-to-one.

By the horizontal line test, the function f is not one-to-one. We will have to put a
restriction on the domain of the function in order to fix this. We have the following
two choices for the restricted domain: 1) the interval of numbers [0, o) ; that is,
the set of numbers greater than or equal to zero or 2) the interval of numbers
(— oo, 0]; that is, the set of numbers less than or equal to zero. Each restricted

domain will produce an inverse function. Thus, these two choices for the restricted
domain will produce two inverse functions.

For the first choice of [0, ), our restricted domain is [0, «) and the graph of the
function f on the restricted domain looks like the following:
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Since the restricted domain of f is [0, «), then by the discussion above, the range
of f*is [0, x).

For the second choice of (— o, 0], our restricted domain is (— o, 0] and the graph
of the function f on the restricted domain looks like the following:

y

Since the restricted domain of f is (-, 0], then by the discussion above, the
range of f s (- oo, 0].
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Now, let’s find the inverse function(s) algebraically.

2

Set f(x) =y: Yy =X
Solve for x: y=x* = Jy = /x> = Jy =[x = x=+y
Thus, either f ™ (y) = ﬂ if the restricted domain of f is [0, )

or f(y) = —ﬂ if the restricted domain of f is (— oo, 0]

Notice, as predicted above the domain of f ™ is [0, ®) and the range of f ™ is

[0, o) for the first inverse function and the range of f ™ is (—o, 0] for the
second inverse function.

Now, let’s verify the two relationships for this function and its two inverse
functions are true.

1. For the first restricted of domain of [0, «) for the function f(X) = x*, we
have that f *(y) = \/y:

a.  f(f(x)) = f7(x*) = Jx* = |x| = x. Note that since x
belongs to the restricted domain of [0, «), then x is a positive number.
The absolute value of a positive number is itself.

b.  f(f*(y) = f(Jy) = (Jy)? = y. Note that since y is in the

domain of f ™ and the domain of f ™ is [0, ), then y is greater than
or equal to zero. Thus, the square root of y is defined.

2. For the second restricted of domain of (— o, 0] for the function f (x) = x°,
we have that T *(y) = -4/ y:
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a. f_l(f(X)) = fﬁl(XZ) = —w/XZ = —‘X‘ = —(—=X%X) = x. Note
that since x belongs to the restricted domain of (— oo, 0], then x is a
negative number. The absolute value of a negative number is the

negative of itself. Thus, \X\ = = X.

b.  f(f(y)) = f(=+y) = (=Jy)? = y. Note that since y is in
the domain of f ™ and the domain of f ™ is [0, ®), then y is greater
than or equal to zero. Thus, the square root of y is defined.

Thus, the two relationships for this function and its two inverse functions hold.

Back to Topics List
2. THE INVERSE SINE FUNCTION

Consider the following two cycles of the graph of y = sin X:

y

The range of ¥ = sin X is the interval [-1,1]. Thus, the domain of the inverse
sine function is [-1,1]. The domain of Yy = sin X is the set of all real numbers.
However, by the horizontal line test, the function y = sin X is not one-to-one.
Thus, we will need to put a restriction of the domain. We will restrict the domain
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T T

of the function y = sin X to the interval of angles {_E’ E] The graph of

y = sin X on the restricted domain looks like the following:

y
LT
I I I I I I I I X
_T a2
2 2
1T
Since the restricted domain of Yy = sin X is the interval of angles —%, %} then
range of the inverse sine function is the interval of angles {—% : % :
- - - 7Z. 72. -
Restricted domain of sin = | — 5y Range of sin = [-1,1]

1 1

Range of sin - Domain of sin -
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Definition The inverse sine function, denoted by sin ~*, is defined by y = sin ' x

T

. T
if and only if sin y = X, where —1 < X Sland—E sys 5

Notation: Sometimes, sin ‘X is denoted by Arcsin X. That is, Arcsin X =

sin tx.

T T
NOTE: The angles that are in the interval {— o E} are the following angles in

the xy-plane.

I W
J

1V

|
NN

Thus, the angles that are used for the inverse sine function have their terminal side

In the first quadrant and are measured going counterclockwise.
In the fourth quadrant and are measured going clockwise.
On the positive x-axis. This is the angle of 0.

> whe

T
On the positive y-axis. This is the angle of PX

. i L. T
5.  On the negative y-axis. This is the angle of — PE
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Examples Find the exact value of the following.

Since B3 IS positive, then the angle answer is in the | quadrant. Which of

T T T
the three angles of 6 23 would you be able to take the sine of and

3
get g ? Or in terms of Unit Circle Trigonometry, which one of these three

angles intersections the Unit Circle so that the y-coordinate of the point of
/3 .

intersection is 7? The answer is 3
/1
There are two reasons that the answer is 3
3 r_ % _ =
sn — = — — << =
1 5 and 2 5 °3°7
T
Answer: -
3
Arcsin ﬁ
2. 5
Since o s positive, then the angle answer is in the I quadrant. Which of
T T T .
the three angles of —, — , or — would you be able to take the sine of and

4" 3
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2
get g ? Or in terms of Unit Circle Trigonometry, which one of these three

angles intersections the Unit Circle so that the y-coordinate of the point of
J2 7

intersection is —2 ? The answer is Z'
. T
There are two reasons that the answer is Z:
. ﬁ /4 T T
sn — = — —_ <<=
LSy = and 2. T340

1
Since - 5 IS negative, then the angle answer is in the IV quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.
o 1 .1
Let & = sin 1(— Ej Then 0 = sin _15

T

T T
Which of the three angles of — 100 3 would you be able to take the

1
sine of and get 5" Or in terms of Unit Circle Trigonometry, which one of
these three angles intersections the Unit Circle so that the y-coordinate of the

A

1
point of intersection is E? The answer is X
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Thus, 6" = sin

1
> Now, go to the IV quadrant with this reference

o 1
angle and measure the angle ¢ = sin 1[— Ej going clockwise. Thus,

T

sin (_ﬁj__l d — B
1. 6 5 an 2.

NN
IA

oy
IA

NN

! [ 3 }
Arcsin | —
2

/3
Since — T3 IS negative, then the angle answer is in the IV quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.

. 3 3
Let € = Arcsin (—%j Then €' = Arcsin \ZF

T T T
Which of the three angles of — , 100 3 would you be able to take the

3
sine of and get g ? Or in terms of Unit Circle Trigonometry, which one of

these three angles intersections the Unit Circle so that the y-coordinate of the
o 3 7
point of intersection is 7? The answer is 3
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3

, : 7 : :
Thus, &' = Arcsin o T3 Now, go to the IV quadrant with this reference

angle and measure the angle ¢ = Arcsin [‘ 7} going clockwise. Thus,

3

A

There are two reasons that the answer is — 5:

H
1%2]
5

7~ N\
|
|
N—
[l
[
|5
oy}

>

o

N

|
NN
IA
|
WY
IA
NN

sin"to

Since 0 is not positive, then the angle answer is not in the | quadrant. Since
0 is not negative, then the angle answer is not in the 1V quadrant. Thus, the
angle answer comes from one of the coordinate axis. It’s either the negative
y-axis, the positive x-axis, or the positive y-axis. Which of the three angles of

/A T
R 0, or 5 would you be able to take the sine of and get 0? Or in terms
of Unit Circle Trigonometry, which one of these three angles intersections
the Unit Circle so that the y-coordinate of the point of intersection is 0? The

answer is 0.

There are two reasons that the answer is O:

1. sn0=0 and 2. —

NN
IA
o
I\

NN
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Answer: 0

Arcsin 1

Since 1 is the maximum positive number, then the angle answer does not

come from the | quadrant. The angle answer comes from one of the

coordinate axis. It’s either the negative y-axis, the positive x-axis, or the
T T

positive y-axis. Which of the three anglesof —— , 0, or ) would you be

able to take the sine of and get 1? Or in terms of Unit Circle Trigonometry,

which one of these three angles intersections the Unit Circle so that the y-

T
coordinate of the point of intersection is 1? The answer is Px
/1
There are two reasons that the answer is PX
. T T T T
sn — =1 _ < <
1. 5 and 2. 5 "9 " 5
T
Answer: -
2
- -1
sin~" (-1)

Since —1 is the minimum negative number, then the angle answer does not

come from the IV quadrant. The angle answer comes from one of the
coordinate axis. It’s either the negative y-axis, the positive x-axis, or the

T T
positive y-axis. Which of the three anglesof — -, 0, or P would you be
able to take the sine of and get —1? Or in terms of Unit Circle Trigonometry,

which one of these three angles intersections the Unit Circle so that the y-

T

coordinate of the point of intersection is —1? The answer is — PY
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. T
There are two reasons that the answer is — —:

2
. T T T T
sh| —— | =-1 —— < —-—= < —
1. [ 2) and 2. 5 5 5
VA
Answer: — <
2
Arcsin1
2

1
Since 5 IS positive, then the angle answer is in the | quadrant. Which of

A

T T
the three angles of 6 293 would you be able to take the sine of and

1
get 5" Or in terms of Unit Circle Trigonometry, which one of these three

angles intersections the Unit Circle so that the y-coordinate of the point of

1 T
intersection is 5? The answer is E'
. T
There are two reasons that the answer is E:
1 sin”—1 d 2 ISP
' 6 2 an 276 2
VA
Answer: E

5
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2
Since — g Is negative, then the angle answer is in the 1V quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.

. 2 _ 2
Let ¢ =sin 1(‘%]. Then 6" = sin _17

T T T
Which of the three angles of — 200 3 would you be able to take the

2

sine of and get P Or in terms of Unit Circle Trigonometry, which one of

these three angles intersections the Unit Circle so that the y-coordinate of the
J2 7
point of intersection is T? The answer is 1

-1

_ 2
Thus, €' = sin 5 = Now, go to the IV quadrant with this reference

/2

2 ] going clockwise. Thus,

r
1

-1
angle and measure the angle ¢ = sin [—

T

H
w,
-
N\
|
|
N
|
|
%51
QD
-
o
N
|
NN
IA
|

5N
IA
NN

T
Answer: - Z

Back to Topics List
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3. RELATIONSHIPS BETWEEN THE SINE AND INVERSE SINE
FUNCTIONS

From Section 1 above, we have the following relationships:

Restricted domain of sin = {— z, Z} Range of sin = [-1,1]
| |

Range of sin ' Domain of sin ~*

We also have the following two relationships between the sine function and its
inverse sine function:

1. sin “*(sin x) = x for all x in the restricted domain of sin = {—Z, Z}

2. sin(sin"*y) =y forally in the domain of sin ' = [-1,1]

Examples Find the exact value of the following.

1. sin ‘1(sin zj
3
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Note that a is an angle such that AP Thus. Sin ‘{sin zj _Z
3 2 3 2 ’ 3 3

by Relationship 1 above.

. T
Another way to find the answer is by first finding the value of SIN 3 and then

/3

. T
finding the inverse sine of this value: Since SIN 3° 7,then
3
sin ! sin £ | = sin‘1£ -
3 2 3
Answer: 3

o]

. 1 1
Note that SN " ( - Ej is a defined angle if — 5 is a number such that

1 1 . 1
-1< 5 <1 Since -1c< ~3 <1 then sin 1(_5] is a defined angle.

N 1 1
Thus, SN {sm 1(— EH = - Py by Relationship 2 above.

. 1
Another way to find the answer is by first finding the angle SIn ' ( - Ej and

. 1 /4
then finding the sine of this angle: Since SN 1(——] = ——, then

2 6’
sin sin‘{-l] _ sin (_fj _ _sin F = 1
2 6 6 2"
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1
Answer: 5

Arcsin (sin 2?7[)

2z le such th T em 7 h Arcsm(sinz—ﬂj—
Since 5 Is an angle such that 5 5 2,ten 5 | =
2

5 by Relationship 1 above.

27

Answer: ?

sin (Arcsin ZJ
9

.7 7
Note that Arcsin 9 is a defined angle if 9 is a number such that
7 _ 7 e _
-1< 9 <1 Since -1< ry <1 then Arcsin g isadefined angle. Thus,

: . 7
sin (AFCSIH 5] = 5 by Relationship 2 above.

7

Answer: 5

sin "*[sin (- 1.5)]

T

T . .
Since — 1.5 is an angle such that w5 <-15¢< o then sin " [sin (- 1.5)]

= —1.5 by Relationship 1 above.
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Answer: —15

“[=(-2)

.o /4 T
Note that SI l(— Ej is a defined angle if —— is a number such that

2

T

7Z' 72' - —
-1< _E <1 Since _E x —1.57,then —E <-1 Thus, SN

; . T
is not a defined angle. Thus, SIN {S'” 1(‘ EH is undefined.

Answer: undefined

sin {sin -1 E}
A

Note that Sin -

1

4

T T T
-1<=<1 ; ~ ~0.79 -1< =
1 . Since 1 . then 1

. . 1 T T
defined angle and SN {S'” 1 Z} -2 by Relationship 2 above.

Answer: Z

sin‘l(sin S—EJ
6
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ST or o« _ _
Note that — is an angle such that —— > - . Thus, Relationship 1 above

6 6 2
does not apply. There are two ways to find the answer.
_ _ _ . or _ Y1 . 1
The first way is to find the value of SIN 5 Since SN ' sin 5= 2

then Sin ~*{ sin O Csintl r
6 2 6

Y1 . T
The second way is to use reference angles: Since SIn e sin 5 then

sin [ sn 2% | =sinHsinZ|=Z - .
6 | 6 )~ g by Relationship 1 above since

T
2 6 2"

Answer: —

wnfn[ ]

3r 3z T _ _
Note that — 7 Isan angle such that — e <= PE Thus, Relationship 1

above does not apply. There are two ways to find the answer.

_ _ _ : 3r _ : 3r
The first way is to find the value of SIN | — 7 ) Since SN | — =
T
4

2
— sin % = _E then Arcsin {sin (—%H = Arcsin (—%J = —

2 1
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10.

. 37 . T
The second way is to use reference angles: Since SIN (— Tj = —SIn i

) T ) ) 37 ) ) T T
sin | — — Arcsin | sin | — — — Arcsin|sin| —— - - =
( ‘Jthen { ( 4 ﬂ ) { ( 4” =Ty

: . i T
Relationship 1 above since 5 ST 1%
Answer: —
nswer: ~ 7
. 1oz
sin ~~| sin —
11
157 bz « _ _
Note that g san angle such that ETH > PR Thus, Relationship 1 above
_ 157 _ _
does not apply. Since 1 s not one of our special angles, then we will not

. 157
be able to find the exact value of SIn ETRE Thus, we will need to use

reference angles to find the answer.

157
The angle ETH is in the 111 quadrant and the reference angle for this angle is

A7 ince sin X = _sin AT _gn [ 47 sin | sin 27
11 - Snee " g 1 11 ) then 11 ) =

T 4 4 _ _ )
Sin Sin i = 11 /| T ~ 11 by Relationship labove since

T _Ar _~x
2 2

11

4

Answer: — H
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11.

12.

Arcsin (sin 577rj

ST or & _ _
Note that — isan angle such that e > 5 Thus, Relationship 1 above
L . .
does not apply. Since FEL not one of our special angles, then we will not

. b5rx
be able to find the exact value of SIN R Thus, we will need to use

reference angles to find the answer.

Sx

The angle 3 is in the 11 quadrant and the reference angle for this angle is
o7 sin 7 _ sin o Arcsin | sin >
7 Since 2 2 , then 7] =
Arcsin (sin 2—7[) _ 7 i - - 7 < 27 <2
7 2 by Relationship labove since > S 7 5.
21
Answer: —-
7
Ao 177
sin~"|sin| ———
10
1717 17z T _ _
Note that = —— is an angle such that = —— < — 7. Thus, Relationship 1
10 10 2
_ 1717 _
above does not apply. Since — 10 'S not one of our special angles, then we

: r
will not be able to find the exact value of SN (— —) Since the angle

10
17 7

T IS in the | quadrant, there are two ways to find the answer.
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The first way is to use reference angles. The reference angle for the angle
r 37 incesin [ - X | = sin 3 sin ™ sin(—ﬂ—ﬂj
10 IS 10 Since 10 10 then 10 =

sin - sin 37 | = 37 T _ 31 _=x
10 10 DY Relationship 1 above since =7 < 7 < 7.

17«

The second way is to use a coterminal angle. Since the angle — 10 is in the

T
| quadrant, then find the positive angle between 0 and — that is coterminal

2
17« 17 7
with "0 This angle is obtained by adding 27 to BT Thus,
s + 27 = L + Az = 37 Since the angle A is coterminal
10 10 10 ° 10
3r 177 37
with the angle E,then sin [_Ej sin 10 Thus,
sin ~* sin(—ﬂ—”] = sin Y sin 37 =3—”b Relationshi
10 = 10 10 oY elationship 1 above
T 3r &
since ~ < 0 < Px

NOTE: This second method will work for any negative angle, between — 27

and 0, whose terminal side is in the | quadrant. Let € be such a negative
angle in the | quadrant. Since the angle 6 is in the | quadrant, then

3
—2r <0< ~—, . Adding 27 to both sides of this compound inequality,

3z
we obtainthat — 27 + 27 < 0 + 27 < -5t 27 Thus,

T
0<0+ 27 < - - Since the angles ¢ and 6 + 27 are coterminal, then
sin @ =sin (0 + 2x). Thus, Arcsin (sin @) = Arcsin [sin (8 + 27)] =

T
0 + 27 by Relationship 1 above since 0 < 0 + 27 < 7
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13.

As we will see in our last example, this second method will also work for a
positive angle, between 0 and 27, whose terminal side is in the IV gquadrant.

However, this second method will not work for any angle, between — 27 and
27 , whose terminal side is in either the 11 or 1l quadrant.

L
Answer: 10
Arcsin (sin sz
18
3Arx T T _ _
Note that 18 Is an angle such that — 5~ 18 > P Thus, Relationship 1 above
3z _ .
does not apply. Since — 5 18 Is not one of our special angles, then we will not
Ar 3z
be able to find the exact value of SIn 18 Since the angle 18 is in the IV

guadrant, there are two ways to find the answer.

The first way is to use reference angles. The reference angle for the angle

3l 5_7z sin 317 317r sin 5_7z sin 57z
—18 IS 18 Since 18 . then
_ 3 5r
Arcsin | sin — = Arcsin = ~ g by Relationship 1
T 5x T
<<
above since 5 18 5

31z
The second way is to use a coterminal angle. Since the angle 18 Is in the

T
IV quadrant, then find the negative angle between ) and O that is

31z 31z

coterminal with 18 This angle is obtained by subtracting 27 from 18
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31z 1z 3brx 5 31z

Thus, —g= ~ 2w = 8 1~ 1g- Since the angle —o= s
S : /4 : S
coterminal with the angle — 13 then SN 18 Sin [— Ej Thus,
Arcsin | sin sz Arcsin | sin (— 5—”) _ L F bv Relationshi
18 = 18 = 18 elationship 1
above since —% < —i—ﬂ < %

NOTE: This second method will work for any positive angle, between 0 and
27, whose terminal side is in the IV quadrant. Let € be such a positive

angle in the IV quadrant. Since the angle @ is in the IV quadrant, then

37
3 <0 <27, Subtracting 27 from both sides of this compound

3r
inequality, we obtain that =~ — 2r <0 - 27 <27 - 27 Thus,

7Z. - -
R 0 - 27 <0, Since the angles @ and @ — 27 are coterminal, then

sin @ =sin (6 — 2x). Thus, Arcsin (sin @) = Arcsin [sin (6 — 27)] =

T
6 — 27 by Relationship 1 above since ~ ' < 0 -27 <0,

Again, this second method will not work for any angle, between — 27 and
27 , whose terminal side is in either the 11 or 11l quadrant.

Sr

Answer: — E

Back to Topics List

4.

THE INVERSE COSINE FUNCTION

Consider the following two cycles of the graph of y = COs X:
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The range of y = cos X is the interval [-1,1]. Thus, the domain of the inverse
cosine function is [-1,1]. The domain of Yy = C0S X is the set of all real numbers.
However, by the horizontal line test, the function Yy = COS X is not one-to-one.
Thus, we will need to put a restriction of the domain. We will restrict the domain
of the function y = c0s X to the interval of angles [0, 7]. The graph of y = cos X
on the restricted domain looks like the following:

y

NN
S

Since the restricted domain of y = cos X is the interval of angles [0, 7], then
range of the inverse cosine function is the interval of angles [0, 7].
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COS

cos ~*

Restricted domain of cos = [0, 7] Range of cos = [-1,1]

Range of cos Domain of cos ~*

Definition The inverse cosine function, denoted by cos ~*, is defined by
y =cos ‘X ifandonlyif cosy = X, where ~-1 < x <land 0 <y < 7.

Notation: Sometimes, €0s ~* is denoted by ArccosX. That is, Arccosx =

cos 1x.

NOTE: The angles that are in the interval [0, 7] are the following angles in the
xy-plane.

N,
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Thus, the angles that are used for the inverse cosine function have their terminal
side

In the first quadrant and are measured going counterclockwise.
In the second quadrant and are measured going counterclockwise.
On the positive x-axis. This is the angle of 0.

T
On the positive y-axis. This is the angle of Px

o B~ Wbk

On the negative x-axis. This is the angle of 7.

Examples Find the exact value of the following.

cos * E
2

3
Since g Is positive, then the angle answer is in the | quadrant. Which of

T

T v/
the three angles of — , 100 3 would you be able to take the cosine of

3

and get PR Or in terms of Unit Circle Trigonometry, which one of these

three angles intersections the Unit Circle so that the x-coordinate of the point
J3 .

of intersection is T? The answer is E'
/1
There are two reasons that the answer is E:
J3 7
coS — = — 0<—=—<r
1 5 and 2 5
T
Answer: E
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/2

Arccos —
2

2
Since g IS positive, then the angle answer is in the | quadrant. Which of

T T v/
the three angles of — , 100 3 would you be able to take the cosine of
2

and get R Or in terms of Unit Circle Trigonometry, which one of these

three angles intersections the Unit Circle so that the x-coordinate of the point

2 .

of intersection is 7? The answer is Z'

T
There are two reasons that the answer is Z:
r 2 T
cos — = — 0<—=—<r
1. 1 5 and 2. 1

1
Since - 5 IS negative, then the angle answer is in the Il quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.

1

1
Let ¢ = COS _1E——j. Then €' = cos :
2 2
. T T T
Which of the three angles of 6 4003 would you be able to take the

4 3
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1
cosine of and get 5 Or in terms of Unit Circle Trigonometry, which one of

these three angles intersections the Unit Circle so that the x-coordinate of the

A

1
point of intersection is 5? The answer is 3

Thus, 0" = cos

N |-

T
= 3 Now, go to the Il quadrant with this reference

. 1
angle and measure the angle ¢ = C0s l(— 5) going counterclockwise.

-1 1 21
Thus, €0S 5T 3

3
2z
There are two reasons that the answer is 3
1 21
coS — = — — 0<—<r
1 5 and 2 3
2
Answer: —-
3
Arccos | — —
2
Since — —— is negative, then the angle answer is in the Il quadrant. Since

2
the angle is not in the I quadrant, let’s find the reference angle for it.

3 J3

Let ¢ :AFCC(’S(_%]. Then 6" = Arccos —-
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Which of the three angles of % : % , or % would you be able to take the

/3
cosine of and get ER Or in terms of Unit Circle Trigonometry, which one
of these three angles intersections the Unit Circle so that the x-coordinate of

J3 7
the point of intersection is ——? The answeris — .

2 6
/3

: T _ _
Thus, @' = Arccos > T Now, go to the Il quadrant with this reference

73

angle and measure the angle ¢ = Arccos [_ 5 ] going counterclockwise.

\BJZSE

Thus, Arccos (— >

6
_ 5rx¢
There are two reasons that the answer is ? :
brx \/§ o
coS — = — — 0<—<r
1. 6 5 and 2. 5
5r
Answer: ——
6
cos "t 0

Since 0 is not positive, then the angle answer is not in the | quadrant. Since
0 is not negative, then the angle answer is not in the Il quadrant. Thus, the
angle answer comes from one of the coordinate axis. It’s either the positive
X-axis, the positive y-axis, or the negative x-axis. Which of the three angles

T
of 0, o or 77 would you be able to take the cosine of and get 0? Or in
terms of Unit Circle Trigonometry, which one of these three angles
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intersections the Unit Circle so that the x-coordinate of the point of

VA
intersection is 0? The answer is E'
. T
There are two reasons that the answer is E:
1. cos ~ =0 and 2 0<% <z
2 2
T
Answer: —
2
Arccos 1

Since 1 is the maximum positive number, then the angle answer does not
come from the | quadrant. The angle answer comes from one of the
coordinate axis. It’s either the positive X-axis, the positive y-axis, or the
T

negative x-axis. Which of the three angles of 0, 5 s or 7T would you be
able to take the cosine of and get 1? Or in terms of Unit Circle
Trigonometry, which one of these three angles intersections the Unit Circle
so that the x-coordinate of the point of intersection is 1? The answer is 0.

There are two reasons that the answer is O:

IA
o
IA
S

1. cos0 =1 and 2. 0

Answer: 0

cos ' (-1)

Since —1 is the minimum negative number, then the angle answer does not

come from the Il quadrant. The angle answer comes from one of the
coordinate axis. It’s either the positive x-axis, the positive y-axis, or the
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T
negative x-axis. Which of the three angles of 0, 5 s or 7T would you be
able to take the cosine of and get —1? Or in terms of Unit Circle
Trigonometry, which one of these three angles intersections the Unit Circle

so that the x-coordinate of the point of intersection is —1? The answer is 7.

There are two reasons that the answer is 7 :

1. cosr=-1 and 2. 0<r <~
Answer: 7T
Arc cos E
2

1
Since - is positive, then the angle answer is in the I quadrant. Which of

2
T T /A .
the three angles of 6 23 would you be able to take the cosine of
1
and get 5 Or in terms of Unit Circle Trigonometry, which one of these
three angles intersections the Unit Circle so that the x-coordinate of the point
1 T
of intersection is E? The answer is 3
T
There are two reasons that the answer is 3
r 1 T
Cos — = — 0<—<r7
1. 3 and 2. 3

VA
Answer: §
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Since — TS IS negative, then the angle answer is in the Il quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.

2
2

2
Let ¢ = COS 1{‘%} Then 6' = cos

T T T
Which of the three angles of — 100 3 would you be able to take the

2

cosine of and get P Or in terms of Unit Circle Trigonometry, which one

of these three angles intersections the Unit Circle so that the x-coordinate of

J2 7
the point of intersection is ——? The answeris — .

2 4
_1£ T
2

= —. Now, go to the Il quadrant with this reference

4
J2

2 J going counterclockwise.

Thus, 0" = cos

-1
angle and measure the angle 0 = cos (—

V2 37
cos | - Y- | = ==
Thus, ( 5 ] 4

3
There are two reasons that the answer is T:
2 3
1. c:osg—”:—£ and 2 0< T <z

4 2 ' n
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3T

Answer: T

Back to Topics List

5. RELATIONSHIPS BETWEEN THE COSINE AND INVERSE COSINE
FUNCTIONS

From Section 1 above, we have the following relationships:

COS

cos ~*

Restricted domain of cos = [0, 7] Range of cos = [-1,1]

Range of cos ~* Domain of cos

We also have the following two relationships between the cosine function and its
inverse cosine function:

1. cos ‘(cos x) = x forall x in the restricted domain of cos = [0, 7]

2. cos(cos 'y) =y forallyin the domain of cos ' = [-1,1]
Examples Find the exact value of the following.
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CcOS ‘1(cos£]
4

T T 1 T T
Note that 2 isan angle such that 0 < 1 S 7, Thus, €0S (005 Zj =

by Relationship 1 above.
T
Another way to find the answer is by first finding the value of C0S 1 and

T _ V2
then finding the inverse cosine of this value: Since C0S 1 2 then

2 ]
cos‘l(cost = cos ! E -
4 2 4

T
4

2]

V3 J3

Note that €05 [ - 7} is a defined angle if — =~ is a number such that

2
J3 J3

) 3
1< - <1 Sjpce —1< e <1 then €0S 1[—7] is a defined

Answer:

_ 3
angle and €05 [COS l [ - _H =~~~ by Relationship 2 above.
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/3

Another way to find the answer is by first finding the angle €05 - [ - 7}

. 3 57
and then finding the cosine of this angle: Since €05 l[_ 5 ]: g » then

ofor ()] of5)

/3
7

Answer: —

Arccos ( coS 577[j

Sx Y4

Since Ea is an angle such that 0 < e

by Relationship 1 above.

or
< 7 then Arccos cosT = —

S5x

Answer: 7

()

3 3
Note that Arccos (— gj is a defined angle if — 5 is a number such that

3 3 3
-1< T <1 Since -1< 3 <1 then ArCCOS(—gj is a defined

3 3
angle and €08 { Arc cos (— gﬂ = ~ ¢ by Relationship 2 above.
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.3
Answer: 5

cos ' (cos 3)

Since 3 is an angle such that 0 <3 < 7, then, CO0S (cos3) =3 by
Relationship 1 above.

Answer: 3
CoS| COS ~—
3
L2 _ 2
Note that COS 3 Isa defined angle if 3 Isa number such that

2 2 2 27
-1< ? <1 Since ? r 209, then ? > 1 Thus, COS l? IS not a

27
defined angle. Thus, €0S (COS : ?j is undefined.

Answer: undefined

()

_ T T
Note that C0S (— gj is a defined angle if — s is a number such that

T T
-1< iy <1 Since ~ ¢ = 052 then -1 < -

oy

<1 Thus,

_ T _ T
Cos 1(—gj is a defined angle and COS{COS l(‘g” -~ by

Relationship 2 above.
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T
Answer: — E

COS ‘1(cos 4—”)
3

Ar Ar
Note that 3 Is an angle such that 3 > 7. Thus, Relationship 1 above

does not apply. There are two ways to find the answer.

_ _ _ A7 _ A T
The first way is to find the value of COS 3 Since COS 3 COS 3 =
. cos [ cos 27 | = cos [ -1 = 2%
2,then 3 5 3 -
_ _ 4 T
The second way is to use reference angles: Since C0S 3 COS 3 =
27 1 A7 1 2r 2r _ _
C0S ——, then €0S | COS — | = COS *| COS — | = — by Relationship 1
3 3 3 3
_ 27
above since 0 < 3 <7,
27
Answer: — -
3
Arccos L C0S 11—”)
6
117 117 _ _
Note that 5 san angle such that e > 7. Thus, Relationship 1 above

does not apply. There are two ways to find the answer.
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10.

. . . 117 ) T T
The first way is to find the value of C0S 5 Since C0S 5 - cos 5

3 3
£ then Arccos cosll—” = Arcc:os£ = Z.
2’ 6 2 6

T T
The second way is to use reference angles: Since COS s Cos 5 then

117 T Vs _ _ :
Arccos | cos s Arccos | cos &) = g by Relationship 1 above since

0<Z<z
5 :
Answer: -
nswer: &
1 177
COS 7| COS ——
14
117 177 _ _
Note that g 'san angle such that 1 > 7. Thus, Relationship 1 above
- 177[ - - -
does not apply. Since s not one of our special angles, then we will not
_ 17 _
be able to find the exact value of COS BT Thus, we will need to use
reference angles to find the answer.
1in _ _
The angle EVRLLL the 111 quadrant and the reference angle for this angle is
37 ince €08 2 = —cos SF = cos B cos *| cos %
g - Sinee FE T T 1 g o then 14 )~

Cos‘ltcosll—”j—liZ o YR A
14 14 Dy Relationship labove since © = TR
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11.

117

Answer: I

Arccos (cos 26—”)
15

267 26 7t _ _
Note that 5 Isan angle such that 5 > 7. Thus, Relationship 1 above
26w

does not apply. Since 15 IS not one of our special angles, then we will not

26 7
be able to find the exact value of C0S —— . Thus, we will need to use

15
reference angles to find the answer.
01 . :
The angle 5 1sin the IV quadrant and the reference angle for this angle is
AT CcosS b7 _ CcosS il Arccos 00326—7[
15 Since 5 15 , then 15 ) =
Arccos cos4—7r _4r ' ' ' 0<4—”<7z
15 15 by Relationship labove since YV = 5
AT
Answer: 15
oS Cos| — —
9
167 16 7 _ _
Note that — g Isan angle such that Yy < 0. Thus, Relationship 1
_ 167 _
above does not apply. Since — —;— is not one of our special angles, then we

9
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167
will not be able to find the exact value of COS(— T] Since the angle

16 7

Iy Is in the | quadrant, there are two ways to find the answer.

The first way is to use reference angles. The reference angle for the angle

_lom 27 e cos| — 207 | = cos 27 cos ~* cos(—m—”j
R Since 9 9 , then 9 =

27

. 2\ 2r& _ _ _ < <
COs 005? = —— by Relationship 1 above since 0 < 9 = T,

9

16 7

The second way is to use a coterminal angle. Since the angle — 9 Is in the

| quadrant, then find the positive angle between 0 and = that is coterminal

_ 167 _ _ _ _ 167
with g This angle is obtained by adding 27 to . Thus,
167 167 18x 2« 167

—— + 27 = - - = ' -——j '
9 9 9 9 - Since the angle g 'S coterminal

_ 2r 167 27
with the angle 9 then COS| — 9 ] COs 9 Thus,

1 16 7 . 27 2
COs ~*| COoS "9 /| = cos cos? =9 by Relationship 1 above

27
sinceOSKSﬂ.

NOTE: This second method will work for any negative angle, between — 27
and — 7, whose terminal side is in the | or Il quadrant. Let @ be such a
negative angle in the | or Il quadrant. Then —27 < 6 < —7z. Adding 27

to both sides of this compound inequality, we obtain that
-2+ 27 <@ + 27 < —nm + 27m. Thus, 0 < @ + 27 < 7. Since the

angles ¢ and 6 + 27 are coterminal, then cos @ = cos (6 + 27). Thus,
Arccos (cos @) = Arccos[cos (6 + 27)] = 6 + 27 by Relationship 1
abovesince 0 < 0@ + 27 < .
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13.

27

Answer: ?

Arccos {cos (—%T”

i r _ _
Note that = —5~ is an angle such that — ) < 0. Thus, Relationship 1 above

8
- 772. - - -
does not apply. Since — —~ is not one of our special angles, then we will not

8
iz 1z

be able to find the exact value of COS (— ?j Since the angle — ) is in

the 11l quadrant, there are two ways to find the answer.

The first way is to use reference angles. The reference angle for the angle

—7—7T' r oo COS —7—7Z ——cosz—cos7—ﬂ
8 IS X Since 3 3 3 . then

A T A 1 B i ] ]
FCCOS | COS —? = 'cCOoS COS? = — by Re|at|onsh|p1

8
T
above since 0 < Y <.

The second way is to use fact that the cosine function is an even function.

1z

1
Since the cosine function is even, then COS [— ?) = CO0S e Thus,

Arccos | cos [— 7—”) Arccos| cos ) Iz ' '
3 = 3 3 by Relationship 1

. T
above since 0 < ry <,

NOTE: This second method will work for any negative angle between — 7
and 0. Let @ be such a negative angle. Then —7 < 8 < 0. Multiplying
both sides of this compound inequality by —1, we obtain that 7 > -6 > 0,
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That is, 0 < -6 <7x. Since the cosine function is even, then
cos @ = cos (— ). Thus, Arccos (cos @) = Arccos[cos(-8)] = -6 by
Relationship 1 above since 0 < -0 < 7.

11

Answer: ?

Back to Topics List

6. THE INVERSE TANGENT FUNCTION

Consider the following three cycles of the graph of y = tan X:

y

PRI I A I R A A

The range of Y = tan X is the set of all real numbers. Thus, the domain of the
inverse tangent function is the set of all real numbers. The domain of ¥y = tan X is

the set of all real numbers except for the odd integer multiples of % However, by

the horizontal line test, the function Yy = tan X is not one-to-one. Thus, we will
need to put a restriction of the domain. We will restrict the domain of the function
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y = tan X to the interval of angles (—% %j The graph of y = tan X on the

restricted domain looks like the following:

y

T
I e R R T

Since the restricted domain of y = tan X is the interval of angles [—% zj, then

2
range of the inverse tangent function is the interval of angles (—% , %j
tan
tan ~*
Restricted domain of tan = [—% %j Range of tan = (— o0, )

Range of tan ~* Domain of tan ~*
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Definition The inverse tangent function, denoted by tan ', is defined by
y =tan "*x if and only if tany = X, where x is any real number and

Notation: Sometimes, tan ‘X is denoted by Arctan X. That is, Arctan X =

-1

tan " X.

NOTE: The angles that are in the interval [—% : %j are the following angles in the

xy-plane.

IV

|
NN

Thus, the angles that are used for the inverse tangent function have their terminal
side

1.  Inthe first quadrant and are measured going counterclockwise.
In the fourth quadrant and are measured going clockwise.
3. On the positive x-axis. This is the angle of 0.

N
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From Lesson 2, you had the following diagram to help you find the value of the
tangent of the three Special Angles in the | quadrant.

(30°) (45°) (60°)

z

3
| | |

! ! ! Tangent

1

R : V3

z z
6 4

Now, reverse the arrows to have a diagram to help you find the value of the inverse

1
tangent of these three numbers of 1, ﬁ and =

P

T T T
— (30° — (45° — (60°
*(00) 2 (4°) 2 (e0°)
0 T 0
| | | Inverse Tangent
1

iE . V3

Examples Find the exact value of the following.

1. tan 3

Since /3 is positive, then the angle answer is in the | quadrant. Which of
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T T T
the three angles of 6 2003 would you be able to take the tangent of
and get ﬁ? Since ﬁ is the largest of the three numbers, which we work
with for the tangent function, then the angle is the largest of these three

T
angles. Thus, the answer is 3
. T
There are two reasons that the answer is §:
T T T T
tan — = /3 - < — < —
1. 3 \F and 2. 5 3 5
VA
Answer: —
3
Arc tan i
/3
1

Since ﬁ Is positive, then the angle answer is in the | quadrant. Which of

T v/ T
the three angles of — , 109 3 would you be able to take the tangent of
1 1

_? - _ -
and get ﬁ ? Since ﬁ is the smallest of the three numbers, which we work

with for the tangent function, then the angle is the smallest of these three

VA
angles. Thus, the answer is X
i T
There are two reasons that the answer is 6:
T 1 T Vi

T
fan — = — - < <« =
1. 5 3 and 2. 5 5 5
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T
ANnswer: E

tan ' (-1)

Since -1 is negative, then the angle answer is in the IV quadrant. Since the
angle is not in the I quadrant, let’s find the reference angle for it.

Let & = tan ' (-1). Then @' = tan '1

T T T
Which of the three angles of —, — , or — would you be able to take the

4 3
tangent of and get 1? Since 1 is the middle of the three numbers, which we
work with for the tangent function, then the angle is the middle of these three

A

angles. Thus, the answer is 1

, . 3 : :
Thus, 0' = tan ~*1 = 1 Now, go to the IV quadrant with this reference

angle and measure the angle @ = tan ~*( - 1) going clockwise. Thus,

T
tan 1(-1) = -=
(-1) .-
] Vi
There are two reasons that the answer is — Z:
1 tan(—z)——l d 2 o r .z
: 4 an ! 4 2
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Since ~ ﬁ IS negative, then the angle answer is in the IV quadrant. Since

the angle is not in the I quadrant, let’s find the reference angle for it.

1 1
6 = Arctan | - — @' = Arctan —
Let [ \/§] Then \/5

T T T
Which of the three angles of — , 100 3 would you be able to take the
1 1
tangent of and get ﬁ? Since ﬁ is the smallest of the three numbers,

which we work with for the tangent function, then the angle is the smallest of

A

these three angles. Thus, the answer is X

, 1 V4
Thus, ¢ = Arctanﬁ =% Now, go to the IV quadrant with this
1
reference angle and measure the angle ¢ :Arctan[—ﬁj going

1 n
clockwise. Thus, Arctan| — ﬁ =%

T

There are two reasons that the answer is — E:
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Answer: —

oy

tan ' 0

Since 0 is not positive, then the angle answer is not in the | quadrant. Since
0 is not negative, then the angle answer is not in the 1V quadrant. Thus, the
angle answer comes from one of the coordinate axis. Since there is only one
axis involved for the inverse tangent function, namely, the positive x-axis.
Thus, the answer is 0.

There are two reasons that the answer is O:

tn0 = 0 d ~Zc0<Z
1. tan0 = an 2. 5 5
Answer: 0
Arctan 1

Since 1 is positive, then the angle answer is in the | quadrant. Which of

T T T
the three anglesof — , — , or — would you be able to take the tangent of

4" 3
and get 1? Since 1 is the middle of the three numbers, which we work with
for the tangent function, then the angle is the middle of these three angles.

VA
Thus, the answer is Z'
/1
There are two reasons that the answer is Z:
tan % =1 d 2 T orr
1 4 an 2 4 2
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T
Answer: Z

7. tan"!(-43)

Since - ﬁ Is negative, then the angle answer is in the IV quadrant. Since
the angle is not in the I quadrant, let’s find the reference angle for it.

Let & =tan *(~/3). Then 6' = tan */3

T T T
Which of the three angles of 6 70 3 would you be able to take the
tangent of and get \ﬁ? Since ﬁ Is the largest of the three numbers, which
we work with for the tangent function, then the angle is the largest of

T
these three angles. Thus, the answer is 3
, _ 7 I
Thus, 0' = tan /3 = 3 - Now, go to the IV quadrant with this reference

angle and measure the angle 6 = tan ' (- ﬁ) going clockwise. Thus,

an (- 3) = -7

A

There are two reasons that the answer is — 5:

T
Answer: — §

Back to Topics List
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7. RELATIONSHIPS BETWEEN THE TANGENT AND INVERSE
TANGENT FUNCTIONS

From Section 1 above, we have the following relationships:

tan

Restricted domain of tan = [—% zj Range of tan = (— o0, )

Range of tan ~* Domain of tan ~*

We also have the following two relationships between the tangent function and its
inverse tangent function:

1. tan “*(tan x) = x for all x in the restricted domain of tan = (—% %j

1

2. tan(tan"'y) =y forallyin the domain of tan ~* = (- o0, )

Examples Find the exact value of the following.
T
tan | tan =
- ( 6 j
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Note that

oY

T T
is an angle such that _E< <E' Thus,

a
6

_ T T
tan 1(&’:\” E] = g by Relationship 1 above.

T
Another way to find the answer is by first finding the value of tan 6 and

T 1
then finding the inverse tangent of this value: Since t@n 6 = 3 then
1
tan‘l[tan zj —tan ! = =72
6 3 6°
T
Answer: 6

2. tan[tan *(-1)]

Since the domain of the inverse tangent function is the set of all real numbers,
then tan~*(-1) is a defined angle. Thus, tan[tan *(-1)] = -1 by
Relationship 2 above.

Another way to find the answer is by first finding the angle tan ~*(-1) and

- i i -1 T
then finding the tangent of this angle: Since tan~"(-1) = 7 then

T T
- —tan|-—|=—-tan— = -1
tan [tan ~" (- 1)] ( 4j 1 :

Answer: -1

3, Arctan{tan(—%[ﬂ
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. _8r T 3 _z
Since g iIs an angle such that 5 3 X then
3z 3r
Arctan | tan | — 8 )| = ~ g by Relationship 1 above.
37

Answer: — ?

tan (Arctan 1372)

Since the domain of the inverse tangent function is the set of all real numbers,
then Arctan 1372 is a defined angle. Thus, tan (Arctan 1372) = 1372 by

Relationship 2 above.

Answer: 1372

ol 5]

Since the domain of the inverse tangent function is the set of all real numbers,
1 Sr _ _ i 57
then tan | - | s a defined angle. Thus, tan | tan 7| - == =

o7

1 by Relationship 2 above.
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2r 2r 1 _ _
Note that —~ is an angle such that —— > = . Thus, Relationship 1 above

3 3 2
does not apply. There are two ways to find the answer.
_ _ _ 2r 27 T
The first way is to find the value of tan 3 : Since tan o = tan 3=
ot (2 o 5
: _ T T
The second way is to use reference angles: Since fan 3 = —Ttan 3 =
V4 4 2r . V4 T
tan | — — tan tan— | =tan " “|jtan|-—= || = - =
( sj’the” ( 3j { [ 3” 3 by
lationshi b ince — = < -2 <=
Relationship 1 above since 5 3 5
Answer: — =
nswer: ~
Arctan {tan (— 5—””
6
o o T _ _
Note that — 5 Isan angle such that — ry <= o Thus, Relationship 1

above does not apply. There are two ways to find the answer.

or St
The first way is to find the value of tan| - 5 ) Since an| - s

T 1 5r 1 T
tan — = — Arctan | tan| - — | | = Arctan — = —
6 301" { ( 6 H /3 6
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SY/4 T
The second way is to use reference angles: Since @an (— ?j = fan re

Y4 /4 T
then Arctan {tan (— ?ﬂ = Arctan (tan Ej = 7§ by Relationship 1

: _ T T _7
apove since — 5 ~ P
2 6 2

Answer: 6
tan ~*| tan 17
16
197 Oz =« _ _
Note that 16 Is an angle such that — 16 > P Thus, Relationship 1 above
197 _ _
does not apply. Since — 16 is not one of our special angles, then we will not

19~
be able to find the exact value of fan ? Thus, we will need to use

reference angles to find the answer.

197
The angle — - Isinthe Ill quadrant and the reference angle for this angle is

197

37 tanlg—ﬁ tz;1n3—7Z tan ~ [tan—j -
16 Since 16 16 . then 16 =

tanl[tane’—”j 37 ionshi oL SEE
16 16 by Relationship labove since > " 15 5

Answer: E
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11
9. Arctan | tan =~
12

117 117 T

Note that TS Is an angle such that 1 > PR Thus, Relationship 1 above
_ 117 _ _
does not apply. Since ETEL not one of our special angles, then we will not

117
be able to find the exact value of fan ETR Thus, we will need to use

reference angles to find the answer.

11~
The angle TS is in the 11 quadrant and the reference angle for this angle is
V4 117 V4 T 117
—  Gj tan — = —tan — = tan| - — Arctan | tan — | =
12+ Since =5 12 [ 12)’ then ( 12 j
72- 72- - - -
Arctan | tan | - 17 | | = 1 by Relationship labove since
T T T
—_— [ < J—
2 12 2
.
Answer: 1
0
tan ~'| tan | - ——
o { ( 17 H
07 307z T _ _
Note that — 7 Isan angle such that — 17 < - P Thus, Relationship 1
_ 0rx _
above does not apply. Since — — 5 is not one of our special angles, then we

17
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307
will not be able to find the exact value of tan E— Fj Since the angle

307

Rt Is in the | quadrant, there are two ways to find the answer.

The first way is to use reference angles. The reference angle for the angle

—30—7[ 4—” i tan —?’O—ﬂ = tan 4—” tan - tan[—?’o—”j
17 IS TR Since 17 17 , then 17 =

1 4 47r T 4dr
tan | tan — by Relationship 1 above since — 7 < <.

17 ) 17 2 17 2
_ _ _ 0z
The second way is to use a coterminal angle. Since the angle — 17 Is in the
T
| quadrant, then find the positive angle between 0 and 2 that is coterminal
307 _ _ _ _ 307
with TR This angle is obtained by adding 27 to T Thus,
_30_7r+27[ _307r+347z_47r _ 307
17 17 17 17 - Since the angle 17 is coterminal
H 4_7[ an _30_72. = tan 4”
with the angle 17 ,then t 17 17 Thus,
tan ~*| tan _ 0z tan ~'| tan am ) _ Ax ionshi
17 = 17 17 17 by Relationship 1 above
T _Ar 7
since =5 < 75 5

NOTE: This second method will work for any negative angle, between — 27

and 0, whose terminal side is in the | quadrant. Let 8 be such a negative
angle in the | quadrant. Since the angle @ is in the | quadrant, then

37
-2r <0< PR Adding 27 to both sides of this compound inequality,

3
we obtain that — 27 + 27 < 0 + 27 < Y + 27, Thus,
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11.

T
0<6+ 27 < - Since the angles & and 0 + 27 are coterminal, then

tan & = tan (€ + 2x). Thus, Arctan (tan #) = Arctan[tan (@ + 27)] =

T
0 + 27 by Relationship 1 above since 0 < 6 + 27 < 7

As we will see in our last example, this second method will also work for a
positive angle, between 0 and 27, whose terminal side is in the IV quadrant.
However, this second method will not work for any angle, between — 27 and
27 , whose terminal side is in either the Il or 11 quadrant.

4

Answer: ?

Arctan | tan 32—7[
19

R R2r _ _
Note that —~— is an angle such that ETY > 5 Thus, Relationship 1 above

19
_ R2r _ _
does not apply. Since 19 'S not one of our special angles, then we will not

27

32r
be able to find the exact value of tan 10 Since the angle BT is in the IV

quadrant, there are two ways to find the answer.

The first way is to use reference angles. The reference angle for the angle

2z bxr 32 67 67
—— is ——. Since N —— = —tan — =Man| — — | then

19 19 - 19 19
3327 67 67
Arctan [tan Ej — Arctan {tan [— Eﬂ = T g by Relationship 1

T 6r &

i -—< <
above since 5 19 5
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2

The second way is to use a coterminal angle. Since the angle 10 IS in the

T
IV quadrant, then find the negative angle between — = and O that is

2
27

32r
coterminal with 10 This angle is obtained by subtracting 27 from 19

27 P2z 3Brx 671 27

= 2 — _ - . il .
Thus, 19 2 19 19 19 Since the angle 19 s

' ' oz tan s2r _ tan | — bz
coterminal with the angle 19 , then 19 19 - Thus,

32 67 67
Arctan (tan F) — Arctan {tan (— Eﬂ = 7 19 by Relationship 1

/4 67

T
ince —— < —— < —
above since 5 19 5
NOTE: This second method will work for any positive angle, between 0 and
27, whose terminal side is in the IV quadrant. Let € be such a positive

angle in the IV quadrant. Since the angle @ is in the IV quadrant, then

3
o <0 <2r, Subtracting 27 from both sides of this compound

37
inequality, we obtain that =~ = 2r <0 - 27 <27 - 27 Thus,

T
-5 < ¢ — 27 <0, Since the angles 6 and & — 27 are coterminal, then

tan & = tan (6 — 2x). Thus, Arctan (tan ) = Arctan[tan (6 — 27)] =

- - - 72-
6 — 27 by Relationship 1 above since ~ - < 0 -27 <0,

Again, this second method will not work for any angle, between — 27 and
27 , whose terminal side is in either the 11 or 11l quadrant.

6

Answer: — E

Back to Topics List
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8.

APPLICATIONS OF THE INVERSE TRIGONOMETRIC
FUNCTIONS

Examples Find the exact and the approximate angle & , which is between 0° and
360 °, which passes through the following points.

1.

(_8’ 6)

y 3
From Lesson 5, we have that tan 6 = ; = _8 = = Z' The most common

B 3
mistake made students at this point is to say that ¢ = tan ' (— ZJ' Of

course, this is clearly not true. Since the point (=8, 6) is in the Il quadrant

and the terminal side of the angle 6 passes through this point, then the

3

terminal side of @ is in the Il quadrant. However, since — 2 IS negative,

_ 3
then the angle tan ' (— Zj is in the IV quadrant. Thus,

0 # tan‘l[—E)
4

Use the inverse tangent function to find the reference angle for the angle 6:

1

= 0 ' =tan"" — ~369°

MNlw

tanH:—% = tan @' =

AW

Now, go to the Il quadrant and measure the angle 6.

Exact: 0 =180° — 9' =180 ° — tan "

Mlow

Approximate: 6 =180° — ' = 180° — 36.9° = 143.1°
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NOTE: Any angle coterminal to this angle will also pass through the point
(—8, 6). However, these coterminal angles would not be between 0° and

360 °,

Alw

Answers: 0 =180° —tan "= . 9 ~ 1431°

(V3.-9)

-9 9.3
From Lesson 5, we have that tan ¢ = AR L 3\5 For
) X \/§ 3 .

this problem, it is almost true that & = tan " (—Bﬁ). The point
(\/3,-9) isin the IV quadrant. Since —3/3 is negative, then the angle

tan ' (- 3/3) isin the IV quadrant. However, the angle tan ~* (- 3/3)
is negative. The angle 6 is to be between 0° and 360 °. Thus,

0 = tan " (-3,3).
Use the inverse tangent function to find the reference angle for the angle 6:
tand = -3,/3 > tan#' =3/3 = #' =tan"*3/3 ~ 79.1°
Now, go to the IV quadrant and measure the angle 6.
Exact: 6 =360° — 6' = 360° — tan ' 3,/3
Approximate: 6 =360° - 8' = 360° — 79.1° = 2809°

NOTE: Any angle coterminal to this angle will also pass through the point

(\/>3, —9). However, these coterminal angles would not be between 0° and
360 °.

Answers: 6 =360° —tan"*3.,/3: 6 ~ 2809°
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4.

(-12, —18)

y -18 3

From Lesson 5, we have that @n ¢ = « = "1p ~ 3 Sincethe point

(=12, -18) is in the Ill quadrant and the terminal side of the angle &

passes through this point, then the terminal side of @ is in the Ill quadrant.
3 13
However, since - is positive, then the angle tan : 5 Is in the I quadrant.

2
Thus,

0 # tan *

N | W

Use the inverse tangent function to find the reference angle for the angle 6:

1

~ 56.3°

N | W

tan 6 :§ = tan(9':§ = 0'=tan"
2 2
Now, go to the Il quadrant and measure the angle 6.
1 -1 3
Exact: 0 =180° + @' =180 ° + tan >

Approximate: & =180° + ' ~ 180° + 56.3° = 236.3°

NOTE: Any angle coterminal to this angle will also pass through the point
(—12, -18). However, these coterminal angles would not be between 0°

and 360 °.

Answers: 0 =180° +tan "' = - 9 ~ 236.3°

N | W

(7.3)
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3
From Lesson 5, we have that fan 6 = % = 7 Since the point (7, 3) is in

13
the | quadrant, then for this problem, it is true that ¢ = tan l 7 Thus,

0 = tan *

~N | w

~ 232°

Exact: ¢ = tan _13

Approximate: 6 ~ 23.2°

NOTE: Any angle coterminal to this angle will also pass through the point
(7,3). However, these coterminal angles would not be between 0° and
360 °,

0 = 232°

-1
Answers: ¢ = tan

~N | w

Example Find the exact and the approximate value (in degrees) for o .

21

H

48

Notice in the right triangle, 21 is the adjacent side of the given angle « and the
given value of 48 is the opposite side of the given angle «. Restricting to the
cosine, sine, and tangent functions, which one of these three functions involves the
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opposite and adjacent sides of the angle? Answer: The tangent function. Thus, we
have that

43
tanag = — = —
21

Since « is an acute angle, then « is in the I quadrant. Thus,

a =tan - — ~ 66.4°
7

Answer: o = fan " T ax 66.4°

Example Find the exact and the approximate value (in degrees) for f.

35
19

Notice in the right triangle, 19 is the opposite side of the given angle £ and the
given value of 35 is the hypotenuse of the right triangle. Restricting to the cosine,
sine, and tangent functions, which one of these three functions involves the
opposite side of the angle and the hypotenuse? Answer: The sine function. Thus,

we have that

, 19
sin = —
. 35

Since B is an acute angle, then A is in the | quadrant. Thus,
., 19
=sin ' = ~ 32.9°
P 35
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. 119
Answer: S =sin 7 x5 B 329

Example A 25-foot ladder is leaning against the top of a vertical wall. If the
bottom of the ladder is 15 feet from the base of the wall, then find the angle of
depression from the top of the ladder to the ground.

Let & be the angle of depression.

25 feet

15 feet

Notice in the right triangle, 15 is the adjacent side of the given angle & and the
given value of 25 is the hypotenuse of the right triangle. Restricting to the cosine,
sine, and tangent functions, which one of these three functions involves the
opposite side of the angle and the hypotenuse? Answer: The cosine function.
Thus, we have that

cos(9=E=§
2% 5

Since @ is an acute angle, then @ is in the | quadrant. Thus,

0 = cos‘lg ~ 53.1°

4 3
Answer: ¢ = C0s 15 - @ =~ 53.1°

Examples Find the exact value of the following.
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cos(sin -1 gj
5

., 2
We know that Sin 5 1s an angle. Let’s give another name to this angle.
. 2 .4 2
Let @ = sin - Thus, €OS| Sin c )= cos @ .

.4 2
Thus, to find the exact value of COS (sm ' g] we only need to find the

exact value of cos@. To find the exact value of cos @, we need to know

what quadrant the angle @ is in and we need to know the exact value of
cos 6",

2

2
Since ¢ = sin 3 then & is in the | quadrant since the = is positive.

Since @ is in the | quadrant, then €0s & is positive.

Also, since the angle @ is in the I quadrant, then it’s an acute angle. Thus, it
could be put into a right triangle.

.1 2 : 2 opp
ince 0 = sin " = sin @ = — = —
Since 5,then 5 hyp

5

2

0

@
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adj
hyp

V21
Thus, €08 0 = - T

., 2 N 21

Thus, COS(S'” 1gj = c0sf = &

J

Answer: T

NOTE:

sin (sin -1 gj
5

sin @ =

csc(sin‘lg) = ¢csCO =

(S0 )

sec(sin‘léj - sec =

cot@d =

) 2 2 ) 2
tan| sin ' = | = - — cot| sin ' =
( 5] tan & o1 ( 5)

., a
Create your own example: If the angle is SIN ' b’ where the numbers a

and b are positive and a < b, then

( ! _1 aj b2 _ a2 ( ! _1 a\J b
COS | SIn - = — sec| sSIn B
b b b b2 _ a2

. ( N aj a ( — a) b
SIn | SIn — | = = csc | sin | ==
b b b a
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2 a2
tan (sin -1 Ej -2 cot | sin ~* a)_ u
b b? — a? b a

a
NOTE: Since a and b are positive numbers, then the number b IS positive.

., a
Thus, the angle SIn ' b is in the I quadrant.

ol 2]

[ 33
Arccos | — ——
7 .

[33 \ 33
et O = Arccos(_T]. Thus, COt[ArCCOS[_T]:I = cotd.

Let’s give another name to the angle

V33
Thus, to find the exact value of €Ot [ Arccos [‘ N H we only need to

find the exact value of cot &. To find the exact value of cot @, we can find
the exact of tan & and then take the reciprocal of this value. To find the
exact value of tan & we need to know what quadrant the angle & is in and we
need to know the exact value of tan 6",

R NES)

Since ¢ = Arccos (_ N ] then @ is in the 1l quadrant since the — S

is negative. Since @ is in the Il quadrant, then tan & is negative.

Since the angle @ is in the Il quadrant, then it is not an acute angle. Thus, it
can not be put into a right triangle. However, the reference angle @' of the

angle @ can be put into a right triangle.
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6 = Arccos[—@J = ¢0s 0 :_@ — 05 0" = 3 _ adj
/ 7 7 hyp
e
o'
J3B
opp _ 4 4

. Thys, an @ = -tan 0’ = - —

\/@ .

tan @' = — =
Thus, adj \/ﬁ

| 33 J
Thus, co{Arccos(—TH — coth = _%

33
Answer: —T
NOTE:

J33 )] J
co{Arccos[—T] = cosf = —cosf' = —$
sec | Arccos 33 | !

2 = secd = \/@
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I
1%2]
>
()
I
X,
oD
CD_
I
~N |

(]

csc| Arccos| — - cscf =

N~

tan | Arccos| —

= fan @ = \/@

a
Create your own example: If the angle is Arccos(—gj’ where the

numbers a and b are positive and a < b, then

Ccos Arccos[—ﬁj __2 sec Arccos[—ﬁ) :_9
b b b a

2 42
sin Arccos(—gj = u csc Arccos(—ﬂj = L
b b b b2 _ a2

2 2
tan Arccos[—gj = —u cot | Arccos (—Ej = &
b a b b? — a2

a

NOTE: Since a and b are positive numbers, then the number b IS

a
negative. Thus, the angle AVCCOS(— Bj is in the 11 quadrant.

o (4)
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. 8
Let’s give another name to the angle fan ' (_ gj :

Let @ = tan " [‘%} Thus, sec{tanl (‘%H = secd.

1

. 8
Thus, to find the exact value of S€C {tan (‘ 5) } we only need to find the

exact value of sec . To find the exact value of sec &, we can find the exact
of cos @ and then take the reciprocal of this value. To find the exact value of
cos & we need to know what quadrant the angle @ is in and we need to know
the exact value of cos 8",

_ a8 L _ 8
Since ¢ = tan “3) then @ is in the IV quadrant since the “3 s

negative. Since @ is in the IV quadrant, then €os @ is positive.

Since the angle @ is in the IV quadrant, then it is not an acute angle. Thus, it
can not be put into a right triangle. However, the reference angle @' of the
angle € can be put into a right triangle.

0 = tan ! —§ = tan¢9=—§:> tan9'=§=o—pr.)
3 3 3 adj
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3
__cose_ﬁ

= sin g

L
I
|
L.
>
QD_
I
|
El
w

= Cccl = ———

tan | tan - _tand = -

cot | tan -

|
|
|
|

_ a
Create your own example: If the angle is tan : (— B] , Where the numbers

a and b are positive, then

_1( aj b _1 a a2 + b2
cos | tan - — = — sec | tan _ = e
b a? + b? b b
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2 2
sin{tan‘l(—gﬂz—L Csc{tan‘l[_é)}:_a—-l_b
b Jal + b? b a

oo ()] e

NOTE: Since a and b are positive numbers, then the number b IS

. a
negative. Thus, the angle tan 1 (— Bj is in the IV quadrant.

csc(cos‘l zj
6

. -1
Let’s give another name to the angle C0S

i
5 -

1

_ 1
Let & = Cos . Thus, CSC(COS 1 Ej = cscé.

oy

1 T
Thus, to find the exact value of CSC (COS 1 gj we only need to find the

exact value of csc &. To find the exact value of csc @, we can find the exact
of sin @ and then take the reciprocal of this value. To find the exact value of
sin & we need to know what quadrant the angle @ is in and we need to know
the exact value of sin 8",

T

1 T
Since @ = cos 6 then & is in the | quadrant since the 5 is positive.

Since @ is in the | quadrant, then sin @ is positive.

Also, since the angle @ is in the | quadrant, then it’s an acute angle. Thus, it
could be put into a right triangle.
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adj
Since 0 = 005_1% then €050 = - = =l

hyp
|
0 B
VA
) opp 36 - 7’
Thus, S 0 = =
: hyp 6 '
6
Thus, CSC(COS_lzj =ccl = T———
6 |36 — 7?
6
A o
nswer \/ﬂ
NOTE:
cos(cos‘lzj - cosf = = sec(cos‘lz] = sech =
6 6 6
\ 36 - 2
sin(cosl—J - sin@ = Tﬂ
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cot(cos‘lzj = cotd = Lz
6 {36 — 7

. a
Create your own example: If the angle is C0S : b where the numbers a

and b are positive and a < b, then

cos(cos‘lﬂj:E sec[cos‘lﬂjzg
b b b a
(o3]S (= 3) - 7
sinf| cos ' = | = —— csclcos P | = —
b b b bz_az
2 42
tan(cos‘lﬂj:u cot(cos‘lﬁsz
b a b bz_az
a

NOTE: Since a and b are positive numbers, then the number b IS positive.

,a
Thus, the angle C0S : b is in the | quadrant.

ofa( 3]

Let’s give another name to the angle SIN ~ 1 (— ﬁ) :

o 8 . 8
Let 0 = sin l(_ﬁ)- Thus, tan{sm 1(—Ej:| = tan 6.
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o 8
Thus, to find the exact value of f@n {3'” 1 [— EH we only need to find

the exact value of tan 8. To find the exact value of tan & we need to know

what quadrant the angle @ is in and we need to know the exact value of
tan 9",

o 8 8
Since ¢ = sin ' (—ﬁ} then ¢ is in the IV quadrant since the — 17 is

negative. Since @ is in the IV quadrant, then tan @ is negative.
Since the angle @ is in the IV quadrant, then it is not an acute angle. Thus, it

can not be put into a right triangle. However, the reference angle @' of the
angle € can be put into a right triangle.

6’=sin‘1(—§) S osng=- 8 & osng =S 9P
17 17

17 hyp
17
8
0‘
. 0pp 8 , 8
tan @' = — = — tand = —tan @' = — —
Thus, adj 15" Thus, 15
o 8 8
tan|sin ‘| - — || = __°
Thus, { ( 17” = fan 0 = 15

8

Answer: — E
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NOTE:

oS sinl(—E]
17
sec | sin 1(—§j
i 17
sin | sin 1(—§j
i 17
csc | sin 1(—§J
i 17
cot | sin 1(—§j
i 17

= COS = 17
—_ 0 — E
= Sec = 15
I
= SIn = 17
— 9 —_ - E
= CSC = 3
—_ t 9 [ E
= CO = 3

o a
Create your own example: If the angle is S : (— Bj , where the numbers

a and b are positive and a < b, then

o (T o

sin sml[—gﬂ
i b
tan sm‘l(—a
i b

b? - a’
sec

CSC
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a
NOTE: Since a and b are positive numbers, then the number b IS

o a
negative. Thus, the angle SIN 1 (— Ej is in the 1V quadrant.

| { J6 ]
sin | Arctan —
9

Let’s give another name to the angle Arc tan

J6
9
6 : 6
Let @ = Arctan g . Thus, SN {Arctan gj - sin 6.

/6

Thus, to find the exact value of SN (Arc tan TJ we only need to find the

exact value of sin 8. To find the exact value of sin &, we need to know what
quadrant the angle & is in and we need to know the exact value of sin 8",

6 J6
Since ¢ = Arctan 9 then € is in the | quadrant since the 9 is

positive. Since € is in the | quadrant, then sin @ is positive.

Also, since the angle @ is in the I quadrant, then it’s an acute angle. Thus, it
could be put into a right triangle.

V6 _ opp

6
i 6 = Arctan — tan @ = —
Since 9 , then 9 adj
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J6
0 [ ]
9
. opp 6 [6 _
Thus,sme_hyp_ﬁ_ o -

: 6 2
Thus, SN (Arctan gj - sin @ = %

N2
Answer: \/E

NOTE:

I
[}
o
(7]
S
1

cos { Arctan —

sec| Arctan

tan | Arctan

[
s
e
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J6 9
cot| Arctan — | — -
( 9 = cot@d = \/E

a
Create your own example: If the angle is Arctan b where the numbers a

and b are positive, then

( aj b ( aj Jal + b?
cos| Arctan — | = ——— sec| Arctan — | = ———
b) Ja? + b? b b

. ( aj a ( aj Jal + b?
sin| Arctan — | = ———— csc| Arctan — | = ————
b) Ja? + b? b

a
tan (Arctan Ej _a cot ( Arctan Ej = 9
b b b a
- -, = a - -, =
NOTE: Since a and b are positive numbers, then the number b s positive.

a
Thus, the angle Arctan b is in the | quadrant.

Back to Topics List

Copyrighted by James D. Anderson, The University of Toledo
www.math.utoledo.edu/~janders/1330



