Linear Algebra (Math 2890) Solution to Final Review Problems

-1 © 6
3 -8 3
1. Let A= . 2 6
1 —4 -3

(a) What is the column space of A?
(b) Describe the subspace col(A)" and find an basis for col(A)™".

(c) Use Gram-Schmidt process to find an orthogonal basis for the
column of the matrix A.

(d) Find an orthonormal basis for the column of the matrix A.
—1

(e) Find the orthogonal projection of y = onto the column

4
space of A and write y = §+ z where § € col(A) and z € col(A)*.
Also find the shortest distance from y to Col(A).

Solution: (a) The column space is the subspace spanned by the

-1 6 6
-8 3
column vectors. So Col(A) = span{ Ll l2al | 6 }.
1 —4 -3
(b) col(A)" = {z|z -y =0 for all y € col(A)}
1 1 —1 1 6 1 6
o To i) 3 . i) —8 o i) 3 o
_{ T3 | xT3 1 _07 T3 —2 _07 xs3 6 _O}
Ty Ty 1 T4 —4 T4 -3
T
={ iz | — 21 + 329 + 3 + x4 = 0,627 — 8xy — 203 — dxy =
3
L4
O, 6%1 + 3$2 + 61’3 — 31’4 = O}
-1 3 1 1]0 1 3 1
Consider | ¢ -8 —2 —41]0 |6ri+7re,6ri+73| 0 10 4
6 3 6 —3|0 0 21 12

1



—%TQ +T3 O 10 4 2 0
0 0 % —6/5 0
—R{ st —grs+r | 010 0 10/3 10
0 0 & —6/5|0
—_ ~— [ _1 3 1 1 0 ]
—Zry4+rs| 0 10 4 2 |0
! 0 0 15—8 —6/5 (0 |
_1%7"2 +ry | 0 10 0 10/3 |0
0 0 ¥ —6/5/0 |
_7“1’ %7”27 %T’E; O 1 O 1/3 O

001 —1/3]0

So x1 — %x4 =0, 9 + :1)—)954 =0 and z3 — %334 = 0. This implies
z1 374
that x; = + =—1 =1 dor=|22|=|3n|=
al r1 = 31’4, To = 3.%'4 , L3 = 3.734 ana r = | g3 | = X =
x4 §I4
T4
1 1 1
31 31 31
— = 1 o —_= —_= . .
xy | 5 |. Hence col(A)~ =span{| 5 |} and { | 75 | } is a basis
3 3 3
1 1 1
for col(A)
-1 6
-8
Let wy = , Wy = ) and ws =
1 —4 -3

Gram-Schmidt process is
V] = Wi, Vg = Wwe — 2y and vy = wg — TRy — B2y

V11 v1-V1 V2-V2
-1 6 -1
So v; = > | Compute Wy - U] = B =—-36, vy -v; =
1 -2 1 ’
1 —4 1
-1 -1 6 -1 3
3 3 -8 (=36) | 3 1
. =12 an = — = =
) ) and vs _2 5 ) )
1 1 —4 1 -1



Compute ws-v; =

Vg * Uy =
-1
w3-v1
U3 = W3 =5,
-1
3
Hence { :
1
{ V1 (%) V3 }
[loall> [lv2]]” [lval]

—1

Since {v; =

basis for Col(A

Col(A) and z = y—y € Col(A)*+

14+24—-6+4=23 v, v =

-1

Vo =
Y-v2 6

4

3
3 1
[ ——G,U@'UQZZ 6 : ::30,
3
1
1

-3 ~1
=12 and
-1
-1 3 -1
w3 vy o _ﬁ 3 _@ 1 o —1
vyvg 02 6 2| 4 21| 7|3
-3 1 -1 -1
3 ~19
1 -1
} is an orthogonal basis for C'ol(A)
1|17 3
-1 —1
1 3 _L
V12 V13 Viz
3 e 1
V13 Vi3 Viz
={ } is an orthonor-
U B I
V13 V13 V13
e _ _
Viz Viz Viz
-1
3 -1, .
) v = |, } is an orthogonal
1 -1
— ywi y-v2 y-v3
), y = zwherey v V1 T V2 + o tus €
~1 -1
8 3
. Compute y-v; = sl 1=
4 1
-1 -1
3

=14+9+1+1=12,

3 3

= 348-6-4= 5, vm=| | ||, |=

-1 -1 -1



9+1+1+1=12,

-1 -1 -19 -1
8 -1 -1 1
y'US = _6 : 3 = 1_8_18_4 = —29, '1)3"03 = 5 . 5 e
4 —1 -1d L1
1+14+9+1=12.
- Bl -1 -3/4
~ 23 | 3 (=5) 1 (—29) | -1 31/4 .
SOZ/—E ) + 45 1 + 45 5 [_23/4 and z =
19/4
1 L —1 -1
! —3/4 r—1/4
~_ | 8 31/4 | _ | 1/4
Y=9=1 _¢| | -24| = | -1/4
. 19/4 | | —3/4
The shortest distance from y to Col(A) = |ly — yl| = ||z|| =

VD24 1/ + (-1/92 + (=3/4) = /12/16 = /3/4

2. (a) Show that the set of vectors

3 4 4 3
B = =[—-=.=.0 =|-,=,0 = (0,0,1
{ul ( 5757 )7 Ug (575a )7 Uus (7 ’ )}

is an orthonormal basis of R?.

Solution: Compute u; - ug = (—%,%,O) . (%,%,0) = —Tu + % =0,
Uy - Ug = (—%%70) ’ (anal = O,ug - ug = (%7%70) ’ (0?071) =Y
U Uy = (—g,g,o)-(—g,g,og =2+ =1, uz3-u3 = (0,0,1)-(0,0,1) =
L= (12,0 (Lo = B+ -

(b) Find the coordinates of the vector (1,—1,2) with respect to the
basis in (a).

Solution: Let y = (1,-1,2). Soy = Zitu; + 32222 + Ly =

(y w)uy + (Y- ug)ug+ (y-us)ug. Compute y-u; = (1, — ( % % ) =
4 7 43 4 3 1

____: 57y Ug—(l 12) (57570) = 5 5 — 57y uz =

(11,2 (0,0,1) = 2.

So the coordinate of y with respect to the basis in (a) is (—%, £,2).



3 -6 -7 2
3. Let A 3 5 0 4
-5 -3 2 9

(a) Find an LU decomposition of A.

1 3 4 0
) -3 -6 =7 2
Solution: A = 3 3 0 _4
1 3 0
2
3r1 + 19, —37’1 4+ 19,0511 + 74
0 -6 —-12 —4
0 12 9
13 4 0
— 03 5 2
27“2—|-7"3,—47"2—|—T4
00 -2 0
00 2 1
13 4 0
103 5 2
7“3+7“4
00 -2 0
00 0 1
13 4 0
03 5 2
SoU =
00 -2 0
00 0 1
0 0
0 0
Consider the matrix 6 -2 0
12 2 1
<~ ~~

~—~
divide by 1 divide by 3 divide by —2 divide by 1



10 0
-3 1 0
3 =2 1
-5 4 -1

We get L = with A = LU

_ o O O

1
Use LU factorization to solve Ax = {_%}
2

Solution: Ar =b< LUz, =b< Ly=>band Ux =y.

Yy

1 0 0 Y1
So we have to solve Ly = _33 12 (1) 8 52 —
- 3

that is

|

1
-2
-1

2

} first,

y1 =1, =3y1+y2 = =2, 3y1 —2y2+ys = —1, =5y1 +4y2 —ys+ys =

2

Thusy1 =1, ya =243y =-2+3=1y3 = -1 -3y + 2y =
—1-34+2=—-2andy, =2+5y; —4dyo+ys=2+5—-4—-2=1.

13 4 0
T
03 5 2 T
Now we solve Uz = v, i.e =
00 -2 0 3

X
00 o 1]

ry =1, —2x3 = =2, 39 + b3+ 224 = 1 and x1 + 3z9 + 423 = 1.
Finally, we get x4y = 1, 23 = =2/ -2 =1, 29 = (1 —5x3—214)/3 =
(1-5—-2)/3=—-2andx; =1—-32y—4a3=1-3(—-2)—4=3.

3
Sox = {_12}
1

Find the inverse matrix of A if possible.

1 3 4 0[1000

-3 =6 =7 2|0 100
Consider [A|l] =

33 0 —4/00 10

-5 -3 2 90001



1 3 4 0]1 0
— 03 5 2|3 1
3T1+7“2,—37"1+T’3,57"1—|—7“4
0 —6 —12 —4|-=3 0
0 12 22 9|5 0
13 4 01 0 00
—~— 03 5 2[3 1 00
27“2—|—7“3,—4T’2—{—7“4
00 —-20[3 2 10
00 2 1|-7 -4 0 1
13 4 01 0 00
|03 5 23 1 00
3+ T4
00 -203 2 10
00 0 1|-4 -2 11
1340/ 1 0 0 0
—— 0350 11 5 -2 =2
(=1/2)rs
0010[-32 -1 -1/2 0
0001 -4 —2 1 1

of 7 4 2 0
o 2 10 1/2 -2
0|-3/2 -1 =1/2 0
1 -4 -2 1 1

3
3
—5T3+T2,—4T3+7”1 0
0

o o O =
S = O O

0 0] 7 4 2 0

00 % 10/3 1/6 —2/3
1
0

1/3)rs 0]-3/2 -1 -1/2 0

1) -4 -2 1 1
0 0[-23/2 —6 3/2 2

0

100 2% 103 1/6 —2/3
010 =32 -1 —-1/2 0
001 -4 -2 1 1

o o O =
o O = W

—3ry + 1

o o O =

o = O O
_ o O O



—23/2 -6 3/2 2
G g 3 10/3 1/6 —2/3
—3/2 -1 —1/2 0
e | 1
1

(d) Use the inverse of A to solve Az = [:%} .

2

1
Solution: We get z = A~1 {:%}
2

—23/2 -6 3/2 2

1 3
B 310/3 1/6 —2/3 | |2 =
-3/2 -1 -1/2 0 —1 1

2 1

—4 -2 1 1

. Let A be the matrix

A:

— = N
— DN =
N = =

Suppose the characteristic polynomial of det(A — ) is (A —1)%(\ —4).

(a) Orthogonally diagonalizes the matrix A, giving an orthogonal ma-
trix P and a diagonal matrix D such that A = PDP!

Solution: We know that the eigenvalues are 1 ,1 and 4.
111 1 11

When A=1,A—(1)I=|1 1 1[7[00 0

1 11 0 0O
acE]\_full(A—I)ifa:l—l—xg—l—xg:O. So 1 = —x9 — x3 and

—X2 — X3 -1 -1 -1
T = T =xo | 1 |+23| 0 |. Thus{wy = | 1 |, ,wy=
o 0 1 0
—1]
0 |} is a basis for Null(A — (—1)I).
1




Now we use Gram-Schmidt process to find an orthogonal basis for
Null(A—1).

—1
Let vy =w; = | 1 | and vy = wy — %vl. Compute wy - v =
0
—1 —1 —1 —1
0 1| =1landv;-vy=1|1 1| =2
1 0 0 0
—1] -1 [—2
Sova=[0|-G)|1]|=]|—3
1 | o] |1
o 1]
Hence {v; = | 1 | ,vp = |—1| }is an orthogonal basis for Null(A—
I).
-2 1 1
When A =4, A — 41 = 1 -2 1 intercha@\e/rl and o,
1 1 =2
1 =2 1
-2 1 1
1 1 =2
1 =2 1
2t —ri 475 | 0 =3 3
0 3 -3
1 -2 1 1 0 -1
ro+73,ma/(—=3) | 0 1 —1 |2m+rm |0 1 —1 |2€ Null(A—
0 0 0 00 O
T3 1
Al)if oy —x3=0and zg —x3 =0. Sox = |z3| =x3 |1|. Thus
x3 1
1
{vs = | 1|} is a basis for Null(A —4I).
1



-1 _1 1
2
So{vy = | 1]|,v = —% ,v3 = |1|} is an orthogonal basis
0 1 1
for R® which are eigenvectors corresponding to A = 1, A = 1 and

A = 4. Compute ||v]] = V2, ||va]] = /2 + 141 = \/E _ \/g

and ||vs|| = V/3.
-1 L 1
o e A
v1 _ 1 v _ L v3 _ L : _
Thus A = | 75| Tl = | 78| Tl = ||} s anor
0 G e

thonormal basis for R® which are eigenvectors corresponding to
A=1, A =1and A =4.

100
Finally, wehave A= P |0 1 0| PT where P = [[% 2 3] —
0 0 4

o1l [lval] [lvsl]
-1 _1 1
A
V2o Ve VB
0o = L1
5 V3
(b) Find A' and e”.
1 0 0 e 0 0
SoA'0=P|0 1 0 |Plande*=P |0 e 0| PT
0 0 4'0 00 €
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5. Classify the quadratic forms for the following quadratic forms. Make
a change of variable x = Py, that transforms the quadratic form into
one with no cross term. Also write the new quadratic form.

(a) 922 — 8x1x9 + 372

Let Q(z1,22) = 927 —8z120+323 =27 [, 3 wand A = [ 2, 3'].

We want to orthogonally diagonalizes A.

Compute A — X = [P} ;4 ] and det(A—XI) = (9—N)(3— ) —

16 =X —12 +27—-16 = X2 — 12X+ 11 = (A = 1)(A = 11). So
=1 or A = 11. Since the eigenvalues of A are all positive, we

know that the quadratic form is positive definite.

Now we diagonalize A.
-1
0

N=1i A1D = [20 4] = [ 5 #1251 Sox € Null(A—1-1)
iff 221 — 29 = 0. So x2 = 221 and © = [4,, ] = 21 [3]. So [3] is an
eigenvector corresponding to eigenvalue A\ = 1.

A=11: A-11-T=["71' ;=4 ] = [ 2218 3) Sox € Null(A—
11-1) iff 2 + 229 = 0. So 21 = =229 and © = [ 222] = 29[ %]
So [ 2] is an eigenvector corresponding to eigenvalue A = 11.

Now {v; = [i],v2 = [7F?]} is an orthogonal basis. Compute
1

[los]l = v/5 and ||uaf| = V5. Thus{u”—lz{f]wm { }}ls

an orthonormal basis of eigenvectors. So we have A = Q [} 3] Q7

L2
where Q = [f“f]

V5 V5
Now Q(z) = 7 Az = xTQ[(l)lol]QTx = ?/T[(lnol]y yi + 11y3 if
a2
y=0QTz. So Qyu=QQTz, xr=Qyand P=Q = [‘f f} Note
V5 V5

that we have used the fact that QQT = I.

—5x% + dx1209 — 23:%.

Let Q(z1,22) = =5} + dwywy — 223 = 27 [P ]2 and A =
[ 52 } We want to orthogonally diagonalizes A.

Compute A—X = [%5* 2\ ] and det(A—X) = (—=5—N)(—2—
) —4 = )\2+7)\+10—4— N4+TA+6=(A+1)(A+6). So
A= —1or A = —6. Since the eigenvalues of A are all negative, we
know that the quadratic form is negative definite.

Now we diagonalize A.

11



A==l A= (=) T = | Y L =[S AT ) Soxe
Null(A—1-I) iff 221 —29 = 0. Soxo = 2xy and x = [4,, ] = 21 [3].
So [3] is an eigenvector corresponding to eigenvalue A = —1.

—5-(—6 2
)\:—614—(—6)]:[ 52( )(72)7(76)}:[%‘21] (1)%} SO.’L'G
Null(A—11-1) iff &1 + 229 = 0. So 21 = =229 and x = [ 222] =
22 [72]. So [F?] is an eigenvector corresponding to eigenvalue

A= —6.

Now {v1 = [5],v9 = [_12]} is an orthogonal basis. Compute
< =2

HUlH:\/gandHUQH:\/g. Thus {2 = | ¥ |, 12 = | P |}is
[[v1]] 2 | 7 Tl 2

an orthonormal basis of eigenvectors. So we have A = Q) [_01 _6} QT
=2
where () = [“25 “f}
V5 V5
Now Q(ﬂU) =2l Az = xTQ [_01 —06] QTx = ?JT [(1) 101] Yy=—-"y — 6y§
ify:QTm.Son:QQTm,x:anndP:Q:[ ]

Sx% + 6x125.

Let Q(z1,72) = 822 + 6x170 = 27 [§ 3] x and A = [§3]. We want
to orthogonally diagonalizes A.

Compute A— A = [%;* 3, ] and det(A—XI) = (8—\)—A—9 =
A —8A—9=A+1(A=-9). SoA=—1or A =38 Since A
has positive and negative eigenvalues, we know that the quadratic
form is indefinite.

SISl
S-Sk s

Now we diagonalize A.

A=-1A—(-1)-1 = [S‘E,,‘” 0_(3_1)] = [53]T86). Sow €
Null(A—1-1)iff 3zy + 22 =0. So o = =3z and x = [ 3}, ] =
z1[15]. So [13] is an eigenvector corresponding to eigenvalue
A=—1

A=9: A-9-T=[% 2] =[5 3]s ). Sox € Null(A-9-1)
iff 1 — 329 = 0. So x1 = 32 and z = [32] = x5 [$]. So [3] is an
eigenvector corresponding to eigenvalue A = 9.

Now {v; = [1],v2 = [$]} is an orthogonal basis. Compute
_1
llv1]] = V10 and ||vs]| = v/10. Thus {{%- = | ¥ |, 2, =
[[v1]] Zis | 7 Ml

12



i° ]} is an orthonormal basis of eigenvectors. So we have A =

QLY ]QTWhereQ:{rr}.
716 Vi
Now Q(z) = v" Az = 27Q [ §]QTw = y" [ (' §ly = —u7 + 93 if
y=0QTz. So Qy=QQ%Tzr, r=Qyand P=Q = {‘ﬁ“_ﬁ]
716 V1o

13



6. Find an SVD of A = [g g] This problem is not covered. This will

not be in the final exam.

1 -3 4 -2 5
2 -6 9 -1 8
7. Let A = 5 6 9 -1 9

-1 3 -4 2 =5
a) Find a basis for the column space of A
b) Find a basis for the nullspace of A
c)
d

Find the rank of the matrix A
) Find the dimension of the nullspace of A.

1
41 .
(e) Is NE the range of A?
1
0
(e) Does Az = g have any solution? Find a solution if it’s solvable.
0

1 -3 4 -2 5|10
2 -6 9 -1 8 [4]3

-6 9 -1 9 |3]2
-1 3 —4 2 —5[1]0

Solution: Consider the matrix

2y 79y~ 2 73,11 T
1 =34 =2 5[1]0

0 0 1 3 —2|2]3
00 1 3 —1|1]2
0 0 0 0 0/|2]0
—ro + 13

14



4
1 3 =2/2]3
0

o O O

0
0
00 0 0]2]0

2T3+7‘2,—57’3+T‘1
1 -3 4 -2 0[6]5

00 1 3 0]0]1
00 0 0 1|-1]-1
[0 00 0 0[2]0
—4ry + 11

1 -3 0 —14 0] 6 | 1
00 1 3 0][0]1
00 0 0 1]|-1]-1
00 0 0 0[2]0

1 4

2
So the first, third and fifth vector forms a basis for Col(A), i.e { 5 o
-1 —4
is a basis for Col(A). The rank of A is 3 and the dimension of the null
space is b — 3 = 2.
x € Null(A) if 1 — 32 — 142y = 0, 23 + 324 = 0 and x5 = 0. So

3wy + 14y 3 14 3 14
T 1 0 1 0
T = —Ty =x9 |0 + x4 |—1|. Thus{|O|, |—1] is a basis
x4 0 1 0 1
0 0 0 0 0
for NULL(A).
1
From the result of row reduction, we can see that Ar = ;L is incon-
1

15

5

9
-3

}



sistent (not solvable) and is not in the range of A.

— W e

From the result of row reduction, we can see that Ax = is solvable.

SN W o

. Determine if the columns of the matrix form a linearly independent set.
Justify your answer.

01 30 —4 -3 0 -4 -3 1 5 1

001 4 0 -1 4 2 -1 4 -1 2

00 0 1|1 0 37|11 2 3 6 -3

20 00 5 4 6 5 4 6 -3 2

Solution:
01 30 2000
001 4 - ) 0130
000 1 move the last row to the first row 00 1 4
20 00 0001

This matrix has four pivot vectors. So the columns of the matrix form
a linearly independent set.

16



—_——

rs+4ry,ry + (=5)r

OO O~ OO O
W

—_—

r3 + 3ro,r4 + (—4)rg

S O = O

ot
W

(e}
I@CAD»-PCD

interchange first and third row

P

1
interchange 3rd and 4th row, ?m

This matrix has three pivot vectors. So the columns of the matrix form

a linearly independent set.

The column vectors of

—4
2
1
5

form a dependent set since we have five column vectors in R*.

9. Circle True or False:

-3

-1
2
4

17

DW=

—1
6
-3

2
-3
2

I
ol —_
Lo

DO O OO O

S O = O




The matrix [§ % %] is diagonalizable

oow

Because [ % %’J has three distinct eigenvalues.

The matrix [§ % é] is orthogonally diagonalizable

Because [§ % ﬂ is not symmetric. Recall that a matrix

is orthogonally diagonalizable if and only if it’s symmetric.

An orthogonal n X n matrix times an orthogonal n x n matrix is orthogona
Suppose A and B are orthogonal. Then AAT = ATA =1,

BBT = BB =1, (AB) - (AB)T = ABBTAT = AIAT = AAT = 1.
Similarly, we have (AB)'AB = BT ATAB = I. Not that we have used the
fact that (AB)T = BT AT.

A 5 x 5 orthogonally diagonalizable matrix has an orthonormal set of
5 eigenvectors

A is orthogonally diagonalizable if A = PDPT. Recall that the column
vectors of P are eigenvectors and it is an orthornormal basis.

A square matrix that has the zero eigenvalue is not invertible

A matrix A has the zero eigenvalue if there exists a nonzero vector x
such that Ax = 0z = 0. So Ax = 0 has nonzero solution and A is not
invertible.

A subspace of dimension 3 can not have a spanning set of
4 vectors

Let S = Span{[é}l‘g[g] ) m ’ [

it is spanned by 4 vectors.

O

]} Then dim(S) = 3 and



A subspace of dimension 3 can not have a linearly independent set of
4 vectors
A subspace of dimension 3 have at most three linearly independent set of

vectors

The characteristic polynomial of a 2 x 2 matrix is always
a polynomial of degree 2

The characteristic polynomial of a n X n matrix is always
a polynomial of degree n.

If the characteristic polynomial of a matrix is (A — 4)3(\ — 1)?

and the eigenspace associated to A = 4 has dimension 3, than the matrix
is diagonalizable

Because the eigenspace associated to A = 4 has dimension 3 and the
eigenspace associated to A = 1 could have dimension 1, then we may not
have five independent eigenvectors. So the matrix is not necessarily
diagonizable.

If the characteristic polynomial of a matrix is (A — 4)3(A — 1)\ — 2)

and the eigenspace associated to A = 4 has dimension 3, than the matrix
is diagonalizable

Because the eigenspace associated to A = 4 has dimension 3, the eigenspace
associated to A = 1 have dimension 1 and the eigenspace associated

to A = 2 have dimension 1, then we

may not have five independent eigenvectors. So the matrix is diagonizable.

The columns of an orthogonal matrix are orthonormal vectors

This is true by the definition of an orthogonal matrix.
19



T F AB = BA for any n X n matrices A and B
F  The matrix multiplication is not necessarily commutative.
T F det(A+ B)=det A+ det B for any n X n matrices A and B

F This is false. For example, A = [}9],B =[39]. Then A+ B =
[0 7],

det(A) = det(B) = 0 and det(A + B) = det(I) = 1.

T F Any upper triangular matrix is always diagonalizable.

F It may not have enough eigenvectors. For example, [§ 1] is upper
triangular matrix. But it has only one eigenvector. So it is not diago-
nizable.

20



