Solution to Problem Set #8

1. (20 pt) Find the volume of an ice cream cone bounded by the hemi-

sphere

22 + y2. The graphs above are the

v/12 + y? and their intersection.
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Solution.
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The region is bounded above by the hemisphere z = /8 — 22 — y?

and below by the cone z = /2% + y2. We have /2?2 + y? < z < /8 — 22 — 2.
Thus 2?2 + 9> < 22 <8 —z* —y? and 2? +¢*> < 4
In polar coordinates, this region z? + y*> < 4is R = {(r,0) : 0 < r <

2,0 < 0 < 2r}. Note that \/8 —22 —y2 = V8 —rZ and /22 +y? = Vr2 =
T.

Hence, we can compute the volume of the ice cream cone by finding
the volume under the graph of v/8 — r2? above the disk R = {(r,0) : 0 <

r < 2,0 <6 < 2r} and subtracting the volume under the graph of r
above R. Therefore, we have

27 27
Volume = / / — 7"2 rdr df — / / rdr df

/ /r\/r r drd@—/ [—4(8 = )2 = 1% do

/% (—4%2 -8 +8%2) db = 1(16v2 — 16) /QW df
= 1(32m)(V2-1). O

Wl

2. Evaluate the following integral by converting to polar coordinates.

(a) (10 pt)fy [V (a2 + y?) i dady

0
(b) (10 pt) f_ll f_\}% sin(z? + y?)dydx
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Solution. (a) The region of integration is {(z,y)0 <z < /4 —142,0<y <
y2}. The is the region in first quadrant. In polar coordinates, it is
R={(r0):0<r<20<0<7I} Wealso have (a2 +3?)2 = (r)7 = r®
and
f f \/—sm 2?2 + y?)dydr = fo fo sin(r?) - rdrdf
= el )g1gg = f2m(—cosD) 4 1ygp — (-w;ﬁﬂ)-zw: —cos(1) + 1.
(b) The region of 1ntegration is {(z,y)| —V1I—2?2<y<vVv1—-2a?2-1<
r < 1}. Note that —/1 — 22 = y and 1 — 22 = y imply 2% +4? = 1. Since
—1 <z <1, we know that R is the disk inside the unit circle.
In polar coordinates, itis R = {(r,0) : 0 <r < 1,0 <0 < 2r}. We also
have 2? + y? = r? and

f02 IV 4_y2(:z:2 + yZ)%d:cdy = fog f02 r3 - rdrdf
== foa f02 ridrd) = foa §|3d9 = f0§ %d@ = % = 16T7r' -

3. (a) (10 pt)For « > 0 find the volume under the graph of z = ¢~ +v%)
above the disk 22 + y? < a°.
(b) (10 pt)What happens to the volume as a — oco.

Solution. In polar coordinates, the disk is described by the inequali-
ties 0 <r < a, 0 < # < 27 and the function is e~"*. Hence, the volume
under the graph and above the disk is

a 27 a a
Volume = / / e rdr df = 2#/ re”" dr = 2n [—%642} = 7r(1 — e*a2) )
o Jo 0 0

Since lim 7(1— e‘“g) = 7, the volume under the graph of e **~%" above

a—0o0

the entire xy-plane is 7. O

4. Consider a thin plate that occupies the region D bounded by the
parabola y = 1 — 2%, = 0 and y = 0 in the first quadrant with density
function p(z,y) = x.

(a) (10 pt) Find the mass of the thin plate.
(b) (10 pt)Find the center of mass of the thin plate.
(c) (10 pyFind moments of inertia I, I, and I,.

Solution. (a) The graph y = 1 — 2? intersect with y = 0 at 1 — 22 =0, i.e.
r = £1. We also know that y = 1 — 22 > 0 when —1 <z < 1. The region
of integration is R = {(z,9)|0 <2 < 1,0 < y <1-2?

The mass is m = [ pr z,y)dA = fol xdydx = fo e xy|(1)_m2dx =

2

f z(l — 2? dx—fo (x—2%)de = (% — )|0 1-1=1
(b) The center of mass = (fpr i [ Jgr@ylydd

m ) m
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Now [ [ pla, y)zdA = fol 01_952 r-wdydr = fol ol_x2 z*dydx fol 01_362 Pyl do =
3

1 1 x z°
Jo 221 —2%)dx = [ (1321—1934)26553 = (5 - ?1) 0= % - %2: 5 o
S Jep(@y)ydA =[5 [, aydydz [y [, 2%l " de = [ x%dm =

1 (1-22)2 1 g4_9g2 1 25 94314 z6 4 2
fox%d:’:: Jo x5 dr = [, %dm: (- +Th=15"
2+ 1 = 55. So the center of mass is (14%, %f) = (2, %)

1 pl—2? 1 pl—z 22 22)3

© L = [ [ ol y)y?dA = [y ;" wy?dyde [} [ o] dv = fo r .
Letu = 1 — 22 Then du = —2xdr, vdx = —%“ and fxlg dr =

@? gy — _ut (=2t

f 9 2;;2) 1 §4

So I — =l = 21- . )

I, = fpr z,y)ridA = fo o xmzdyda:fo —a iyl dr = o 23(1 —

daz—fox—x)d:c— ]0 =

Note that I, = fprxy(x +y)dA—I +I,= &+ 55 = $5.



