
Review Problem for Final Exam

Final Exam: Wednesday, Dec.11. 10:15-12:15
Topics: 65% of the final exam will be from 12.1–12.5 and 9.4
35% of the final exam will be from 5.8 and 6.1-6.3,7.1-7.4, 8.1-8.2

Office Hours before the exam: Friday (Dec 6th) 2-4pm M, Monday
(Dec 9) 3-5pm and Tuesday (Dec 10) 3-5 pm. Email me to make ap-
pointment if these times are not good for you.

You may use the calculator in the exam.
The following formulae will be given in the exam.

a Bayes formula: Let B1, B2, · · · , Bn form a partition of Ω, and let A be
an event. Then P (Bi|A) = P (A|Bi)P (Bi)∑n

j=1 P (A|Bj)P (Bj)

b Let Sn be a random variable that counts the number of successes in
n independent trials, each having probability p of success. Then Sn
is binomially distributed with parameters n and p, and P (Sn = k) =

n!
k!(n−k)!p

k(1− p)n−k, k = 0, 1, 2, · · · ., n, E(Sn) = np, V ar(Sn) = np(1− p).
c A random variable X that counts the number of trials until the first

success. The random variable X takes on values 1, 2, · · · ., n. Its dis-
tribution is called he geometric distribution and is given by P (X =
k) = (1 − p)kp, k = 1, 2, · · · ., n. Also, P (X > k) = (1 − p)k, E(X) = 1

p
and

V ar(X) = 1−p
p2

.

d X is Poisson distributed with parameter λ > 0 if P (X = k) = e−λ λ
k

k!
,

k = 0, 1, 2, · · · , E(X) = λ and var(X) = λ
e If X is normally distributed with mean µ and standard deviation σ.

68-95-98 rule is that P (X ∈ [µ−σ, µ+σ]) = 0.68, P (X ∈ [µ−2σ, µ+2σ]) =
0.95 and P (X ∈ [µ− 3σ, µ+ 3σ]) = 0.99. Suppose that Y is the standard
normal distribution. Then P (a ≤ X ≤ b) = P (a−µ

σ
≤ Y ≤ b−µ

σ
)

1. Suppose that the probability mass function of a discrete random vari-

able X is given by the following table:
x 0 1 2 3

P(X = x) 0.1 0.3 0.4 0.2

(a) Find E(X). (b) Find E(X2) (c) V ar(X) (d) Find E(2X − 1).

2. A screening test for a disease shows a positive result in 95% of all
cases when the disease is actually present and in 5% of all cases when
it is not. Assume that the prevalence of the disease in the population
is 1/50.
(a) If the test is administered to a randomly chosen individual, what

is the probability that the result is positive?

(b) Find the probability that person has the disease when the test is
positive.
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(c) Find the probability that person has the disease when the test is
negative.

(d) Find the probability that person doesn’t have the disease when
the test is negative.

3. (12.4) Assume that 10% of all plants in a field are infested with aphids.
Suppose that you pick 20 plants at random.
(a) Compute the expected value and the variance of the number of
plants in a field are infested with aphids.
(b) What is the probability that none of them carried aphids?
(c) What is the probability that at least two of them carried aphids?
(d) What is the probability that at most three of them carried aphids?
(Hint: This is related to Binomial distribution.)

4. (12.4) A random experiment consists of flipping a fair coin until the
first time heads appears.
(a) Find the probability that the first heads appears on the forth trial.
(b) Find the probability that the first heads appears after the forth
trial.

5. (12.4) A random experiment consists of rolling a fair die until the first
time a five or a six appears. (a) Find the probability that the first five
or six appears on the third trial.
(b) Find the probability that the first heads appears after the third
trial.

6. (12.4) The number of amino acid substitutions on a given amino acid
sequence is Poisson distributed with mean 3. What is the probability
of at least two substitutions?

7. (12.5) Use 65-95-98 rule to solve this problem. Assume that a quan-
titative character is normally distributed with mean µ and standard
deviation σ . Determine what fraction of the population falls into the
given interval.
(a) [µ,∞) (b) [µ− 2σ, µ+ σ] (c) (−∞, µ+ 3σ]
(d) [µ+ σ, µ+ 2σ (e) (−∞, µ− 2σ] (f) [µ− 3σ, µ].

8. (12.5) Use the table on last page to do this problem. Assume that the
mathematics score X on the Scholastic Aptitude Test (SAT) is nor-
mally distributed with mean 500 and standard deviation 100. (a) Find
the probability that an individuals score exceeds 650.
(b) Find the probability that an individuals score is between 450 and
650.
(c) Find the math SAT score so that 10% of the students who took the
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test have that score or greater.
(d) Find the math SAT score so that 75% of the students who took the
test have that score or lower.

9. (9.4) Find the equation of the line through (1,−2) and perpendicular
to [4, 1]′?

10. (9.4) Find the equation of the plane through (1, 2, 3) and perpendicular
to [0,−1, 1]′?.

11. Evaluate the following integrals:

1.

∫
x+ 1

(x2 + 2x+ 10)4
dx 2.

∫
xe−3xdx 3.

∫
x sin(3x)dx

4.

∫
sinx
√

cosxdx 5.

∫
eax sin(bx)dx 6

∫
eax cos(bx)dx

7.

∫
lnx

x2
dx 8.

∫
lnx

x
dx 9.

∫
2x− 6

x2 + 5x+ 13
dx

10.

∫
x2 + 10x+ 12

x3 + 8x2 + 12x
dx 11.

∫
x2

x4 − 1
dx 12.

∫
x3 − 1

x3 + x
dx

13.

∫
−2x3 − x+ 1

x2
dx 14.

−2x3 − x+ 1√
x

dx 15.

∫
−4 sec2(

x

2
)− 3 cos(2x)− 4 sin(

x

3
)dx

16.

∫
xex

2

dx 17.

∫
x2 lnxdx 18.

∫
lnx

x
dx

19.

∫ √
x sin(

√
x)dx 20.

∫
sin(
√
x)√
x

dx

12. Evaluate the following limits
(a)

lim
||P ||→0

n∑
k=1

(c2k − 1)∆xk

where P = {x0 = 1, x1, · · · , xk, · · · , xn = 2}, ck ∈ [xk−1, xk], ∆xk =
xk − xk−1.

(b)

lim
||P ||→0

n∑
k=1

3 sin(2ck)∆xk

where P = {x0 = 0, x1, · · · , xk, · · · , xn = π
4
}, ck ∈ [xk−1, xk], ∆xk =

xk − xk−1.
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13. Solve the differential equation dy
dx

= y2 − 4y + 3 with y(0) = 3.

14. Suppose that dy
dx

= g(y) and the graph of dy
dt

as a function of y is given
by the figure above

(a) Determine the equilibria of this differential equation.
(b) Use the graph to discuss the stability of the equilibria.
(c) What can you say about limt→∞ y(t) if y(0) = 3 or y(0) = 6 ?

15. Express the area of the region enclosed by y = −
√
x+ 1, y = −2x +

4, x−axis and y−axis as an definite integral(Do not evaluate the
definite integral).
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