HW 6 Solution

(1)

(7.2 Problem 26) /6 e’ sin(x)dx
0

Solution: First, we find [ e”sin(z)dz. I will do a more general integral
[ e sin(bx)dz.

This is a typical "integration by parts” example. We start with v =
e and dv = sin(bx)dzx.

Then we have du = ae**dz (use chain rule here) and v = [ sin(bz)dx =
—&ébx) (note that (cos(bz))’ = —sin(bx) - b and (—%bbx))’ = sin(bx).

Using integration by parts, we have

cos(bx) cos(bx)

fe sin(bx)dx = e -\(— 2 )J—fg— l() )-ae‘:”dx
dv u —~~ —~~ U
= Ls(bx) + ¢ [ e cos(bx)dx
Now we have [ e sin(br)daw = — 20 a [ ar o5(pr)dr. We do not

get the answer now. We need to find [ e** cos(bz)dx using IBP again.
Let u = and dv = cos(bz)dz. Then we have du = ae®*dx (use chain rule

here) and v = [ cos(bz)dx = Sm(b‘r (note that (sin(bz))" = cos(bzx) - b and

(@)’ = cos(bx).

Using integration by parts, we have

in(b in(b
f ™ cos(bx)dr = €™ - smé 7) — [ smé ?) -ae™dx
dv u v — du

- Sibn(bw) — ¢ [ e* sin(bx)dx

Now we have [ ¢ cos(bx)dr = eax%f(br) & [ e® sin(bx)dz.

Now we combine [ e sin(br)dr = —ﬂ + ¢ [ e cos(bx)dr and

[ €2 cos(ba)dr = <= Sibn(bx) — & [ e* sin(bx)dx to get

/e‘w sin(bz)dx = _ e cos(br) + 2 (e sinbz) _ a /e‘w sin(ba:)da:)

b b b b
(0.0.1) _ CC;S(’”C) 2 e Si;a”f) e / ¢ sin(b) dz
_ C(;S(bx) + ac” 21211([)3:) - Z—j/e“x sin(bz)dx
Thus
/ Tsin(bz)dr + b—z “sin(bx)dr = —be™ cos(b:c)b:— ae*? sin(ba) +c,
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2 . b cos(b ——
(144 72 fe‘” sin(bx)dr) = == cos( :rl));rae sin(be) | .
2 J— axT ar .
b +a f e Sln(b&?)d&}) be Cos(bzl))jae sin(bx) +cand
b2 —be®® cos(bx)+ae®” sin(bx) —be®® cos(bz)+ae® sin(bx
J e sin(o) e = o s )4 C = (o) tocsinier) | 3.
. _ o - - ) . o %
So f@x sin(z)dr = = coS(:E)2+e sin(@) 4 " and f06 e” sin(z)dx = —¢ Cos(z)2+e sin(z)
0
_ —e® cos(g )+e6 sm(%) —e0 cos(0)+e%sin(0) | _E §+e%% s 76%\/5_'_&%—1
= 2 2 = 5 > — d ! L

If you do the problem f()% e” cos(z)dz, you should get [ e*cos(z)dx =

e” cos(a:);—ez sin(z) + C. Then fO% e COS(.T)d.Z’ _ e COS(.Z‘)-‘FCI sin(x) :

N et cos(%)—&-e% sin(§) [ €%cos(0 )+e sin(0) \ __ et f+€ 63 (1) _ €53 + et
2 - 2 - 4 4

(2)

N |+

(7.2 Problem 40) / sin(v/z)dx

Hint:make an substitution first and then use integration by parts) So-
lution: Let w = /. Then dw = dm , 2¢/zdw = dr and dz = 2wdw. Thus

[ sin(y/z)dzx = [ sin(w) - 2wdw = 2fwsm w)dw.
Now we ﬁnd J wsin(w )dw using integration by parts. Let v = w and

dv = sin(w)dw. Then du = dw and v = [sin(w)dw = —cos(w). Thus
fwsm( Jdw = w(—cos(w)) — [(—cos(w))dw = —wcos(w) + [ cos(w)dw =
—wcos(w) + sin(w) + C. So [sin(y/z)dz = 2(—wcos(w) + sin(w)) + C =
—2+/x cos(v/z) + 2sin(y/z) + C

3)
/arcsin(Qx)da:
Hint: Try u = arcsin(2z) and dv = dz. Recall that - (arcsin(az)) = Nisrrt
Solution: Let u = arcsin(2z) and dv = dzx. Then du = ﬁdx and

= [dx = z. Using integration by parts, we have [ arcsin(2z)dx =

arcsin(2z)z — [z - \/%wd:c = arcsin(2z)z — [ \/ﬁﬁd:c. We can use the
substitution u = 1 — 42?, du = —8zdz and —% = zdx to find
[ et = [ 3 (+8) =~ g = %+ € = ~52 1 0. Thus
[ arcsin(2z)dr =  arcsin(2z) + Y522 4 C,
4) .
(7.3 Problem 36) / de
2 —4xr+3

Hint: Do long division first. Then do partial fraction.
Solution: We can do a long division (see the below graph)
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From long division, we have

FIGURE 1. long division

to get x* + 3 = (22 + 42 + 13) - (2* — 4z + 3) + 40z — 36. This gives

(0.0.2)
'+ 3 (22 + 42+ 13) - (2? — 4w + 3) + 402 — 36 40z — 36
= =2 +4r+ 183+ ———7——.
x? —4x +3 x? —4xr +3 22 —4x+3

We can factor 22 — 4z + 3 = (z — 1)(x — 3). By partial fraction, we can
find A and B such that

40x — 40x — A B
(0.0.3) Oz — 36 Oz — 36

22— dx+3 (z-1)(z-3) z-1 ey
Multiplying (z — 1)(xz — 3) to previous equation, we get
(z—1)(z = 3)(F2235 ) = (z — 1) (z — 3)(-2 + -£) and

(z—1)(z—-3) z—3

40z — 36 = A(x — 3) + B(z — 1). Expanding the the right hand side of
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previous equation, we get 40x + 36 = Ax — 3A 4+ Bx — B and 40x + 36 =

(A+ B)x — 3A — B. Comparing the coefficient of » and the constant,

we get

A+B =40 and —3A—-B = —36. From A+DB = 40, we get B = 40— A. From

—3A—-B=-36and B=40—- A, we get —34 — (40 — A) = —36, —2A =14

and A= —-2. From B=40—- Aand A = -2, we get B =40 — (—2) = 42.
From equation (0.0.3), we have

40x — 36 1
0.0.4 —_—— =2 42 -
( ) 2—4xr+3 a:—l+ r—3
From equation (0.0.2) and equation (0.0.4), we have
zt+3 9 40x — 36 1 1
—_— = 4 134+ ——— =2*+4 13-2- 42 - .
“ir 13 ¥ +4dr + 13 + 22— dr+3 T +4dr + :c—1+ 3
Thus [ =5 dv = [(2? + 42+ 13)de — 2 [ Lydr + 42 [ Loda
:§+2x2+13x—21n|x—1|+421n|x—4|+0.
5
4a? —x — 1
7.3 Problem 18 d
( )/(a:+1)2(x—3) !
4z?—x—1 A B

Hint: Try partial fraction ey s Tt @ +1)2 Solution: First,

we use partial fraction to find A, B and C such that
dz2—2—1 _ A B C
Tt (z+1)2°

(z+1)%(z—3) = z-3
Multiplying (z — 3)(x + 1) to previous equation we get
(x —3)(x+ 1)2(%) = (z—3)(z + 1)*(Z; + m + (z+1) —=>) and

4 —x—1=A(x+1)>+ B(z — 3)(z + 1) + C(x — 3). We expand the right
hand side of the equation to get

4a? —x—1=A(x* +2x+1) + B(x? — 22 — 3) + C(x — 3),

4r* —x — 1= Ax? + 2Az + A+ Bz? — 2Bz — 3B + Cx — 3C. Now we collect
the terms on the right to get

42 —x—1=(A+B)2* + (2A—2B+C)z+ A—3B — 3C.

Comparing the coefficient of 2%, x and the constant, we get
A+B=4,2A-2B+(C=—-1land A—-3B —-3C = —1.

From 2A - 2B+ C = —1, we get C = —1 — 2A + 2B. Plugging C' =
~1-2A+2Bto A—3B—3C = —1, we get A—3B—3(—1—2A+2B) = —1,
A—-3B+3+6A—-68B=—-1and 7TA—- 98 = —4. From A + B = 4, we get
B =4—A. Plugging B =4—Ainto 7TA-9B = —4, we get TA—9(4—A) = —
16A —36 = —4, 16A =32and A =2. Using B=4— A and A = 2, we
get B=4-2=2. Using C = -1—-2A+2B, A=2and B = 2, we get
C=-1-2-242-2=1—-4+4+4=-1.
Thus we have A =2, B=2,C = —1 andM:ﬁJr

2 1
z+1 (z+1)2°

(z—3)(z+1)2
Thusf%dx 2f L dx+2f L dx—fmdac
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. 1 1 __ Inlaz+b
=2In|z — 3|+ 2In|z+ 1| + 27 + C. Here we have used [ —dr = =2

and [ fpde = [ ydu(withu =z+land du=dz )= —;+C = -5 +C



