MATH 1760 note on Oct. 2

Last time, we integrated [ %dw

To integrate | (“ﬂd:c we tried do the partial fraction to find A, B and C

such that
dx2+z4+4 A + B C
r—4

(z—4)(z+2)2 42 + (z+2)2
4+ +4 A N B N C
(x —4) (z +2)? x—4 r+2 (v+2)?
—— ~~ -
this creates two terms in partial fraction these two terms comes from the factor (z+2)2

Let me explain why we have two terms instead of one term. Look at the

dr+5 4x 5 4 5
A A
So we can see the term z? in the bottom creates two terms in the partial
fractions.
In gerjeral the fa(i;cor (r — a)* in the bottom will create k terms of the form
—or Tt

For example, the partial fraction of % will be

-2+ —4 _é+§+ C n D n E n F
2z —1)(z—-23 = 22 x2-1 2-2 (2-2)2 (z-2)3

Next, we will look at the case where the bottom has the irreducible qua-
dratic factor of the form a(z — b)?> + ¢ where a > 0 and ¢ > 0 (like 2(x — 3)? + 4).
First, we recall that a quadratic polynomial az? + bx + ¢ can be factored as
the product of linear factor if »* — 4ac > 0. If v* — 4ac < 0 then az? + bx + ¢ can
not be factored and we say ax? + bx + ¢ is an irreducible quadratic factor.

Example 1 [2%—dr Solution: It is obvious that z* + 1 can not be fac-
tored. We have 3f§+§’ = xg’il — x;ji-l' So f3§+i’dw = [ g’ild:c —f Q‘Ejrldx We
have [ 2+1d:z: = 5f 2+1da: = Sarctan(z) + C. To integrate 2+1daz we use

the substitution v = 2° + 1 and du = 2zdz and zdx = jdu. Thus [ FLdr =
3 Zgwde =3 [L1idu=3 [Ldu=ZIn|ul+c=3n|z*+1].

Thus we have [ 2-2dz = 31n|9c + 1] — 5arctan(z) + C.

Remark: Using similar idea, we have [ %dx = & 1In|2?+ 1|+ barctan(z)+C.
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Example 2 [ £555 Ciind f;;% dz Solution: The irreducible quadratic factor (z%+1)? in

the bottom will create two terms of the form 457 + 55, We try the partial

fraction {; + Jff)% = é‘c’gf + ggj@. See example 7 on p349 for the detail.

Remark: In general, the irreducible quadratic factor (a*(z —b)?+c?)* in the

bottom will create k terms of the form {5l + 028 4 - 4 iR

For example, the partial fraction for = ‘”f’)z; ;r)ﬁ, C — Ty will be
-2+ —4
22(x —1)(x —2)3(x2 4+ 1)3
A B C D E F GX+H Iz +J KX+ L

R il a2 @2 @—2 2+l @r1p @+1p

Example 3 [ 22" _dx

z2—41+8
Solution: The quadratic x? — 4z + 8 is irreducible since (—4)? —4-8 = 16 — 32 =

—16 < 0. We can complete the square z? —4r+8 = (2? —4x+4)+4 = (z—2)*+2%

So 2T = e To integrate [ Z5t5dv. we try the substitution
z—2 =2u. Then dr = 2du and = = 2u +2. So [ xfz;isdx = f%Qdu =
/ 4Z$i472du | 2(4“2+31)du =/ u?_"ildu — f u21+1du =Infu?+4+1] -2 2 arctan(u) + C' =
In|(£52)* 4 1| — 2 arctan(252) + C. Here we use z — 2 = 2u andu— 22,

Remark: To integrate [ _;2*57dz, one tries the substitution a(z —b) = cu

to get az(x—b)2 = c®u®. We have cdu = adz, dv = Sduand also x—b = <, r = b+

a(z—b) Dz+E D(b+<* +E c o Byt Db+E
and u = . Then f a?(z— b)2+02d f c2u2+02 d ac u2+1 du.



