Review Problem for Midterm #1

Midterm I: 10- 10:50 a.m Friday (Sep. 20), Topics: 5.8 and 6.1-6.3

Office Hours before the midterm I: W 2-4 pm (Sep 18) , Th 3-5 pm
(Sep 19) at UH 2080B

Solution to quiz can be found at http://math.utoledo.edu/~mtsui/
mathl760/hw.html

No calculator is allowed in the exam. You should know how to solve
these problems without a calculator.

1. Evaluate the following indefinite integrals:
(a) ,
93
/ °—x+1 dn
.CEQ

Solution. We can ﬁrst simplify

“2etcetl — gL _ 2 =—2r —x '+ a2
So [ =2oatlgy = j( 2x—x_1—|—x_ )d
=-2[xdz— [a7ldr + [27%dr = =2 5 —In|z| + {55 +C’

= —2? —In|z| —2~' 4+ C. We have used the formula f zody = 22

o1 TC
ifa #—1and [27'dz = [ 2dz =In|z|+ C.

(b)
—223 —x + 1d
—dx
Vi
Solution. We can first simplify
—2z3—z+1 _ 2J13 T 1 _ ) 5 1 _1
—~7Z& - x—%—x—%%—z—%—— r2 —r2+ T2,
So [ %dw = f(—2l‘% — 2% + 17 2)de

8
[N

= —2fm%d:z — fx%dx—kfx_%dx =—-2.
= g3~ 2p5 4 203 4+ C
(c)

|
_|_
“‘“li:\»-‘
_I_
Q

/(m —9)(x + 3)da

Solution: First we simplify (z — 2)(x + 3) = z(z +3) — 2(x + 3) =
2 +3z—2xr —6=2>+12—6. ,
Thus [(z —2)(z + 3)dz = [(2® + x — 6)dz = %3+%—6x+0.

(d)

/—4 SeCQ(g) — 3cos(2r) — 4Slﬂ(§)

Solution: f —4sec®(§) — 3cos(2x) — 4sin(§)dx
= —4 [sec’(% daz—3f0082xdx—4fsm(£)x
— 4. tanl(%) 35111(22@ . 4( Cof(S))
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= —8tan( ) — 2 4 g9 cos( ) + C. We have used [ sec?(az)dz =
tan(az) | . [ cos(azx)dx = sin(@z) 4 o [ sin(az)dz = Cosaax) +C.
(e)

/4sec(g) tan(%) — 4e3dx
Solution: f4sec ) tan(Z) — desdr = 4 [ sec(%) tan(2)de — 4 [ esdx
=4 beC()—4- +C’-8sec()—12@3+0

2

We have used f sec(ax) tan(ax)dr = w +C and [edr =< +C.

(63
/ 1—x 3
— dx
14+22 1 —2a2
Solution: First, we simplify =2 = 2712 = (2, Sl = 2,

Thusf1+m2_\/%7d$:f(l+r2_ dl’—?)f\/i
=2 [ fdr — [ 1dz — 3arcsin(z) + C = 2 arctan(z) — x — 3arcsin(z) + C.
We have used | 5z de = arctan(z)+C and [ \/11_7d:c = arcsin(x) +C.

(g)
/ 3% — aidx

Solutlon J3tde — [@Pde = 5 — 2. 1 C. We have used [a*dz =
el

lna

2. Evaluate the following definite integrals: Note that the functions in
problem (a)-(c) are continuous on the given inteval. So we can
use FTC to evaluate definite integrals.

(a) f14 =20241 15 Solution: First, we simplify the expression

ﬁ -
7233{1 = 2ol — 9o 4 L= 993y { g = 213 477,
x2 x2 x2
71
So [ JmTj:rldx = f(—QIg-f-l’_%)dI =22 422 4C = —%x%+2x%+0.
2 2
This implies that
4
ff—’%%“dx: —%x%—i—zﬁ = -2 45 +2 43 — (—%-1%+2~1%>
1
2 27

=2%2%2%2%x2%x2%2 =128,

Note that 4z = v/4 = 2, 43 = (42)7
15 =1and 1> = 1.
SO—§-4%+2-4%—(—%-1%+2-1%>:— ~128+2-2—(—§+2) —

512 4 _ 508 __ —508414 __ 49
Thus [} 2214y — 4%,

R
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(b)

Solution: We have [ <& — 1

3
5ocos(8), _ 3ormy|? 3ain(2) — 3gin(=2) = 3gin(x) —
Thus f—g p-dr = gsin(g) P ssin($) — 5sin(5%) = 5sin(§)
3 Ty _3.1_3 1\_3,3_3
gsin(—g)=35-5-5-(—3)=i+1=1%
(c)
%
4sin(3z)dx
18
. (5 . __ scos(32) 5 4. cos(3- %) o cos(3-75)\ __
Solutlon.f%lem(Sx)dx— e - 4 5 (—4—52) =
1 4 V38
3 T3 2

—3cos(%) + 3 cos(F)

3
cos(¥) = 5 and cos(f) = ‘/7§

1
1
d
/_12x+1 o

Note that the function f(z) = 55 +1 is not continuous at x =
So f(x) = 55 is not continuous on the interval [—1, 1]

not use the FTC to evaluate 1 5 +1dx for now.
(e)

2
1
/ dx
0o 2x+1

Solution:Note that the function f(x )

-2 4 %5 We have used
(d)

. We can

577 is continuous on [0, 2]

1 gy — Inl2et] 2
— Infeid]

2 __ Inb5 Inl
0 2z+1

= T
ezt 4 ¢ and In1 = 0.

B2 We have used [ —gdx

3. Suppose the value of the function f is shown in the following table
x |-1]-3/4|-1/2|-1/4|/0|1/4|1/2|3/4|1
fx)| 1| -1 2 -2 13 0 | -1 2 |3

(a) Approximate fo x)dx using 4 equal subintervals and left end-
points.

Solution: The length of each subinterval is 13° . So the parti-
tion is {0, 1,%,2,1}. The Riemann sum is f(0) -

1 3 1 1 1 1 1 3 1 Lll 4(1%)%+f(%>
Z‘f‘f(z)‘z:3'Z+O'Z+(—1)'Z+2'Z:Z—Z+ :Zzl‘

uklv—‘

rl>|l\'.>
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(b) Approximate f_ll f(z)dz using 4 equal subintervals and left end-
points.
Solution: The length of each subinterval is =2 = 2 = % So the
partition is {-1,-1 O, ;, 1} The Riemann sum is f(—1)- 3+ f(—1)-

O 3+ =T 42 b3+ (cD h=he1i-d-2

—_

4. Approximate fl (4% — 5)dx usmg 4 equal subintervals and left end-

points.
Solution:The length of each subinterval is ST
tionis {1, 3,2, 2,3}. The Riemann sum is f(1)- :
We have f(1) =4-12°-5=4-5=—1, f(3) =4-(3)*-5 =4
f(2):4'(2)2—5:4'4—5:16—5—11 f(2)

25 — 5 = 20.

So f(1)-5+ /()3 +

(-14+4+11+20) =2

|
W
—~
NS
N~—
S
|
o

Nt

f@2)2+f@)t==(-1)-1+4-J+11- 14201 =
=1

7.

5. Evaluate the following limits

(a) .
lim A — 1) Ax
|P||+o,;( » DAz
where P = {29 = 1,21, - ,Zg, -,y = 2}, ¢ € [xp_1, 2], Az =
Ty — LTk—1-

Solution: We have f(c;) =c; — 1, f(z) =2>—1,a=1and b = 2.

5 2

S0 limyjpjo Yoy (G — DAz, = [[(a? — N)de =% —z

1
_ 23 13 _ 23 13 _ 8 1 _ 7 _ 4
=3 - —<?— )-3— —<?— )-5—2—§+1—§—1—§'

(b) )

lim 3sin(2c;) Ax

|P||+o,; (Bex) Ao
where P = {zg = 0,21, - , T, -,y = %} cr € [xp—1, 2], Az =
T — Th—1-

Solution: We have f(c;) = 3sin(2¢;), f(x) = 3sin(2z), a = 0 and
b=1 1
S0 limyjpy—o Yh_, 3sin(2e) Azy, = [f 3sin(2x)dw = — 2522

2
0
3cos(2:T) 3cos(2:0)\ _ 3cos(3) | 3cos(0) _ 30 , 31 _ 3
e = = 5=+ = = 4% = 5. We have

used cos(5) = 0 and cos(0) = 1.
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6. Express the area of the region enclosed by y = 2> — 1 and y = 5z + 5 as
an definite integral (Do not evaluate the definite integral).

FIGURE 1. Graph for problem 6

Solution: We first find the points of intersection by solving
r? — 1 = 5x + 5. This implies that 2> — 1 — 5z — 5 =0 and z*> — 52 — 6 = 0.
We get (r —6)(z+1)=0and x = —1 or z = 6.

From the graph, we know that 5z +5 > z? — 1 on the interval [—1, 6].
So the area of the region enclosed by y = 2> — 1 and y = 5z + 5 is

6 6 6
/ 5x+5—(x2—1)dx:/ (51:+5—a:2+1)dx:/ (—2* + 5z + 6)dxr.
-1 -1 -1
7. (a) Express the area of the region enclosed by y = —vz + 1, y = —2z+
4, r—axis and y—axis as an definite integral.
Solution: We need to find the = coordinates of these points on the
graph. The z coordinate of point 1 is z = 0.
The z coordinate of point 2 is given by —2x + 4 = 0 which gives
2r = 4 and we get x = 2. The z coordinate of point 3 is given
by solving —2x + 4 = —v/x + 1 which gives (—2z + 4)? = (—x + 1)?
and we get 422 — 162 + 16 = 2 + 1, 42> — 16z — 2z + 16 — 1 = 0 and
422 —172+15 = 0. Factoring 42°>—17x+15 = 0, we get (z—3)(4dx—5) =0
and x =3 oraz=2.
Plugging = = 3 into —2x + 4, we get —6 +4 = —2.

Plugging » = 3 into —v/z + 1, we get —/3+1 = —2.
So z = 3 is the solution of -2z +4 = —/x + 1.

Plugging » = 2 into —2z +4, we get —2- 2 +4=-24+4 =3,
Plugging v =  into —v/7 + 1, we get — /3 + 1= — /2 = -,
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N

Point

point 3

d
4 5

_r;dius = 4%+l 7 radius =.F:
%y

FIGURE 2. Graph for problem 7

radius = 2x-4

So z = 2 is not the solution of —2z +4 = —/z + 1.

So the = coordinate of point 3 is = = 3.

On the interval [0,2], we have 0 > —+/z + 1 and the area of the
region bounded by y = 0, y = —vz+1, x = 0 and v = 2 is
J30— (—Vz + 1)da = [} a + Lda.

On the interval [2,3], we have —2z + 4 > —/x + 1 and the area of
the region bounded by y = -2z +4, y = —-vzr+1l,r=2and x =3
is

f23 2z 44— (—vz + 1)de = f;’ ( —2x+4+Va+ 1>dx.

So the area of the shaded region is

Jy VaFTde+ ) (= 20+ 4+ Va+1)de.

(b) Express the volume of the solid obtained by rotating the above
enclosed region about = — azis as an definite integral.

Solution: On the interval [0,2], the cross section is a circle of ra-
dius vz + 1 and A(z) = n(v/z +1)* = n(z + 1). The volume of the first
part is f02 n(z + 1)dz. On the interval [2,3], the cross section is an
annulus where the bigger circle has radius —(—vz +1) = vz + 1 and
the smaller circle has radius —(—2z +4) = 2z — 4. So the area of
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the cross section is A(z) = n(vox + 1) — 722 — 4)? = w(x + 1 — (42% —
16z + 16)) = w(—42? + 17x — 15), The volume of the second part is
f237r(—4x2 + 17z — 15)dz. Thus the volume we are interested in find-
ing is f02 m(x + 1)dz + f;’ m(—4x? + 17z — 15)dx.

8. Express the area of the region enclosed by y = —/z, y = r and x = 4 as
an definite integral. Solution: From the picture, we see that + > —/x

e
y=x_ A\

\"
A\

AN
\\\&3

\\\__

ta
L

FIGURE 3. Graph for problem 8

on the interval [0,4]. So the area of the region enclosed by y = —/z,
y=xzand x =4 is

/04x (— VD) = /04(95 + Vo)de,

9. (a) Express the area of the region enclosed by y = 4z, y = 22? as an
definite integral(Do not evaluate the definite integral).
Solution: First, we find the points where y = 4z and y = 222
intersect by solving 4z = 2%, We get 4z — 22% = 22(2 — x) = 0 and
x = 0 or x = 2. On the interval, we have 4z > 222. So the area of
the region enclosed by y = 4x, y = 222 is f02(4x — 22%)dz.

(b) Express the volume of the solid obtained by rotating the above

enclosed region about x —azis as an definite integral(Do not eval-
uate the definite integral).
Solution: The cross section is an annulus where the radius of the
bigger circle is 4z and the radius of the smaller circle is 22%. So
the area of the cross section is 7+ (47)* — - (22%)? = 7-162? — -4t =
m(162? — 4x%).
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radius = 4x

FIGURE 4. Graph for problem 9

So the volume of the solid obtained by rotating the above enclosed
region about = — azis is f02 (1622 — 4at)dx



