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ABSTRACT. For any subset G of L°°, let T(G) denote the algebra gen-
erated by all Toeplitz operators Ty with f € G. Let €Z(G) denote the
closed two-sided ideal of T(G) generated by all commutators Ty Ty —T,Ty
with f,¢g € G. In this paper we extend our earlier result in [I]. More
specifically, we show that the identity €T(G) = ¥(G) holds true for a
broader class of G than considered earlier. The main idea is almost the
same as that in [I].

We refer the reader to [1] for definitions and basic results which we will
use in this paper. As in Section 2 in [I], a function f on B, is called a radial
function if there is a function f defined on [0, 1) so that f(z) = f(|z|) for all
z € B,,. For such an f and any real number s > 0, put
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Remark 2.5 in [I] then says that T’ is diagonal with respect to the standard
orthonormal basis. In fact we have

Ty =Y walfslml)em ® em. (0.1)

meN™

Here for any g,h € A2, g ® h denotes the operator on A2 defined by the
formula (g ® h)(¢) = (@, h)ag for all p € AZ.

Recall that for w € B,, and 0 < r < 1, E(w,r) denotes the ball centered
at w with radius r in the pseudo-hyperbolic metric. If f(2) = xg(0,6)(2) =
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X[0,5)(|2]) for some 0 < § < 1 then for any s > 0,
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Since min{1, (1 —42)?} < (1 —7)* < max{1, (1 —42)?} for all 0 < r < §2,

we have
. Fla+1)T(n+s) (n+s)
_ 2\« <
mln{l? (]' 0 ) } S Wa (XE(O,(S)?S) F(TL Fsta+ 1) 62(n+s)
< max{1, (1 — §?)*}.
This then implies that for any 0 <r < R <1 and s > 0,

0<

W (XE(O,T)7 8) - max{1, (1 —r2?)®} (1)2(71-5-3) 02)

wa (XE(0,R),s) — min{l, (1 — R%)e}
< max{1, (1 —r?)*} (1)%
~ min{l, (1 — R?)*}
Lemma 1. Suppose 0 < R <1 and 6 > 0. Then there exists v = v(R,0) in
(0,1) so that for all 0 < r <=, T, < 0T,

XE(0,r) XE(0,R) "
Proof. From (0.1]), we have
TXE(O,R) = Z Wa (XE(O,R)7 |m‘)6m ® em,
meNn
and for any 0 <r < 1,
TXE(O,T) = Z Wa (XE(O,T)7 |m’)em @ em.-
meNn?

From equation (0.2)) there is a v in (0,1) such that for any 0 < r < ~
Way (XE(O,r)a 5)

Wa (XE(O,R)a S)
TXE(o,r) < 5TXE(0,R)' O

and all s > 0, we have 0 < < 4. This then implies that

Theorem 2. Let {z; : j € J} be a separated sequence in B, where J is
either a non-empty finite set or N. Let 0 < R < R < 1 and M = {R; :
j € J} C(0,1) such that any limit point of M s either O or is in the open
interval (R, R). Suppose W is a set with non-empty interior that satisfies
the following conditions:

(1) W CUjesE(z, Rj),

(2) There exists 0 < r < 1 such that whenever R; > R (for some j € J)

we have E(zj,r) C W.
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Let G be a linear subspace of xw L such that C(B) N xwL*>® C G and each
function in G is a linear combinations of positive functions in G. Then we
have K C €%(G) = T(G).

Remark 3. Let W be a subset of B, that satisfies the conditions in Theo-
rem @ Applying the theorem with G = xw L, we see that €X(xw L>®) =
T(xwLl>). The case where R; > R for all j € J is Theorem 1.1 in [I]
which extends an earlier result of the author in [2]. What interesting about
Theorem|[q is the case where R; — 0, which is not covered by [1]. In this case
the set W is only assumed to have non-empty interior, in addition to the
condition that W is a subset of Uje s E(z;, R;). Theorem@ gives a necessary
condition on W for the identity €T (xw L>®) = T(xwL>®) to hold true.

Proof of Theorem[9. Since W has an empty interior and C'(B,) N xw L™ C
G, Remark 2.9 in [I] shows that £ C T(G). This implies that £ C €Z(G).

Next, without loss of generality, we may assume that R; < Rfor all j € J.
Choose R so that R < R < 1. By Lemma 3.1 in [I] there is a continuous
function 7 which is supported in E(0,7) such that [T},,T;] is an injective
operator which is diagonal with respect to the standard orthonormal basis
of A2,

Let 6 > 0 be given. By Lemma [I] there is 0 < v < R such that

Typoy < 5TXE(0,E)’ (0.3)
By Lemma 2.6 in [I] there is a number A so that
Tpony < ATy T” + 6T 5 - (0.4)

Now let
Ni={jeJ:Rj<y} and Na={jeJ:R;>R}

Then by assumption about M, the set J\ (/N1 U N3) is a finite set (possibly
empty). For any j € N1, by applying U, on both sides of inequality (0.3)),
we get

U,.T. U, <U,.T, U

TXE(Z]',’Y) = Yz ixpom Y = 2~ XE@,R) %1 :5TXE<ZJ-,§>'

This then implies TXE(Zj’Rj) < TXE(ZM) < 5TXE(ZJ.,§>' For any j € Ns, apply-

ing U,; on both sides of inequality (0.4 and arguing as above, we get
< AlTyop.; s Tiop. ) + 0T

TXE(zj,R) - E(z;,R)"
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B 2
Hence TXE(Zj,Rj) < TXE(zj,R) < )‘[anzj ) TnOWZj] + 6TXE(Zj,§)' So
TXW S ZTXE(z]-,Rj)
jeJ
= Z TXE(Z]',R]') + Z TXE(ZJ‘»R]') + Z TXE(ijRﬁ (05)
JEN1 JEN2 j€J\N1UN>
B 2
S 5 Z TXE(zj,ﬁ) + )\ Z [TUOSOZJ- ’ T77°<Pz]-] + Z TXE(Zj,Rj)
jedJ JEN2 jEJ\N1UN2

Since {z; : j € J} is a separated sequence, we can decompose J =

Ji U---U Jy for some integer M so that E(z, R) N E(zg, R) = 0 for any
Il # kin Js, where 1 < s < M (see Lemma 2.3 in [2]). From this we
have ) T) < M. For any j € J, the function 1o ¢, is contin-
jed
uous and supported in E(z;,r), hence it is in G. Proposition 2.3 in [I]
shows that > [anzj,Tﬁij]z belongs to €X(G) for 1 < s < M. Thus
JEN2NJ,
jeZNQ [anzj,T,—ZO%J_]2 belongs to €X(G). Also since TXE(Zj,Rj)
any j in the finite set J\N; U No, > Tipeon,
FEJ\N1UNo I
in €¥(G). Let m denote the canonical quotient map from T(G) onto the
quotient algebra T(G)/€T(G). We then have

2
77( Z [TnowzjvTﬁowzj] ) =0= 77( Z TXE(Zj,Rj))’
JEN2NJs jEJ\N1UN>
Let 0 < f <1 be any function in G. Then since f < xw, (0.5) gives
0<7(Ty) <7m(Tyy) < OM.

But ¢ was arbitrary, so we conclude that 7(Tf) = 0 for any f € G with
0 < f < 1. Since any function in G is a linear combination of positive
functions in G, we see that w(Ty) =0 for all f € G. So €T(G) = T(G). O

E(z]-,ﬁ)

is compact for

is compact, hence,
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