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ABSTRACT. For & > —1, let A2 denote the corresponding weighted Bergman
space of the unit ball. For any self-adjoint subset G C L%, let T(G) denote the
C* —subalgebra of B(A2) generated by {Tr : f € G}. Let €Z(G) denote the

commutator ideal of ¥(G). It was showed by D. Sudrez (in 2004 for n = 1)
and by the author (in 2006 for all n > 1) that €T(L®) = T(L*®) in the case
a = 0. In this paper we show that in the setting of weighted Bergman spaces,
the identity €Z(G) = T(G) holds true for a class of subsets G including L.
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1. INTRODUCTION

For any integer n > 1, let C" denote the Cartesian product of n copies of C.
Forany z = (z1,...,z4) and w = (wy,...,wy) in C", we write (z,w) = 2101 +
o+ z,Wy and |z| = \/]z1]2 + - - - + |z4|? for the inner product and the associated
Euclidean norm. Let B, denote the open unit ball which consists of all z € C"
with |z| < 1. Let S, denote the unit sphere which consists of all z € C" with |z| =
1. We write B, for the closed unit ball which is B, US,,. Let C(B,,) (respectively,
C(By)) denote the space of all functions that are continuous in the open unit ball
(respectively, the closed unit ball).

Let v denote the Lebesgue measure on B, normalized so that v(B, ) = 1. Fix
a real number & > —1. The weighted Lebesgue measure v, on B, is defined by
dva(z) = ca(1 — |z|*)*dv(z), where ¢, is a normalizing constant so that v, (B,) =

I'n+a+1)
IF'(n+1)I'(a+1)
L denote the space L (B,,dv,). Note that LY is the same as L® = L®(B,,, dv).

1. A direct computation shows that ¢, =

.For1l <p < oo, let
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For any f in L}, we denote by || f

pa= | [ 1£(2)1Pdve]

BH

p.a the norm of f. So

1/p

I1f

The weighted Bergman space A} consists of all holomorphic functions in
B,, which are also in LY. It is well-known that Af is a closed subspace of LF. In
this paper we are only interested in the case p = 2. We denote the inner product
in L2 by (,)4. Since A2 is a closed subspace of the Hilbert space L2, there is an
orthogonal projection P, from L2 onto A2. For any f € L2, we have

(Bf)G) = [ el () = (KD < By,

By
1
where K% (w) = (0= (w,2))r e The functions K}’s are the reproducing ker-
2 Kg (w) o
nels for A;. For any z € B,, let k¥(w) = K2 Then |k¢||2, = 1 and
Z 12,0

(g, k%) = (1 — |z2)nH140)/2¢(2) for g € A2 and z € B,,.

For any multi-index m = (mj, ..., my) of non-negative integers, we write
|m| = mqy + -+ my and m! = my!---m,!. Forany z = (zq,...,z4) € C", we
write z'" = 211"1 ...z, The standard orthonormal basis for Ai is {ey : m € N"},
where

IF(n+|m|+a+ 1)}1/22,”

, N”, B,.
m! T (n+a+1) me Rz E B

em(z) = [
For a more detailed discussion of A2, see Chapter 2 in [7].
For any f € L%, the Toeplitz operator Ty : A2 — A2 is defined by the
formula T¢h = Py(fh) for h € A2, We have

(1.1) (Tph)(z) = / ¢ _f EZZZ;;‘Z)HH v (w)

By

forh € A2 and z € B,,.

We have Ty = Tz and since [|Py|| = 1, || T¢|| < [|f|l forall f € L*. There
are examples of f € L* so that || T¢|| < [/f|lw. Since Ty is an integral operator
given by equation (1.1), we see that Ty is compact if f vanishes on the complement
of a compact subset of B,.

Let B(A2) denote the C*—algebra of all bounded linear operators on A2.
Let K denote the ideal of B(A2) that consists of all compact operators. For any
subset G of L*, let T(G) denote the Banach subalgebra of B(A2) generated by
all Ty with f € G and let €¥(G) denote the closed two-sided ideal of T(G) gen-

erated by all commutators [Ty, Tg] = TfTg — ToTf with f,¢ € G. When G is
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self-adjoint (i.e. G = G* = {f : f € G}), T(G) is a C*—algebra and so the quo-
tient T(G)/€Z(G) is also a C*—algebra. The algebra T = T(L*) is called the full
Toeplitz algebra. Its commutator ideal is denoted by ¢%.

It is well-known that ¢Z(C(B,)) = K. This was showed by L.A. Coburn
[1] for the unweighted Bergman space (¢ = 0) but his argument can be easily
adapted to the weighted cases. In the unweighted case, D. Sudrez [6] showed
that €% = T for n = 1. This result was generalized by the author to all n > 1in
[2]. The purpose of this paper is to show that the identity €¢Z(G) = T(G) holds
true in the general setting of weighted Bergman spaces for a class of self-adjoint
subsets G of L. In the current situation, even though explicit computations used
by Sudarez cannot be used, many of his results play an important role. In particu-
lar, Proposition 2.3 is a version of Proposition 2.9 in [6] for Toeplitz operators on
weighted Bergman spaces.

We next introduce a metric on B, which we will mainly use in the paper.
For z € By, let ¢, denote the Mobius automorphism of B, that interchanges 0
and z. For any w € By, let p(z,w) = |¢@.(w)|. Then p is a metric on B, (called the
pseudo-hyperbolic metric) which is invariant under the action of the automor-
phism group Aut(B,) of B,. For any z, w, u € B,,, we have

o(z, ) — (1, w)
42 P 2 g o ()

See Section 2 in [2] for more details about the metric p.

Forany ain B, andany 0 < r < 1,let E(a,r) = {z € B, : p(z,a) < r},
which is the ball of radius r centered at a with respect to the metric p.

A sequence {zj :j € J} C By (J is either a non-empty finite set or | = N) is
said to be separated if r = inf{p(z;,,z,) : j1,j2 € ], j1 # j2} > 0. The number r is
called the degree of separation of the sequence.

The following theorem is the main result of the paper.

THEOREM 1.1. Suppose W C B,, is a measurable set and suppose there exist real
numbers r,R € (0,1) and a separated sequence {z; : j € J} C By (] is either a non-
empty finite set or | = N) so that

(1.3) JE(zj,r) c W c |JE(z,R).
j€] j€l

Let Gi(W) = {f € C(By) : fvanisheson B,\W} and Go(W) = {f € L*® :
f vanishes a.e. on B, \W} = xwL*®. Let G be a self-adjoint linear subspace of Gy(W)
that contains Gy(W). Then if | is finite, K = €Z(G) = %(G). If ] = N, we have
K C ¢3(G) = %(G).

Applying Theorem 1.1 with G = G(W), we conclude that for any measur-
able set W C By, satisfying (1.3),

(1.4) CT(xWL™) = T(xwl™).
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Now by an argument using Zorn’s Lemma, we see that for any 0 < R < 1 there
is a separated sequence {z; : j € N} of B, so that B, = UjenE(zj, R). We then
get €T = T. This identity in the case of unweighted Bergman space is our earlier
result in [2].

Note that (1.4) holds true in many cases where W need not satisfy (1.3). In
fact, if W is any measurable subset of B, so that Ty, is a compact operator then
T(xwL*®) C K, and if W has nonempty interior then T(xwL>) is irreducible
by Remark 2.9. It then follows that T(xwL®) = K and so K = €T (ywl®) =
T(xwL®). Thus (1.3) is not a necessary condition for (1.4) to hold true. It would
be interesting to know an explicit description of those W’s that give (1.4) but at
this time we do not know if there exists such a description.

The rest of the paper is organized as follows. In Section 2, we provides some
preliminaries and basic results. In Section 3, we give a proof for Theorem 1.1.

2. BASIC RESULTS

In the first part of this section, we discuss how some results of Sudrez can
be generalized to the case of weighted Bergman space A2. These results play an
important role in the proof of Theorem 1.1. In the second part of the section, we
show that a Toeplitz operator with radial symbol (see definition below) is a diag-
onal operator with respect to the standard orthonormal basis of A2. A formula
for the eigenvalues of the operator is given. We also show that the C*—algebra
T(fC(By)) with f a radial function is irreducible.

LEMMA 2.1. Let 0 < r < R < land {z;}*, C By such that E(zj,r) N
E(ij,l’) =0 lf]l 7é jz. Let

|7nflfu¢'

P(z,w) = Y XE(zr) (2)XB,\E(z;R) (W) [1 = (z,w)
=1

Then for any 0 < B < a + 1, we have
(i) / ®(z,w)(1 — |w?) 7P dvg(w) < C1(1— |2|*) 7P forall z € B,;
By
(ii) / ®(z,w)(1 — |2[2) P dva(z) < Co(1 — [w]?) P for all w € By,

BTI
where Cy = Cy(n,a,B),Cy = Ca(n,a,B,7,R)and C; — 0as R T 1.



COMMUTATOR IDEALS OF SUBALGEBRAS OF TOEPLITZ ALGEBRAS 105
Proof. Forany z,w € B, ®(z,w) < |1 — <Z,w>|*n*1706, so

—|w]?)
|1 _ Z w |n+1+a

/(17 z,w)(1 — |w|?) P dvy (w dvg (w)

— |w|*)*F
|1_ Z, w |n+1+tx

dv(w).

Applying Theorem 1.12 in [7] witht =a — > —landc = > 0, we geta
constant C; = Cy(n, a, B) so that the inequality in (i) holds.

Now fix w € B,. For any z € B, if ®(z,w) # 0 then there is an integer
j > 1sothatz € E(zj,r) and w ¢ E(zj,R). Then

p(w,zj) —p(z,zj)) _ R—r
> > .
p(zw) = 1—p(w,zj)p(z,z;) ~ 1—Rr

R
Letd = 7 Rrr' Itis clear that foreach0 < r < 1,6 T 1as R T 1. We have

/db(z, ©)(1 = |2[2) P dva(2)

BH

< [ ew-ER)Fdue)

By \E(w,0)
(1—|z*)F
B \E(w,

_ 1*|§0w M) P (A Jwp)rte
/ 11— (@ (1), w) [P0 [T — (5, w) [21 2+ 2 dva(17)

ln>6
(by the change-of-variable z = ¢ (1) - see Proposition 1.13 in [7])

1—|w|>)"P(1—|y?)~F
( | _w<w)l,7>|(n+l—lu’c7l2)ﬁ va (17)

l|>6

_ . (1= Py
=a(l=feP)P [ ey V).
n|>¢

Here in the fourth equality, we have used the formulas

_ A= [wP)a—n) I el
1- |(Pw(77)|2 - |1 — <w’17>|2 and 1— <q)w(77)/w> - W

See Theorem 2.2.2 in [4] or Lemma 1.3 in [7].
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For any 1 < 7 < oo, Holder’s inequality gives

1—
/ |1 (<w, 7|77>]||n3-1+ﬂc—2‘5 dv(ﬂ)
n|>6

(1= |y|?) =P Uy o oni-1/y
< / 11— (w, )|+ Tre2)y dv(”» (1=07)
nl>

2n\1-1/ —|n*) - 1y
( —0 n 7 /|1_ ‘ (n+1+a— 2,8)7 dl/(17)> :

If « — B > 0,choose any ¥ = y(n,a,p) > 1sothat(n+1—B)y—(n+1) <
0 (sincen +1— B < n+1, it is possible to choose such a 7). If « — § < 0, choose

any v = y(n,a, ) > 1sothaty <

1
_aand(n+1—/3)'y—(n+l) < 0 (since

0<pBp—a<landn+1—p <n+1,itis possible to choose such a 7). With the
above choice of v, wehavet = (¢ — )y > —landc=(n+1—-B)y—(n+1) <

0. By Theorem 1.12 in [7], there is a constant G = G(n,a, B) so that for all
w e B,

1 - |17|
/ |1 _ n+1+a Z‘B)fy dl/(?j) < G

We then have the inequality in (ii) with Co = ¢, (1 — 6%")1=1/7(G,)1/7. Since
0171asRT1,weseethatC; —0asRT1. 1

With the help of Lemma 2.1, the proof of the following lemma is the same
as that of Lemma 2.6 in [6].

LEMMA 2.2. Suppose that0 < r < R < 1and {w] ° 1 C By so that E(wj,,r) N
E(wj,,r) = @ forall j1 # jo. Letaj Aj € L% befunctzons of norm < 1 such that
aj(z) = 0 for almost every z in By\E(wj,r) and Aj(z) = 0 for almost every z in

E(wj,R), j = 1,2.... Then the operator eZN Mu PMA is bounded on L2, with norm
]

bounded by some constant k(R) — 0 when R — 1.

The following proposition is a version of Proposition 2.9 in [6] for Toeplitz
operators on the weighted Bergman space A2. Since we have Lemma 2.2 and all
the needed properties of the metric p, the proof is identical to that of Sudrez.

PROPOSITION 2.3. Suppose 0 < r < 1and {w;}3>, C By so that E(wj,,r) N
E(wj,, r) = @ forall j1 # ja. Let c} c ,a;,bj, d ,d}‘ € L be functions of norm
< 1 that vanish almost everywhere on Bn\E( 1), for j=1,2.... Then the operator

Y Ta-- TlTuTb Ty, Ta)) T - - Ty
jen I j j
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belongs to the commutator ideal €X(G), where G is the closed subalgebra of L* generated
by the functions cjl-, .. .,cé, aj, bj, djl-, .. .,d;‘,j =1,2,....

For any multi-indices m = (my,...,my,) and k = (ky,...,k,) in N", we say
that m < k (or k = m)if m; < k;forall 1 < j < n. We write m +k = (my +
ki,...,my+ky)and k —m = (ky —mq,..., ky, —my). Itis clear thatk —m € N"
if m < k. We have |m + k| = |m|+ |k| and |k — m| = |k| — |m|. Recall that the
standard orthonormal basis for A2 is {e;, : m € N}, where

I'(n+|m|+a+1)11/2
em(z)z[ m!T(n+a+1) }

It is clear that for any multi-indices m and k, there is a positive constant d, (m, k)
so that eyer = dy(m, ke, ;. Note that dy(0,k) = dn(m,0) = 1 for all m and k.
Here 0 denotes (0, . ..,0).

A function f on By, is called a radial function if there is a function f defined
on [0,1) so that f(z) = f(|z|) for all z € B,. For such an f and any real number
s > 0, put

zZ", meN',zeB,.

1
aJa(f/S) = 11:((;1——:15)41:(0;115)) O/rn+sl(1 _r)le(rl/Z)dr

If f(z) = XE(0,6)(2) = X[0,5)(|2]) for some 0 < & < 1 then for any s > 0,

phts—1 1_1, X[o,a)(”l/z)df’

1

I'n+s+a+1)

w“(XE(O"S)’S) I'a+1)r n+s/
0
5

2
:F(n+s+0c+1 /r”+511—r“dr
I'(a+1)I(n+s) /

Since min{1, (1 — ¢6%)*} < (1 —7r)* < max{1, (1 —6%)*} forall 0 < r < &2,
we have

. I'(a+1)I'(n+s) (n+s)
min{1, (1 - 6%)"} < wa(Xe(0,0),5) T(n+s+at1) g20nts)

< max{1, (1 —5%)*}.
This then implies that for any 0 < r < R < 1, we have

2.1) fim e XE@n/5)
ST Wy (XE(O,R)’ s)

LEMMA 2.4. Let f be a bounded radial function on B,. Then for any multi-indices
m and k we have

Pac(femék) = {

=0.

dulkm = K)wulf, men ifk=<m,
0 otherwise.
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Proof. For any multi-index /, consider

<Pa(f€mék)rel>a
= (fem, exer)a
=du(k,1){fem, exs)a
— dall ea [ FZ)en (2o (2)(1 ~ [22)dv(z)

]B n

— dull e / 202" (1 = P () [ en(r)ei (1) Q)

Su
= du(k,I)c /2nr2”+|m‘+‘k‘+“' A=) f(r )dr/em(é)ek+z(€)d0(é)
Sn
Thus if m # k+1, (Pu(femex), e;)a = 0. If m = k + 1, we have
(Pu(femer), er)a

I'(n+|m|+a+1) I'(n)m nsolm .
m T(n+1+a) (71+|m| /anZ +2[m|— 1(1 ) f(r)dr

(see Lemma 1.11 in [7])

- da(k,l)ctx

I'(n+|ml+a+1)

1
:dzx(k/l)['(zx-l-l I'(n+|ml) 0/2r2ﬂ+2m| i )af( )dr

— F(n+|m|+“+1) n—+|m|— o f
—da(k/l)F(a—l—l)F(n—i—WDO/r N =)t f ) dr

= do(k, D (f,|m]).

Therefore,

_ do(k,m —k)wa (f,|m|)e,_  ifk <m,
Py(femer) =
(femer) {0 otherwise.

REMARK 2.5. Lemma 2.4 implies that for a radial function f € L%, we
have Tre,, = wa(f,|m|)em for all multi-indices m. Therefore, the Toeplitz op-
erator Ty is diagonal with respect to the standard orthonormal basis. In fact,

Tr= ¥ walf,|m|)em ® en. Here (em ® ey)h = (h,em)en forall h A2,
meN"

LEMMA 2.6. Let {s,, : m € N} be a bounded set of strictly positive real numbers.
Let 0 < r < R < 1. Then for any & > 0, there is a number A > 0 depending on 6,7, R
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and {wtx(XE(O,r)rlmD

Sm

tm e N”} so that

TXE(O,r) <A 2 Smem & em + (STXE(O,R)'
meN"

Proof. As in the remark preceding the lemma,

TXE(O,r) - Z Wy (XE(O,;’)/ |m|)em ® Cm,
meN"

and

Txeor) = % wa (XE(0,R) [1])em @ em.
meN"

Let & > 0 be given. We need to find a A > 0 so that

Wa (XE(0,r), [1]) < Asi + Swa (XE(0,R), 111])

for all multi-indices m. By (2.1), there is an integer M > 1 so that

wa (X Im) < 0wa(XE(0,R) IMI)

for all multi-indices m with |m| > M. Put

Wy (XE(O,r)f |m|)

Sm

/\:max{ |m|§M}

We then have the required inequality. 1

Forany 1 < j < n, let¢; = (51]‘/---/5;1]‘)/ where ¢;; = 1ifi = jand 0
otherwise.

PROPOSITION 2.7. Let {ps} ; be a sequence of distinct positive integers so that
[e9)
Y. p;! = co. Let f € L™ be a radial function which is not identically zero in B,,. Let G
s=1

bea self-adjoint subset of L* so that for any integer s > 1 and integer 1 < j < n, there
is a multi-index k € N" with |k| = ps and fekEkJr,;], € G (hence, fékek+,5j € G as well).
Then %(G) is irreducible.

Proof. Suppose Q is an operator on A2 so that TQ = QT forall T € F(G).

Let m be a multi-index in N". Since f is not identically zero and Y p;! diverges,
sS=

there is an integer s > 1 so that wq(f, ps + 1+ |m|) # 0. This is a consequence

of Muntz-Szasz’s Theorem (Theorem 15.26 in [5]). Now let 1 < j < n. By the

assumption about G, there is a multi-index k € N" so that |k| = ps and f. CkCrts; €

G. We then have Ty,,5, 5 Q= QTfez,., 5
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Let 9 = Q1 € AZ. From Lemma 24, Troos, 1 = Palferirs) = 0, s0
Tfekgkﬁ_]_ ¢ = Trez,, ; Ql = QTfeq,, ; 1 = 0. Using this together with the identities

= do(k + 8j,m)da (k, 6 + m)wa (F, [k + 1+ [m])es 1m
= da(k + 6;,m)da (k, 6 + m)wa (f, ps +1 + |m|)es; +m

we get,

Ty, eKCh+s; P, Cm)a

¢, Pu (ﬁkekwjem»rx

0=
= (@, fexers.m)a
= {
= dy(k + 6j,m)du(k, 6; + m)wa(f, ps + 1+ im[) (¢, e§j+m>,x-

From this we conclude that (¢, e‘;ﬁm)a = 0. Since this is true for all multi-
indices m and any 1 < j < n, it follows that ¢ is a constant function. So there is a
complex number ¢ so that ¢(z) = cforall z € B,,.

We next show that Qe;, = cey,; for all multi-indices m € N” by induction on
|m|. Since Q1 = cand 1 = ¢(g ), we have Qey, = cey, for [m| = 0. Now suppose
this holds true for all multi-indices m with |m| =1 > 0. Let m’ be a multi-index
with |m’| = 1+ 1. Then there is a multi-index m with |m| = I and an integer
1 <j < nsothatm’ = m+4;. Chooses > 1 so that wo(f,ps + 1+ |m|) # 0.
Then there is a multi-index k so that |k| = ps and fEkekﬂgj € G. Since QTf?k s =

j

T and Qe,;, = ce,;, we have
ﬁkek+5jQ Qem s

(2.3) QPy (?Ekek+5]-em) = QTﬁkfkmjem = chgkgkwj Qem = szx(fékekJr&jem)-

By (2.2) and the fact that dy (k 4 6;, m)dy (k, 6; + m)wa (f, ps + 1+ |m|) # 0, equa-
tion (2.3) implies Qe = ce,,y.

Thus, Q = cI, where I is the identity operator on A2. Since the commutant
of T(G) consists of only multiples of the identity operator, we conclude that T(G)
is irreducible. 1

REMARK 2.8. Let Gy = fC(By) = {fg : § € C(B,)} where f € L™ is
a radial function which is not identically zero in B,,. Proposition 2.7 then im-
plies that T(Gy) is irreducible. Since T(Gy) clearly contains a nonzero compact
operator (for example, T, for an appropriate ¢ € Cc(B,)), we conclude that
K C (Gy). If it happens that T is compact then since Tf, — T T is compact for
any g € C(By) (see [1]), we see that Ty, is compact for all g € C(B,). Hence in
this case, ‘Z(Gf) =K.
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For each z € B, the formula U, (f) = (f o :)k%, f € L2 defines a bounded
operator on L2. It is easy to verify that U, is a self-adjoint unitary operator with
A§ as a reducing subspace and UZTfUZ = Tfoq,z on Af( for all z € B, and all
f € L®. See, for example, Lemmas 7 and 8 in [3].

REMARK 2.9. Suppose f = h o ¢, for some radial function # € L* which
is not identically zero and z € B,. Let Gy = fC(B,) and G, = hC(B,) then
Gr = {go0 ¢z : § € Gy}. Since Tgop, = U;TyU, for any g € Gy, we see that
T(Gy) = U;F(Gy)U;. Therefore, all the statements in Remark 2.8 remain true for
this f.

3. PROOF OF THE MAIN THEOREM

We begin this section by the following lemma which implies that for all
€ € (0,1), there is a continuous function g supported in the set {z € B, : |z| < €}
so that [Ty, Tg | is a diagonal operator (with respect to the standard orthonormal

basis of A2) which has only nonzero eigenvalues.

LEMMA 3.1. Let g : [0,00) — [0, 00) be a measurable function with ||§|lc > 0
and §(t) = 0 forall t > 1. For any 0 < € < 1 and any multi-index my € N" with
Imo| > 1, let ge(z) = §(|zle™) and femy(z) = emy(z)ge(z), for all z € By. Then
the operator Te i, = [ng/mO, T.Te . | is diagonal with respect to the standard orthonormal

basis. Furthermore, for each fixed my, for all but at most countably many €, Te myem 7 0
forallm € N,

Proof. For any multi-index m, from Lemma 2.4 we have

and

Tfe,mo em = Pa(g Cmpem)
= Pu(geCmyem)

dtx(mOrm - mo)wa (ge, |m|>em—m0 if my X m,
0 otherwise.
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Therefore,
(T, Thom)em = Ty, (dum,mo)con(ge, ol + i)

= d (mo, m)wi (e, |mol + [m])em,

. B d2(mo, m — mo)w?(ge, |m|)ewm  if mg = m,
(Tfe . T )Em = .
0 fem otherwise.

It then follows that Te ,,, = [ng/mO , Tf | is a diagonal operator with respect

€,mg
to the standard orthonormal basis. Wehave Te iy = Y. swm(€, mo)en ® e, where
meN”
sm(e,mo) = di (mo, m — mo)wg (ge, |m|) — da (mo, m)ws (ge, |mo| + [m|) if my < m
and sy, (e, mp) = —d%(mo, m)w3(ge, |mo| + |m|) if my £ m.
For any real number s > 0,
1
F(”+S+0‘+1 nts=1( 1/2,.-1
= d
Wi(8erS) = O T+ s) /7 rgrTe ) dr
0
[(n+s+at1) i
— nrsrua 2n+25/ n+s— 1 w~.,1/2 d
I'(a+1)I'(n+s) J ! u)'g(u'’?) du

by the change-of-variable u = e~2r).
(by 8

Now suppose |my| > 1. By assumption about §, we have s,, (e, mg) # 0 for
all0 < e < 1if m % mg. Now let m > mg. Then s,, (€, mp) can be written as

1
sle,mo) = A [ (@mlulmol — g7 (1 - uyg(ul’?) du,

where A and B are nonzero numbers with B independent of €.
Since the function
1
0(t) = /(Tz|m0‘u‘m0‘ — B)u"tm= (1 — 22u)* g (u!/?) du

0
is holomorphic in the open unit disc || < 1 and 6(0) # 0, the set {7 : |T] <
1and 6(t) = 0} is at most countable. So the set {e : 0 < € < 1 and sy, (€, my) = 0}
is at most countable for each multi-index m. This implies that {¢ : 0 < € <
1 and s, (€,mp) = 0 for some m € N"} is at most countable. The conclusion of
the lemma then follows. 1

We are now in the position of proving Theorem 1.1.

Proof of Theorem 1.1. First of all, Remark 2.8 shows that K C T(G). Second,
by Lemma 3.1, there is an € > 0 and a continuous function 7, supported in E(0, r)
so that [T, Ty_| is a diagonal operator (with respect to the standard orthonormal
basis) with only nonzero eigenvalues.
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Fix an R so that R < R < 1. Let § > 0 be given. Applying Lemma 2.6, we
get anumber A > 0 so that

Typon < ATy Ty > + STxgon-

E(O,R)
For each j € ], multiplying U, to both sides of the above inequality and using the
identities U, Tyl = Tfog., ¢z (E(0,R)) = E(z;,R) and ¢,(E(0,R)) = E(z;, R),
we get

Txp ) < AUz [Ty, Ty ] Uz, +5TXE

E(zj,R R)
= MTyeog.,s TﬁEO(PZj] + 5TXE(z]v,R)'
It then follows that
3.1) w <) Txpm <A Y [Theog... T’?gosz +o), Doz
j€l j€l j€]

Note that all the sums above are taken in the strong operator topology of B(L2).

Now since the set {z; : j € ]} is separated, by Lemma 2.3 in [2] we can
decompose | = J; U - -+ U Jy where E(zjl,R) NE(zj,, R R) = @ forall j; # jpin Js,
1 <s < M. Then

M
ZXEzR ZZ XEzRSETXIBn:

i€l v s=1je]s
On the other hand, Proposition 2.3 implies that the operators

2
As = ;[Tﬂgo¢zj/ Tﬁeogpzj] 7 fOI‘ 1 S S S M,
J€Is

M
belong to €%(G). Thus, A = }_ [Tﬁeoq,z]_, Tﬁeo(pzj]2 = Y. A also belongs to €3(G).
j€] s=1

Now inequality (3.1) becomes Ty,, < AA + M.

Let 7t denote the canonical quotient map from ¥(G) onto the quotient alge-
bra T(G)/€Z(G). Since (A) = 0, we then have 0 < 71(Ty,,) < dM for arbitrary
0 > 0. This implies 71(Ty,,) = 0. For any function f € G with f > 0, we have
0 < f < |[[flloxw- This gives 0 < T < | f[|c0Ty,, and hence, 7(Tf) = 0. For ar-
bitrary function f € G, since f can be written as a linear combination of positive
functions in G, we conclude that 77(Tf) = 0. So €Z(G) = T(G).

Now if | is finite then for any f in G, f vanishes a.e. on the complement of
a compact subset of B, so T is compact. This implies that T(G) C K. Hence
K =¢%(G) = %(G).

Finally, suppose | = N. We will show that T}, is not compact and this
implies that £ C T(G). Since the sequence {z]} ° , is separated, we have |z;| — 1
as j — oco. Hence k;; — 0 weakly as j — co. But for each j, since k;; = U1, we
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have
<TXszj’ kZJ> Z <TXE(Z‘,r)kZ" kZ]>

So || Tyyks || = <TXE(O,7)1’ 1) for all j > 1. Hence Ty, is not compact. Thus in this
case K C €Z(G) =%(G). 1
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