COMPACT HANKEL OPERATORS
ON GENERALIZED BERGMAN SPACES
OF THE POLYDISC

TRIEU LE

ABSTRACT. Let 9 be a measure on the polydisc D™ which is the product
of n regular Borel probability measures so that 9([r, 1)™ x T™) > 0 for all
0 < r < 1. The Bergman space A% consists of all holomorphic functions
that are square integrable with respect to 9. In one dimension, it is
well known that if f is continuous on the closed disc I, then the Hankel
operator H; is compact on A%. In this paper we show that for n > 2
and f a continuous function on D", H ¢ is compact on A3 if and only
if there is a decomposition f = h + g, where h belongs to A% and
lim,_,gpn g(2) = 0.

1. INTRODUCTION

Fix a positive integer n > 1. Let D™ be the open unit polydisc in C™ and
let T™ be the n-torus, which is the Shilov boundary of D™. The closure of
D™ is D", the product of n copies of the closed unit disc.

For z = (z1,...,2,) € C" and ( = ((1,...,(n) € T™, we use z-( and ¢ - 2z
to denote the point (21(1, ..., 2,(,). We write Z = (Z1,...,2,) and for any
m = (mi,...,my) in Z", we write 2" = z{"' - - - 2" whenever it is defined.
We use o to denote the surface measure on T" which is normalized so that
o(T™) = 1. Let u be a regular Borel probability measure on [0,1)". Then
there is a regular Borel probability measure ¢ on D" so that

s = [ 5o 0asofane (1)

for all continuous functions f with compact support on D™. It then follows
that the above identity holds true for all functions f in L'(D", ).

In this paper we are interested in those measures p which satisfy the
condition p([r,1)") > 0 for 0 < r < 1. This implies that 9({z € D" : |z| >
Ty.ooy]zn| >7}) > 0for 0 <r < 1. We use L? to denote L*(D",¥) and || - |2
for the norm on L?. The Bergman space A% is the closure in L? of the space
of all holomorphic polynomials. The above condition on the measure u will
imply that all functions in A?g are holomorphic on the polydisc. Let P denote
the orthogonal projection from L% onto A129' For any function f in L%, the
(big) Hankel operator H is a densely defined operator from A% into L2 & A%
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by H¢(p) = (1= P)(f¢) for all holomorphic polynomials ¢. The function f
will be called a symbol of the operator Hy. It is clear that if f is bounded,
then H; is a bounded operator with ||H¢|| < || f|lco. However, there are
unbounded functions f such that Hy extends to a bounded operator on A%.
In fact, if f belongs to A2, then since fo belongs to A?9 for all holomorphic
polynomials ¢, we conclude that Hy = 0. Conversely, if Hy = 0, then since
0 = H¢(l) = (I — P)(f), we see that f must belong to A%. Therefore,
H; = 0 if and only if f is in A129. This shows that a Hankel operator has
many symbols and any two symbols of the same operator differ by a function
in A%.

It is well known that if a function g € L?g vanishes outside a compact sub-
set of D", then the Hankel operator H, is compact. Let D" be the topologi-
cal boundary of D" as a subset of C". If g € L? such that lim,_gpn g(z) = 0
(this means that for any € > 0, there is a compact subset M of D" so that
lg(2)| < € for ¥-a.e. z in D™\M), then an approximation argument shows
that H, is also a compact operator. This together with the above fact about
zero Hankel operators implies that if f = h 4+ g, where h belongs to A% and
lim,_sp» g(2) = 0, then Hy is compact.

In the one-dimensional case (n = 1), it is well known that if f is continuous
on D, then Hy is compact. See [10, p. 226] for the case of weighted Bergman
spaces. For generalized Bergman spaces, one can prove this by checking
directly that Hi,; is compact for all integers 4, > 0. See Section [3|for more
details. The case n > 2 turns out to be completely different. Not all Hankel
operators with continuous symbols are compact. More surprisingly, we will
show, under the assumption that p is the product of n measures on [0, 1),
that if f is continuous on D", then H ¢ is compact if and only if f admits a
decomposition f = h + g, where h belongs to A% and lim,_.gp» g(z) = 0.

In the case dp(r1, ..., rn) = 2"ry - - rpdry - - - drp, A129 is the usual Bergman
space of the polydisc. K. Stroethoff [7, 8] and D. Zheng [9] gave necessary
and sufficient conditions on a bounded function f for which H is compact.
However, their conditions, which involve the projection P and Mobius trans-
formations, are difficult to check. Indeed, even if a function f is assumed
to be continuous on D", it is not clear from their results what geometric
conditions f needs to satisfy in order for Hy to be compact. Our approach
(though works only for continuous functions) is different from theirs and our
result is more transparent.

To conclude the section, we would like to mention some results on the
compactness of Hankel operators on the Hardy space H2 = H?(T"). In the
one-dimensional case, it is a classical theorem of Hartman (see [10, Chapter
10]) that Hy can be extended to a compact operator if and only if f = h+g,
where h belongs to H? and g is continuous on the circle T. On the other
hand, the case n > 2 is much different. It was showed by M. Cotlar and C.
Sadosky in [4] and P. Ahern, E.H. Youssfi and K. Zhu in [I] with a different
approach that if Hy is compact, then f must belong to H 2. This means that
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there is no non-zero compact Hankel operator on H?2. This result was also
proved in the setting of Hardy-Sobolev spaces on the polydisc by Ahern,
Youssfi and Zhu in the same paper with the same approach. Our analysis in
the present paper was actually motivated by their results and techniques.

2. PRELIMINARIES

In this section we will explain in more details some of the results that we
mentioned in the Introduction. From Cauchy’s formula and the assumption
that p([r,1)") > 0 for all 0 < r < 1, for any compact subset M of D",
there is a positive constant Cjs so that |p(z)| < Cu||pll2 for all z € M,
and all holomorphic polynomials p. This implies that for f € A2, f is
holomorphic on D" and we also have |f(z)| < Cu||f||2 for all z € M. In
fact, it can be showed that A729 is the space of all functions in L129 that are
holomorphic on D". Since |f(2)| < Cas||f|l2, the valuation map z — f(z) is
a continuous functional on A% for any z € D™. So there is a function K, in
A2 such that f(z) = (f, K,) for any f € A%. The function K, is called the
reproducing function at z. For any compact subset M and for any z € M,
since K,(2) < Cyr||K.|l2 = Car(K.(2))'/?, we have K,(z) < C3%,.

From equation , the monomials {2™ : m € Z7 } are pairwise orthogo-
nal. On the other hand, the linear span of these monomials is dense in A%.
Therefore, Al% has the following orthonormal basis, usually referred to as the

2m

standard orthonormal basis, {e,,(z) = T imE 7%}, where

Cm = / 2MzZ"dY(z) = / P 2mnd ey, ).
n [0’1)71
Suppose f is a function in L2. Then

Y IHeml3 < Y lfeml?

mEZ" mEZ"

= [P 3 len)}ane (2

mezLl

= [ 1FGIPR. (a0 ),
where the last equality follows from the well known formula

K.(2) = | K, H2_ Z (K, em) ‘2 Z lem (2
mez? mez
If f vanishes outside a compact subset M of D", then (2| gives
S yenld < G [ 1P < .

meZ"

since K,(z) < C3, < oo for all z € M. Thus, Hy is a Hilbert-Schmidt
operator, hence it is compact.
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Suppose f belongs to L% so that lim, .gpn f(2z) = 0. Then for any € > 0,
there is a compact subset M. C D" so that |f(2)| < € for ¥-a.e. z € D"\ M,.
This implies that || f — fxa,[lcc <€ And hence, ||Hy — Hpy,, || <e. As we
have showed above, Hy,,, is a compact operator for each e. Therefore, Hy,
being the limit of a net of compact operators, is also a compact operator.

Thus we have showed the following well known result.

Proposition 2.1. Suppose f = h + g, where h € Al% and g € Ll% so that
lim, .op» g(2) = 0. Then Hy is a compact operator on A%.

In the rest of the section, we study a decomposition of L% into pairwise
orthogonal subspaces. If a function belongs to one of these subspaces, the
corresponding Hankel operator has a simple form which we can analyze
easily. This is one of the key points in our study of the compactness of
Hankel operators with continuous symbols.

For any n-tuple [ € Z™, let H; be the space of all functions f in L129 such
that f(¢-2) = ¢'f(z) for all ¢ € T" and Y-a.e. z € D". Each function in
‘H; will be called quasi-homogeneous of multi-degree [. It is clear that H;
is a closed subspace of Lq%. Let @); denote the orthogonal projection from
Lg} onto H;. The following lemma shows that these projections are pairwise
orthogonal and they constitute a partition of the identity.

Lemma 2.2. For s € Z" and f € L%, we have

@) = [ 1z )Cas(0), 3)

ford-a.e. z € D". Furthermore, Hi L Hs (which implies Q;Qs = 0) whenever
L#s, and L3 = @ cpm Qs(L3) = @yepn Hs.

Proof. Since f belongs to L2, the integral on the right hand side of is
well-defined for d¥-a.e. z € D™. For such z, let fs(z) be the value of the
integral. For other values of z, let fs(z) = 0. We will show Qsf = fs by
proving that fs € Hs and (f — fs) L' Hs. For z and any v € T", if the integral
in is defined, by the rotation invariance of o, we have

fazm) = [ ()00 = [ 7)o (o)
= [ 7G-0rdo(c) =77 1(a)

If the integral in is not defined, then fs(z-7) = 7°fs(2) because they are
both zero. Therefore, fs belongs to H.
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Now suppose g is a function in H,. Then

[ f@a@we) = [ ] 5 0cae o)
_ / | F(z - O g(2)dv(2)do(¢)
/ f(z-O3(z - Qdd(2)do(C)

n J]pn

(since g(z - ¢) = (®g(z) for V-a.e. z)

_ / | a0
= | [(2)g(2)dd(z).
-

This shows that (f — fs,g9) = 0 for all g € Hs. Since f; belongs to Hg, we
conclude that fs = Qsf.
Next, suppose | # k. Let f € H; and g € Hj. For any ¢ € T, we have

¢ f(2)g / f(z- Qg - Q)do(z)
[ 1)

Dn

Since [ # k, we conclude that / f(2)g(z)dv(z) = 0. Thus, H;LHy.

To show L% = @z My, it suffices to show that for any f ¢ L2, the

identity ||f||3 = Z 1Q:(f)||3 holds true. Indeed, for f € L2,
lezm

anz—/ F()Pa0(2)

= [ [ 15 oPastorante)

[ S| [ 16 odasof ane

lezm
(since {¢' : 1 € Z"} is an orthonormal basis for L*(T", o))

=3 [ | [ 10400 aie)

lezn

= Z 1Qi(f ||2 U

lezn

It follows from the proof of Lemma [2.2] that for each s € Z", there is
a function fs such that fs(z-~) = v°fs(z) for all z € D" and all ( € T"
and Qs(f)(z) = fs(z) for ¥-a.e. z. If f is continuous on the closed polydisc
D", then the integral in is well-defined for all z in D" and f, is also
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continuous on D". We have seen that the series > sczn [s converges to f
in the L2-norm. In general, for f in C(D"), the series does not converge
uniformly to f. However, the Cesaro means of the functions {f, : s € Z"}
do converge uniformly to f as we will see next.

For any integer N > 1, the Cesaro mean Ay (f) is defined by the formula

An(f)(2)

|Sl‘ |Sn|
= (1 — 7) (1 _ 7)f517...,sn(2’)
s1|,§:5n|§1v N+1 N+1
:/T,,,{ Y ) g e Odo(©)
|51|7~~~a|8n‘SN

- /n Fn(C) - Fn(G)f(z - Q)da(Q),

where F is the Nth Fejér’s kernel. It now follows from a well known result
in harmonic analysis (see, for example, Sections 2.2 and 9.2 in [5]) that
An(f) — f uniformly on D" as N — oo if f is continuous on D".

3. HANKEL OPERATORS WITH QUASI-HOMOGENEOUS SYMBOLS

Recall from Section [2[ that A% has the standard orthonormal basis con-

sisting of monomials {e,,(z) = j;% :m € ZI} }, where

2m 2
cm:/ it s dp(ry, ).
[0,1)"

We also recall that Q; for [ € Z™ is the orthogonal projection from L129 onto
the subspace H; of quasi-homogeneous functions of multi-degree .

For two n-tuples of integers [ = (I1,...,l,) and s = (s1,...,5y), we write
I =sifl; >sjforalll <j <nandl i s if otherwise. We will also use
0 to denote (0,...,0). For m € Z and | € Z", Qi(em) is either 0 (when
[ #m) or en, (when I =m). Thus, Q;(A2) = {0} if I # 0 and Q;(43) = Ce,
if [ > 0. This shows that AI% is an invariant subspace for );, hence it is
also a reducing subspace since (); is a projection. Let P be the orthogonal
projection from L? onto A%. Then we have PQ; = @Q;P and this in turn
shows that H; is a reducing subspace for P.

Lemma 3.1. Let s be in Z™. Suppose f is a bounded function on D" so
that we have f(ri€1,...,mnCn) = C5f(r1,...,rn) for all z = (r1C1, ..., mnCp)
in D™. Then H}Hf is a diagonal operator with respect to the standard
orthonormal basis. The eigenvalues of H;Hf are given by

1
Am = — f (s b)) PE2™ 2 dp(ty, . ty)
Em J{o,1)"
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if m+s %0 and
1

)\m = |f(t1,,tn)|2t%m1t%m”d,u(t1’7tn)
€m Jio,1)
1 2mi1+s1 2mp+s 2
- ft, . tn)t] o Zmntsnd (L )
CmCmts | J[0,1)n
ifm—+s>=0.

Proof. For any m € Z', fen, belongs to Hsi.,, which is an invariant sub-
space for P. Therefore, P(fe,,) and Hye,, = fe,, — P(fen) also belong to
Hst+m. We have

0 if s+m#0,
(fem,estm)€stm if s+m>=0.

P(fem) = Z <P(f€m)aek>ek = {

kez
Now for k # m, (H;erm,ek> = (Hyem, Hyey) = 0 since Hyey, € Hppgs,
Hyey, € Hiqs and Hpqs LHpys by Lemma Thus, HjHy is a diagonal
operator with respect to the standard orthonormal basis {e,, : m € Z7}.
The eigenvalues of H ;H ¢ are given by
Am = (H;Hf€m7€m> = ||Hf€m||g
= | feml3 = IP(fem)3
_{ermH% if 5+ m 0,

||f€mH%_|<f€m7eS+m>|2 ifs+m >0,

for m € VAR Since

1
ummz/
Cm J]0,1

)

| FI2(t, o )2 2 d (),

and
1
<f6m, €s+m> - \/CiT /[0 1) f(tl’ s 7tn)t?ml+51 T t%mn+sndu(t1’ s 7tn)v
m-“s+m s n
the conclusion of the lemma follows. O

Remark 3.2. Let us consider the case n = 1 and f(z) = 22/ for integers
1,7 > 0. We see that f belongs to Hs with s = ¢ — j. From Lemma [3.1
H:Hy is a diagonal operator with eigenvalues A, for m € Z,. For all
positive integers m > j — ¢, we have

m i+ m-+2¢ 2
f[O,l) 2 +2( +j)dlu(t) - ‘ f[O,l) $2m+2 d,u(t)‘
Jom Emu(t) Uy P du(®) [y, 220D dn(t))

Since p([r,1)) > 0 for all 0 < r < 1, it can be showed that lim;, oo Ay, = 0
(see Lemma below). Therefore, H;Hy is a compact operator, which
implies that H; is also a compact operator. Thus, for any polynomial

Am =




8 TRIEU LE

p = p(z,2), H, is compact. Since any function g in C(D") can be uni-
formly approximated by polynomials, we conclude that Hj is also a compact
operator.

Our characterization of compactness of Hankel operators depends on the
following lemma. For a sketch of its proof when o = 5 = (0,...,0), see
Lemma 2.4 in [6]. The proof for arbitrary «, 3 is similar.

Lemma 3.3. Suppose pi,...,un are positive measures on [0,1) so that
pi([r,1)) >0 for all0 <r <1, all1 < j < N. Suppose ¢ is a function on
[0,1)N so that lim o(r1,...,rn) = a. Then for any N -tuples of

(r1ye.,rnv)—(1,...,1)
real numbers § = (61,...,0n) and 8= ((1,...,0N), we have

R T R AL MR A OB
(ml,...,mN)H(oo,...,oo) j‘[O,]_)N r;nl_i_ﬂl o TJTGNJ’_ﬁNdM(T)

In the rest of the paper, we will consider only measures p of the form
dp(ri,...,rn) = dpa(ry) -« - dpn(ry), where pi,...,u, are regular Borel
probability measures on the interval [0,1) such that p;([r,1)) > 0 for all
0 <r<land1l < j < n. Recall that ¥ is the measure on D" that is
related to p by equation . We now define a measure v on the topologi-
cal boundary dD" associated with ¥. It is clear that D" is the disjoint of

union of 2" — 1 parts of the form Ay x --- x A,, where A; is either T or
D and not all are . Suppose W = A; x --- X A, is a part of OD™. Let
1 <j1 <---<jp<n beintegers so that A =---=A4; =Dand A; =T

if j & {j1,...,Jp}. We define v to be the unique regular Borel measure on
W that satisfies

/ f(w)dy(w)

w

_/ { f(Cly--~77"j1Cj1 "'7rjp€jp7"'7<n)da(g)}dujl(rj1)'”dlu’jp(rjp)
o,)r b .J1n

for all f € C.(W).
The following theorem characterizes compact Hankel operators with con-
tinuous quasi-homogeneous symbols when n > 2.

Theorem 3.4. Suppose n > 2 and s € Z". Suppose f € Hs is continuous
on D" such that Hy is compact. If s = 0, then f(z) = f(1,...,1)z° for
y-a.e. z in OD". If s £ 0, then f(z) =0 for y-a.e. z in OD".

Proof. By the remark after the proof of Lemma [2.2] we may assume that

f(Gz1s - Cnzn) = Cf(21, ..., 2) for all ¢ € T" and all z € D", In partic-
ular, for all z = (r1(1,...,m(n) in D", we have

friCe, .o ymnCn) = Cf(re, .o ymn). (4)

Suppose W = IV x T" 7/, for some 1 < j < n, is a part of OD". Let
my = max{0,—s1},...,m; = max{0,—s;}. Since H; is compact, H}Hy is
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also compact. By Lemma H; Hy is diagonal and its eigenvalues are \p,’s
for m = 0. Therefore, im,. ., . m,)—(cc,....00) Am = 0. Using the formula
for Ay, (when m + s > 0) in Lemma together with Lemma and the
fact that ¢, = f[O,l)” £ 2mnd gy (t1) - - dpin(ts), we conclude that

Jo

)

2mi+s;
’f[g,1)j f(ti,... i, 1, 1)t§m1+s1 ...tjmg+sydm(t1) . "duj(tj)
- 2m;+2s;
f[(),l)j t%m1+2$1 . tjmj+ s]d,Uzl(tl) o d,uj(tj)

| Pt 1 DE™ ™ dp (f1) - dpg (1)
J

’ 2

Let F(t) = f(t1,...,t;, 1,..., )t - ¢77 and G(t) = t7" - 77" for
t=(t1,...,tj) €[0,1)7. Then the above identity shows that

{ /[01)J' ’F(t)Ple(h) . .duj(tj)}{ /[0 o GQ(t)dul(h) .. 'dﬂj(tj)}
- | [ e e)a e

Therefore, we have F'(t) = aG(t), or equivalently,

ma m._j'_s.
Fl oty 1 DM ] = T (5)

for py x --- x pjrae. t = (t1,...,t;) € [0,1)7, where a is a constant.
Since 1 belongs to the support of all the measures pq,...,u;, we may
let t;, = -+ = t; = 1 to obtain « = f(1,...,1). Recall that in (),
m1 = max{0, —s1},...,m; = max{0, —s;}.

Suppose first s1,...,s, > 0. Since m; = --- = m; = 0, we obtain from
that f(t1,...,t;,1,...,1) :f(l,...,l)til---t;j for pig < -~ x pj-ae. t =
(t1,...,t;) € [0,1)7. This together with (@) implies that f(z) = f(1,...,1)z®
for y-a.e. zin W =17 x T,

Now suppose s, < 0 for some 1 < p < n. We will show that in this case
f(1,...,1) = 0. Without loss of generality, we may assume p = 1. For all
large positive integers ma, ..., my, let m = (0,ma, ..., m,) (the assumption
that n > 2 is needed here). Since m + s % 0,

o f[O,l)’ﬂ |f(t17 LI 7tN>‘2t§m2 e t%mndlu’l(tl) e dlun(tn)
f[o,l)n t§m2 . t%m"dm(h), o dpn (t)
Letting (mg,...,my,) — (00,...,00) and using Lemma together with
the fact that A\,, — 0, we conclude that
0:/ ‘f(tl,l,,l)‘leu,l(tl)
[0,1)

This implies f(¢1,1,...,1) = 0 for pj-a.e. ¢ on [0,1). Since 1 is in the
support of py and f is continuous at the point (1,...,1), it follows that
fa,...;,1)=0.

Am
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Now gives f(t1,...,t;,1,..., 1)t .. .t;-nj = 0 for pg x -+ X pj-a.e.
t = (t1,...,t;) in [0,1)7. For such ¢, if ¢{™ ---t;nj # 0, then we have
f(ti,...,t;,1...,1) = 0. Otherwise, there exists 1 < ¢ < j so that ¢t;, =0
and m; > 0. But m; = max{0,—s;}, so s; < 0. Since t; = 0 = t;(; for any
|¢i] = 1, we have

Fltr, .oty oty 1, 1) = f(t, oty ety 1,000, 1)
= Cif(tr, ety oty 1, 1),

This implies f(t1,...,t;,1,...,1) = 0 because ¢; can be chosen so that ¢ #
1. Therefore, f(ti,...,t;,1,...,1) =0 for gy x --- x pj-a.e. t = (t1,...,1;)
in [0,1)7, which implies f(z) = 0 for y-a.e. z€ W =DJ x T .

The same argument applies to other parts of D™ which are different from
T™. On T", gives f(¢) = ¢°f(1,...,1). If s, < 0 for some 1 < p <mn
then since f(1,...,1) = 0 as showed above, we conclude that f(¢{) = 0 for
¢ € T™. So the conclusions of the proposition also hold for z in T" C JD".
The proof of the proposition is now completed. O

4. COMPACT HANKEL OPERATORS WITH MORE GENERAL SYMBOLS

We have seen that any f in L%} admits the decomposition f =3, ;. fi,
where f; = Q;(f) is the orthogonal projection of f on the space of quasi-
homogeneous functions of multi-degree [. The next proposition shows that
the compactness of H; implies the compactness of each Hy,. We are then
able to apply the results in the previous section. The Hardy space version
of the proposition was proved in [I]. Our proof here, which also works for
the Hardy space, is more direct.

Proposition 4.1. Suppose [ € L?9 so that the operator Hy is compact on
A129. Then for each s € Z", the operator Hy, is compact, where fs = Qs(f).

Proof. For any m € Z} , we have

Hyep = (I = P)(fen) = (1= P)(D_ f)em)

lezn

= S U= P)fiew) = 3 Hpem.

lezm lezm

Since Qsim(Hypem) = 01if | # s and Qsym(Hyem) = Hy em, we obtain
Qstm(Hpem) = Hpen. From Lemma H;SHfs is a diagonal operator
with eigenvalues \,, given by

Am = [Hyemll = |Qssm(Hrem) 3 < [ Hpeml3.

Since Hy is compact, we have lim,,| oo [|Hemll2 = 0 (here [m| = mq+---+
my,). This implies lim,,|—oo Am = 0 and hence, H} Hy, is compact. Thus,
Hy, is a compact operator. O
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Suppose g belongs to A%. It was showed by Axler [2] that when n = 1
and 9 is the Lebesgue measure on the disk D, Hy is compact if and only if g
is in the little Bloch space, that is, lim,31 (1 —[2|*)g/(z) = 0. For n > 2 and
¥ is the Lebesgue measure on the polydisc D™, a special case of [3, Theorem
D] gives that Hy is compact if and only if g is a constant function and in
this case, Hy = 0. The following corollary to Proposition shows that this
holds true for more general 9.

Corollary 4.2. Suppose n > 2. Let g be a function in A129 so that Hyg is
compact. Then g is a constant function and hence Hg = 0.

Proof. Write g = Zmezi Cmem. Form € 7, since Q_y,(9) = ¢meénm and Hyg
is compact, Proposition implies that Hg,e,, is compact. Theorem [3.4]
then shows that ¢, = 0 for all m # 0. Thus, ¢ is a constant function. (]

Theorem 4.3. Suppose n > 2. Let f be continuous on D" so that Hy is a
compact operator. Then there is a function h which is continuous on D" and
holomorphic on D", and a function g € Lfg which satisfies lim,_gpn g(z) =0
so that f(z) = h(z) + g(2) for ¥-a.e. z in D™.

Proof. For any s € Z™, Proposition shows that Hy, is compact. Since
f is continuous, each fs is also continuous. By Theorem there is a
holomorphic monomial hg so that (fs — hs)(w) = 0 for y-a.e. w € ID". (In
fact, hy = 0if s # 0 and hs(w) = fs(1,...,1)w* if s = 0).

For each integer N > 1, define

|s1] |sn| —n
pN(z) = Z (1—N7j_1)...(1— N+1)h51,,,,,sn(z) forzeD .

[$1]-es]8n|<N

Then py is a holomorphic polynomial and py(w) = Anx(f)(w) for y-a.e.
w € D", where Ay (f) is the Nth Cesaro mean of f. Since « restricted on
T" C dD" is the surface measure and py — Ay (f) is continuous, we actually
have py(w) = An(f)(w) for all w € T". By the remark at the end of Section
2, An(f) converges to f uniformly on D". In particular, py|re = An(f)|n
converges to f|r» uniformly. This implies that there is a function h which
is continuous on D" and holomorphic on D" so that py converges uniformly
to h on D". Since py(w) = An(f)(w) for y-a.e. w € D™ for each N, we
conclude that h(w) = f(w) for y-a.e. w € dD". Let g = f — h. Then g
is continuous on D" and §(w) = 0 for y-a.e. w on AD". By Lemma 2.1
in [6], there is a function g such that g(z) = g(z) for v-a.e. z in D" and
lim,_,, g(z) = 0 for all w € 9D". From the compactness of 9D", it follows
that lim, .gpn g(2z) = 0. We then have f(z) = h(z) + g(2) = h(z) + g(z)
for ¥-a.e. z € D" and h, g satisfy the requirements in the conclusion of the
theorem. O

In general, the continuity of f on D" in Theorem cannot be dropped.
There are bounded functions f which are continuous on D" such that H; is
compact and no decomposition f = h+g with h € A?g and lim,_,gpn g(2) =0
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is possible. In the rest of the section, we will give a construction of such a
function.

Let 0 < r; <rg < --- be an increasing sequence of positive real numbers
that converges to 1. Set j; = 1. Since (r;,1)" = U2, (rj, ;)" and
p((rj;, 1)™) > 0, there is an integer jo > ji + 1 so that u((rj,,rj)") > 0.
Since (1j,,1)" = U2, 11 (rj,, 7)™ and u((rj,+1,1)") > 0, there is an integer
Jjs > jo + 1 so that pu((rj,,rj)") > 0. Continuing this process, we find a
sequence of integers {Jk}32, such that jii1 > jr+1 and p((rj,,75,,.,)") >0
for all kK = 1,2,.... For each k, let Ry = (rjk,rjkﬂ)”. Choose an open
subset Vi of T" so that 0<o(Vg) <1/kand fE (2)dV¥(2) < 1/k?, where
Ey={r-(:r € Ry, ¢ € Vi}. The existence of Vj follows from the fact that
the function z — K,(z) is bounded on compact sets. Since FEj, is open in
D™ and Y¥(Ex) > 0, using the regularity of 9, we can choose a continuous
function 0 < f < 1 so that fy is supported in Ey and ¥({z : f(z) = 1}) > 0.
Put f =72, fr. Since the sets E}’s are pairwise disjoint, 0 < f < 1.

We now show that H is a Hilbert-Schmidt operator, hence it is compact.
Indeed, from ,

S | Hpemll} < / F()PK.(2)di(2)

mEZ"
o0 o0 1
g;/Eklf( 27

For each s € Z™, we will show that lim, . gp» Qs(f)(z) = 0. Since f > 0,
it follows from formula in Lemma [2.2] that [Qs(f)(2)] < ] o(f)(2)]. So
it suffices to prove lim, ,gpr Qo(f)(z) = 0. For z = (z1, zn) € D™, w
have

QNG = [ fz-0a / (1211 Jznla)do(€)

é xE, (|211C1, - - -5 |2n|Cn)do(€).

By the definition of Ex, xg, (|z1/C1, - - -, |2n]¢n) = 1 if and only if the n-tuple
(lz1],. .-, |zn|) belongs to Ry = (rj,,7j,,,)" and (C1,..., () belongs to V.
Let ko > 2 be a positive integer. Suppose z = (21,...,2p) so that |z] > rj,
for some 1 <i <mn. If (|z1], ..., |2n|) does not belong to any Ry, k > 1, then
Qo(f)(2) = 0. Otherwise, there is exactly one k so that (|z1],...,|zn|) € Ry,
which is (rj,, rj,,,)". Since |z| > rj, , we conclude that rj,,, > ry,, which
implies k > ky. Therefore,

QNEI < [ ekl (@) =) < 4 < o

Since this holds true for any z that does not belong to the compact set
[0, 7, " x T", we conclude that lim,_.gp» Qo(f)(2) = 0.

1

| =



COMPACT HANKEL OPERATORS 13

Suppose there were a decomposition f = h+g, where h € A% and g(z) — 0
as z — OD". We will show that there would be a contraction. For s = 0,
from formula in Lemma we see that Qs(g)(z) — 0 as z — OD".
This implies Qs(h)(2) = Qs(f)(2) — Qs(9)(2) — 0 as z — ID". But Qs(h)
is a multiple of 2°, as explained at the beginning of Section 3, so we have
Qs(h) = 0 for all s > 0. It follows that A = 0 and hence, f = g. This is
a contradiction because g(z) — 0 as z — JD" but by the construction of
f, for any compact subset M C D", the set {z € D"\M : f(z) = 1} has
positive ¥-measure.

(1]
2l

3]

(4]

(5]

(6]
(7]
(8]
(9]

(10]

REFERENCES

Patrick Ahern, El Hassan Youssfi, and Kehe Zhu, Compactness of Hankel operators on
Hardy-Sobolev spaces of the polydisk, J. Operator Theory 61 (2009), no. 2, 301-312.
Sheldon Axler, The Bergman space, the Bloch space, and commutators of multiplica-
tion operators, Duke Math. J. 53 (1986), no. 2, 315-332. MR 850538 (87m:47064)
D. Békollé, C. A. Berger, L. A. Coburn, and K. H. Zhu, BMO in the Bergman
metric on bounded symmetric domains, J. Funct. Anal. 93 (1990), no. 2, 310-350.
MR 1073289 (91j:32034)

Mischa Cotlar and Cora Sadosky, Abstract, weighted, and multidimensional Adamjan-
Arov-Krein theorems, and the singular numbers of Sarason commutants, Integral
Equations Operator Theory 17 (1993), no. 2, 169-201. MR 1233667 (94k:47040)
Yitzhak Katznelson, An introduction to harmonic analysis, third ed., Cambridge
Mathematical Library, Cambridge University Press, Cambridge, 2004. MR 2039503
(2005d:43001)

Trieu Le, On Toeplitz operators on Bergman spaces of the unit polydisk, to appear in
Proc. Amer. Math. Soc., http://www.math.uwaterloo.ca/~t29le/Papers.html.

Karel Stroethoff, Compact Hankel operators on the Bergman space, Illinois J. Math.
34 (1990), no. 1, 159-174. MR 1031892 (91a:47030)

, Compact Hankel operators on the Bergman spaces of the unit ball and polydisk
in C™, J. Operator Theory 23 (1990), no. 1, 153-170. MR 1054822 (91i:47040)

De Chao Zheng, Toeplitz operators and Hankel operators, Integral Equations Operator
Theory 12 (1989), no. 2, 280-299. MR 986598 (90b:47044)

Kehe Zhu, Operator theory in function spaces, second ed., Mathematical Surveys
and Monographs, vol. 138, American Mathematical Society, Providence, RI, 2007.
MR 2311536

DEPARTMENT OF MATHEMATICS, MAIL STOP 942, UNIVERSITY OF TOLEDO, TOLEDO,
OH 43606
E-mail address: trieu.le2@utoledo.edu



	1. Introduction
	2. Preliminaries
	3. Hankel operators with quasi-homogeneous symbols
	4. Compact Hankel operators with more general symbols
	References

