COMPACT TOEPLITZ OPERATORS ON
SEGAL-BARGMANN TYPE SPACES

TRIEU LE AND BO LI

ABSTRACT. We consider Toeplitz operators with symbols enjoying a
uniform radial limit on Segal-Bargmann type spaces. We show that such
an operator is compact if and only if the limiting function vanishes on
the unit sphere. The structure of the C*-algebra generated by Toeplitz
operators whose symbols admit continuous uniform radial limits is also
analyzed.

1. INTRODUCTION

Let v be a regular Borel probability measure on C™ that is rotation-
invariant. Then there is a regular Borel probability measure p on [0, 00) so
that the formula

[t = [T [ reascantr (11)

holds for all functions f in L'(C",dv), where S is the unit sphere and o is
the normalized surface area measure on S. Throughout the paper, we also
require that p satisfy the following three conditions:

(C1) sup{r:r € supp u} = oo;
(C2) fi(m) :/ rdu(r) < oo for all m > 0;
0

o (pem 1)
(€3) Jim_ A2m)pem+2)

The first condition means that p does not have bounded support, while
the second condition assures that the function spaces we are interested in
contain all holomorphic polynomials at least. The necessity of assuming the
third condition will be confirmed by Proposition below. While many
Gaussian type measures on C™ satisfy all three conditions above, there are
measures that satisfy (C1) and (C2) but not (C3). See [3 Section 3.3] for
such examples.

The space H = H?(C",dv), as a closed subspace of the Hilbert space
L?(C™, dv) of square integrable functions with respect to v, is defined to be
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the space of all entire functions f for which

117 = [ 1ePants) < oc.

For any multi-index a = (a1,..., o) € Nij (here Ny denotes the set of all
non-negative integers), we write a! = aq!---a,! and |a] = a1 + - + ay.
We also write 2% = 20" --- 20" and 2% = z{"" --- 29" for z = (21,...,2,) in
C". Put /|C°‘|2d = n=D e henh
. Put ¢y = 0(¢) = ————~. We then have
ks (n—1+ o)

cofi(2al) ifa=p
(1.2)

for all multi-indices o and 3. This shows that the space H has the orthonor-
mal basis {eq(2) = z : a € Nj }, which is usually referred to as the

asp _ % a8 aFBay(cy — 40 if a # 3
=) = [T au) [ edan) {

cafi(2]al)
standard orthonormal basis.

Using Cauchy formula and the assumption about u, we see that for each
compact set ), there is a constant Cg such that

sup | f(2)| < Cqllf] (1.3)
z€Q

for f € ‘H. This implies that the evaluation functional at each point in C" is
bounded on H. As a consequence, there is a reproducing kernel K (w,z) =
K.(w) such that f(z) = (f,K,) for z € C". It follows from that
sup,eq ||K-|| < Cq. Tt is also standard that K(z,2) = >_, lea(2)[*. See [2]
for a different approach about the existence of the reproducing kernel.

Let P denote the orthogonal projection from L?(C",dv) onto H. For
a bounded Borel function f on C", the Toeplitz operator Ty : H — H is
defined by

Tf(u) = PMpu = P(fu), ueH.
Here My : L?(C",dv) — L?(C",dv) is the operator of multiplication by
f. The function f is called the symbol of Ty. We also define the Hankel
operator Hy : H — H+ by
Hfu= (I — P)Msu= (I — P)(fu), u€H,
where H* is the orthogonal complement of H in L?(C",dv). Tt is immediate
that || T¢|| < [[flloc and [|H|| < || flloc-

For f,g bounded Borel functions on C", the following basic identities
follow easily from the definition of Toeplitz and Hankel operators:

Tys —T,Ty = H:Hy
and
(Ty)" =Tg: Tapbg = aTy + Ty,

where a,b are complex numbers and g denotes the complex conjugate of g.
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When v is the standard Gaussian measure dv(z) = (2%)_”67%&/(2), it
can be verified directly that the associated measure p satisfies the conditions
(C1)-(C3) and in this case, H is the standard Segal-Bargmann space H?(C")
(also known as the Fock space).

It is well known (on H?(C") but similar argument still works for general
H) that if f is a bounded function such that f(z) — 0 as |z| — oo, then T}
is compact. The converse of this does not hold in general, but it will hold if
we put some restrictions on the behavior of f near infinity.

We say that a bounded Borel function f defined on C" has a uniform
radial limit (at infinity) if there is a function fs on S such that

lim sup [f(r¢) = foo(¢)] = 0.

=00 S

The function fo will be called the uniform radial limit of f.

We define S to be the space of all bounded Borel functions on C" which
have a continuous uniform radial limit. Then S, equipped with the supre-
mum norm, is a C*-subalgebra of the algebra of all bounded Borel functions
on C".

In this note, we will show that for any bounded Borel function f which
has a uniform radial limit f, the operator T is compact if and only if the
limiting function f., vanishes on S. We also study the C*-algebra generated
by Ty with f € §. We show that this algebra is an extension of the compact
operators by continuous functions on the unit sphere and this extension is
equivalent to a known extension given by Toeplitz operators acting on the
Hardy space of the unit sphere.

This paper is organized as follows. In Section [2, we will give some pre-
liminaries. The main results will be provided in Section

2. PRELIMINARIES

The first result of this section, regarding compactness of Toeplitz and
Hankel operators whose symbols vanish at infinity, is standard. For the
reader’s convenience, we provide here a proof.

Lemma 2.1. Suppose f is bounded on C" such that lim f(z) =0. Then

|z]—00
the operator Myl is compact. As a result, the operators Ty = PMy|y and
Hy = (1 = P)My|y are both compact on 'H.

Proof. For any 0 < r < oo, let B, = {2z € C" : |z| < r} and let f, = fxs,
where yp, is the characteristic function of B,. Then ||f — fr]lcc — O as
r — 00, which gives ||My — Mjy,|| — 0 as r — oo. Thus, it reduces to show
that My, |3 is compact for each 7.
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We will in fact show that My, |3 is a Hilbert-Schmidt operator. We have

> el = [ 15EF( X leal:))vt)

aeNg aeNg

= ZZV 2 zZ,z)av
= [ IEPEG v = [ FEPKG vt < oo

because the function z — K(z,z) is bounded on compact sets. Therefore
My, |1 is a Hilbert-Schmidt operator. O

Remark 2.2. For f in § with uniform radial limit f.,, we define

(2.1)

() itz A0,
9(z) = 0 if 2 =0.

Then g is continuous on C"\{0} by the continuity of f,, and we have

lim |f(2) — g(2)| = lim sup[f(r¢) — g(r¢)| = lim sup|f(r¢) — foo(C)| = 0.
T—00 S T—00 ¢S

|z[—o00
Lemma [2.1] implies that both Ty — T, and Hy — H, are compact.

For 1 < j < n, put x;(0) = 0 and x;(z) = % if z # 0, and x(2) =
(x1(2),...,xn(2)). We also denote by J; the multi-index (d1j,...,0n;),
where §; is the usual Kronecker notation.

Lemma 2.3. Let S =TT\, +---+1%, T\, andT =T\, Ty, +---+1T,, Tk,
Then for any multi-indexr o we have

(A(2lal + 1)) .
a2lal)ia2lal +2)
0 ifOé = ();
Tea = ’OC‘ (ﬂ(Q‘Cd _ 1))2 .
ntlal— 1 a2lal - 2)a2lal) if a # 0.

Se, =

In particular, the operators S and T are diagonal with respect to the standard
orthonormal basis.

Proof. Let j be an integer between 1 and n and « a multi-index. Using the
orthogonality of the set {¢” : 3 € NI} with respect to ¢ on S, we see that
Ty,ea = P(Xjea) is a scalar multiple of e,5;. To determine the multiple,
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we compute

<ij Ca; ea+5j> = (Xj€a; €a+5.>
(f[07 )t2\a|+1d,u )(f 1€ 2dor (¢ ))

1/2
(cacarsin2lal)i2la] +2))
i(2lal + 1)cass,
1/2
(cacass,i2lal)i2lal +2))
B (aj—l-l " (i1 (2]a]+1)) )1/2
“\ntlal " alahaeal+2))
It now follows that, for 5 € N,
(Tx,eare8) = (P(Xj€a), e5) = (€a, P(xj€p))
0 if a # B+ dj;
=B+l GRBIFE NV
(5~ mepnaam +p) | oo+

This implies
0 if oj = 0;
Tota = | (02l 1)
n+laf =1 [(2la] —2)4(2]|
With the above formulas for T, and Tf;, we have

1/2
)> / ea—s; ifa;>1

n

Y a+1  (Ala] + 1))
= T-T. — J
Sea ]; Xj Xjeoc (;n_’_’a’ X (2‘&‘) (2‘@‘—}—2))6

(2l +1)*
il +2)

Teazz

- (1(2]a] — 1)) .
(Z 1n+\a|f1 X IEL(Q‘Q‘*Q)[AL(ZMD)@O‘ if o # 0.

X e ifa#0.
n+lal -1 (2|04! —2)i (2\04)

Let G = {f € L*°(C",dv) : Hy is compact on H}. It is immediate that G
is a closed linear subspace of L>°(C",dv). Using the identity

Hyg = (I = P)Myglp = HyPMyly + (I = P)MHg,
we also see that G is a subalgebra of L>°(C", dv).
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For standard Gaussian measure dv(z) = (2) _”ef‘ledV(z), a description
of G was given in [I]. It was showed there that G is self-adjoint (that is, f
belongs to G if and only if f belongs to G) and it contains the algebra ESV
of functions that are “eventually slowly varying”, which in turn contains
S. Their approach relied heavily on the explicit form of the measure and
it does not seem to work for general p. It turns out that the inclusion
S C G does not always hold unless u satisfies condition (C3). But curiously,
the condition (C8) was not explicitly used anywhere in [I]. For general u
satisfying (C3), we do not know whether G is self-adjoint.

Proposition 2.4. The inclusion S C G holds if and only if
(i(2m +1))?

I = 1. 2.2
meso f(2m)(2m + 2) (22)

Proof. Suppose S is contained in G. Then in particular, Hy; is compact for
all j =1,...,n. This shows that the operator
n n n
ZH;J-HXJ' - Z (TIle2 — Iy, Ty,) =1- ZTXJ'TXJ‘ (2:3)
Jj=1 Jj=1 Jj=1
is compact. It now follows from Lemma that holds.

Now suppose that holds. We need to show & C G. It follows from
Remark @ that we only need to show that G contains functions of the
form . It suffices to prove that x; and ); belong to G for j =1,...,n
since G is a closed subalgebra of L>(C", dv). Now Lemma together with
and implies that Hy Hy, +---+ Hy Hy, is compact. Therefore
H;j H,,, and hence Hy;, is compact for all j = 1,...,n. Similar argument
shows that Hyg,,..., Hg, are all compact. [l

Using the basic identity relating Toeplitz and Hankel operators, our as-
sumption about p and Proposition we obtain

Corollary 2.5. For any f € S and h € L, the semi-commutators Ty, —
TyTy and Ty, — TRTy are both compact on 'H.

Recall that the Hardy space H?(S) is the closure of the span of analytic
monomials {¢% : @ € N2} in L?(S) = L*(S,do). Since analytic monomials
of different degrees are orthogonal and cq = [ [¢*[*do (), the set {é4(¢) =
Ve
operator U : H — H(S) given by Ue, = é,.

Let P be the orthogonal projection from L%(S) onto H2(S). For any
bounded Borel function g on S, the Toeplitz operator Tg is defined by fgh =
P(gh) for h € H*(S).

The next theorem shows that condition is equivalent to the com-
pactness of certain differences of Toeplitz operators on H and H2(S). The
case n = 1 appeared in [2], where condition was first (as far as we
know) discussed.

: € N} is an orthonormal basis for H2(S). There is a natural unitary
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Theorem 2.6. The operator Ty — U*ffooU is compact on 'H for any f € S
with uniform radial limit fs if and only if (2.2)) holds.

Proof. Recall that for 1 < j < n, x;(z) = |Z7’| if |z| # 0 and x;(0) = 0. A
calculation as in Lemma [2.3] shows that for any multi-index «,

1 ~
(T = U T, Ubeq = (22 1 )’ 2lo] + D eass.
n+lal/ La2lal)a2lal +2))2

This implies that (2.2)) holds if the operator T, — U*TCIU is compact.
Now suppose ([2.2)) holds. Similar to the proof of Lemma 3 in [4], we write

Ty, —U*T;,U = DS, , where Ss,eq = €q45,, Deq = 0 if oy = 0 and

Deass, = (S10) [ e )

— 1]6 +§ .
n+lal 2a)i(2lal+2)z T

Then D is compact, so is Ty, — U*TVQU. Hence, by symmetry, T\, —
U *TCjU is compact for all 1 < j < n. It also follows that ij -U *ngU
is compact. Using the identity T@;Ca = Tgl e Tgnfgl e TCO;", we see that

Tgll x -Tg:T;‘ll s TP U *TzﬁcaU is compact for all multi-indices a and f.

On the other hand, Tisya — Tgll . --Tg:T;‘ll . ‘-Tgb is also compact by
Corollary We then conclude that Tisya — U TzscaU is compact for
multi-indices «, 3. A standard approximation argument using polynomials
in ¢ and ¢ on S shows that T, — U *T. U is compact for all g given by ,

where f. is continuous on S. Remark then implies that Ty — U*Ty U
is compact for all f € § with uniform radial limit f.. O

We close the section with the following elementary result, which will be
useful in proving one of our main theorems in the next section.

Lemma 2.7. Suppose ¢ is a real-valued function which is locally integrable

on [0, 00) with respect to . Then we have

o e tFdpu(t
lim inf Joss) (k) © > liminf o(t). (2.4)
koo g ooy tFdp(t) t—o0

As a consequence, if tlirn o(t) exists or oo or —oo, then
—0Q

oy P()E"du(t)

lim Jos) , = lim (). (2.5)
k—o0 f[O,oo) t d,u(t) t—o0

Proof. There is nothing to prove if the the right hand side of (2.4]) is —oo,

so we may assume that it is a finite real number or co. Let a be any real
number such that o < litm inf ¢(¢). Then there is a number r > 0 so that
— 00



8 TRIEU LE AND BO LI

o(t) —a >0 for all ¢ > r. We then have

k — k C N

/[0 - ()t du(t) = /[07oo)t du(t) + /[0 700)(g0(t) Ve du(t)
« k — k

2 /[o,oo)t dp(t) + /[0 J)(so(t) )t dp(t)

a [ ddu) o [ o) - alduto),
[0,00) [0,7)
On the other hand,

/ tRdpu(t) > / thdu(t) > (2r)ku([2r, 0)) > 0.
[0,00) [2r,00)

Therefore,

S0y PO dp(t) N % [ () — aldu(t)

Jowe () =7 T [y ) ()
o lel®) — aldutt)
= (2r)Fu(2r, o))

Taking liminf as &k — oo, we see that the left hand side of (2.4) is at least a.
Since « is arbitrarily smaller than litm inf (), the inequality in (2.4) holds.
—00

To obtain (2.5)), apply (2.4]) to both ¢ and —¢. O

3. MAIN RESULTS

Our first result gives a necessary condition for the compactness of the
Toeplitz operator Ty, when the radial limit at infinity of f exists almost
everywhere.

Theorem 3.1. Suppose that f is a bounded function on C" so that the
radial limit g(¢) = lim, o f(r¢) exists for c—almost every ¢ € S. If Ty is
compact on H, then g({) =0 for c—almost every ¢ € S.

Proof. Using formula ([1.1)) as in the proof of Proposition 3.1 of [6], we have

(n—1)m!
Q)] rmdn(r) = ™ (Tyea, o).

—14m)!

( la]=m

Let ¢(r fS (r¢)do(¢). Then by our assumption and Lebesgue Domi-
nated Convergence Theorem lim, o0 (7 fS g(¢

Since Tf is compact, hm|a|_,oo<Tfea, ea) =0. It follows that

—1)Im!
/ Y(r)r*mdu(r) = lim ————— (n — 1)tmt Z (Trea,eq) =

a=m

m%oo /,L
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Here we have used the fact that the set {a € Nj} : || = m} has cardinality
(n—14m)!
(n—1)!m! -
1) respectively, we obtain

i = lim L
/S 9(Qdo(€) = lim p(r) = lim —os

Now applying Lemma to the real part and imaginary part of

/00 Y(r)r?™du(r) = 0.
0

For any multi-indices a, 3, we have T a8 = H}iHXaX@ + TyTyazs- (Recall
that x(2) = (x1(2), ..., xn(2)) = ﬁ for z # 0 and x(0) = 0.) Therefore,
Tyags is compact by the compactness of Ty and H,ags (by Proposition
. Since

Jim FGOX(O ()" = 9(Q)¢E

for o—almost every ¢ € S, the preceding argument implies [ g(¢ )¢e¢h = 0.
Because this holds true for any multi-indices o and 3, we conclude that
9(¢) = 0 for o—almost every ¢ € S. O

Corollary 3.2. Let f be a bounded function on C™ with uniform radial limit
foo on'S. Then T} is compact if and only if foo vanishes on S.

Proof. The “only if” part is a direct consequence of the above theorem. The
“if” part is Lemma [2.1] O

Remark 3.3. If the limiting function f, is assumed to be continuous on S,
one may prove the “only if” part of Corollary 3.2 by using Theorem In
fact, the compactness of T’y on ‘H implies that T is compact on the Hardy
space H%(S). By [4, Lemma 2], fo vanishes on S.

When f. is not continuous, the “only if” part of Corollary seems to
be new even for the standard Segal-Bargmann space.

Remark 3.4. The limit in Corollary must be uniform in (. We will
construct a bounded function f such that lim,_,o, f(r{) = 0 for each ¢ € S
but T is not compact on the standard Segal-Bargmann space H2(C™).

We first observe the following fact. For any ( € S and any r» > 0, if
R > 1+42/r then any ray from the origin passing through a point in B(R(, 1)
intersects the unit sphere S at a point belonging to B((, ). In fact, let z be
in B(R(,1). Then the ray from the origin passing through z intersects the
unit sphere at z/|z|. Since |z — R(| < 1 and |[{| = 1, we obtain

Pl Ll RO 2RO 2
] ] I T R-1

Now choose a sequence (q,(2,... in S and a sequence of positive real
numbers 71,73, ... converging to 0 such that the sets B((1,71),B((2,72),. ..
are pairwise disjoint. For each j, put R; = 14 2/r;. From the above
observation, we see that for each ¢ € S, the ray Ls = {r( : 7 > 0} intersects
the ball B(R;(;,1) only if ¢ belongs to B((;,7;). Therefore, for such a ¢,
there is at most one j so that L¢ intersects B(R;(j,1). This shows that the
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function f = Z;’il XB(R,¢;,1) 18 bounded by 1 (because the sets B(R;(j,1)
are pairwise disjoint) and lim,_,o, f(r{) =0 for all ¢ € S.
We claim that T} is not compact on H?(C"). Recall that the normalized

kernel functions of H2(C™) have the form kq(z) = e(=@/2-1al*/4 for ¢ 2 € C.
It is well known that k, — 0 weakly in H?(C") as |a| — oc.
For each j, put a; = R;(;. We have

—n_—|z|?
<Tfkaj,kaj>:/ f|kaj|2du2/ Ik, (2)]2(2m) e #2240V (2)
(Cn B(aj,l)

= / (2m) e 1wl 2qv () = / dv = v(B(0,1)).
B(a;,1) B(0,1)

This shows that ||Tykq,|| > v(B(0,1)) for all j > 1. Since k4; — 0 weakly as
J — oo, we conclude that T is not a compact operator.

In the rest of the paper, we study the structure of the C*-algebra ¥(S)
generated by all Toeplitz operators Ty, where f belongs to S.

Recall that a C*-subalgebra of B(H) is irreducible if its commutant con-
sists of only scalar multiples of the identity operator. Equivalently, the only
reducing subspaces of the subalgebra are {0} and H.

Proposition 3.5. T(S) is irreducible.

Proof. Suppose that @) is an operator on H that commutes with all elements
of T(S). In particular, QT = Tx,Q for j = 1,...,n. Let p = Q(eo). Using
the computations in the proof of Lemma and
0 = QTx; (e0) = Tx,Q(e0) = T, () = Y (¢, €a) Ty, €ar
[e%

we obtain (p, eq) = 0 whenever o; > 1. Since j can be any integer between
1 and n, we conclude that ¢ is a multiple of ey. Thus Q(eg) = ¢ = (@, eg)ep.

It also follows from the proof of Lemma that there is a constant d,
such that do [T—;(Ty;)? (e0) = €q. Then

ea = daQH 60 =dq H X aJQ(€0>
: ]:1

n

n
do [ [(T3,)% ({0, c0)eo) = (i, eo)d H = (0, €0)ea

J=1 Jj=1
So @ = (p, e0)I, which implies that T(S) is irreducible. O
We are now ready for the description of T(S) as an extension of the
compact operators by continuous functions on the unit sphere.

Theorem 3.6. The following statements hold:

(a) The commutator ideal €T of T(S) is the same as the ideal IC of
compact operators on H.
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(b) We have T(S) ={Ty+ K : f € S and K € K}. Moreover, there is
a short exact sequence

0— K —— %(S) —2— C(S) — 0. (3.1)

Here v is the inclusion map and p(Ty + K) = foo for K € K and
f €S with uniform radial limit f.

Proof. We have showed that T(S) is irreducible. On the other hand, ¥(S)
contains a non-zero compact operator (e.g. Tiy, 2 — Ty, Ty;)- Tt then follows
from a well known result in the theory of C*-algebras ([5, Corollary 1.10.4])
that T(S) contains the ideal K of compact operators. Thus the commutator
ideal €% contains the commutator ideal of K, which is exactly K.

For any f,h € S, the commutator T¢T}, — T,T is compact by Corollary
This implies €% C K, which finishes the proof of (a).

For the proof of (b), we consider the map ® : S — %(S)/K defined by
®(f) = Ty + K. Corollary shows that ® is a *-homomorphism of C*-
algebras (recall that S with the supremum norm is a C*-algebra). By a
standard result in the theory of C*-algebras ([5, Theorem I1.5.5]), the range
®(S) is a closed C*-subalgebra. On the other hand, ®(S) contains the
quotient classes of all generators of T(S). So it follows that ®(S) = T(S)/K
and T(S) ={Ty+ K:feSand K € K}.

Furthermore, we know from Corollary [3.2] that the kernel of ® is the ideal
ker(®) ={f €S : foo =0 0n S, where f is the uniform radial limit of f}.
On the other hand, it can be showed that S/ker(®) is isometrically *-
isomorphic to C(S) and the map f + ker(®) — fx is a *-isomorphism.
Thus there is a %-isomorphism @ : C(S) — %(S)/K induced by ®. This
then gives the required short exact sequence, where p = &1 o 7 with
m: Z(S) — F(S)/K the quotient map. Also for f € S with radial limit
foo and K € K,

p(Tf+ K) = (n(Tf + K) = 1Ty +K) = foo. O

The short exact sequence in Theorem says, in the language of Brown-
Douglas-Fillmore (BDF) Theory (see [0, Chapter IX]), that T(S) is an ex-
tension of the compact operators K by C(S).

Let T be the C*-algebra generated by all Toeplitz operators Tg acting on
the Hardy space H%(S), where g is continuous on S. Coburn [4] showed that
T = {Tg + K :ge€C(S) and K € K}, the commutator ideal of T coincides
with the compact operators K and there is a short exact sequence

0—-K———3—L-01l)—0, (3.2)

where p(Ty + K) = g, for g € C(S) and K € K.

Out last result shows that the extensions and are in fact equiv-
alent. This implies that they give rise to the same element of the extension
group of K by C(S).
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Theorem 3.7. There is a x-isomorphism ¥ : T — T(S) such that U(K) = K
and po V¥ = p.

Proof. Recall that U : H — H?(S) is the unitary operator defined by Ue, =
€q, where {eq : a € Njj} (respectively, {é, : o € Nj}) is the standard
orthonormal basis for H (respectively, H%(S)).

For any A in ¥, define W(A) = U*AU. Since A = Tfoo + K for some

foo € C(S) and K € K, using Theorem m we obtain W(A) = U*waU +
U*KU =Ty +K', where K’ is compact and f is any function whose uniform
radial limit is foo. This shows that the image of W is contained in ¥(S) and

poW(A) = p(Ty + K') = foo = p(T},, + K) = p(A).

On the other hand, for any B € %(S), there is a function f € S and a
compact operator K so that B = Ty + K. By Theorem again, K' =

U*ffooU — Ty is compact. This shows that the operator A =T+ U(K —
K')U* belongs to ¥ and we have

U(A)=UT; U+K—-K =T; + K = B.

Therefore W is a *-isomorphism from T onto %(S). This completes the proof
of the theorem. (]
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