ON THE ESSENTIAL COMMUTANT OF TOEPLITZ
OPERATORS IN SEVERAL COMPLEX VARIABLES

ABSTRACT. Using the joint local mean oscillation, Xia [11] showed
that the essential commutant of (L) - the algebra generated by
all Toeplitz operators T;; where g is bounded and has at most one
discontinuity, is T(QC). Even though Xia’s method cannot be used,
we are able to generalize his result to Toeplitz operators in higher
dimensions with a different approach. This result is stronger than
the well-known fact stating that the essential commutant of the
full Toeplitz algebra ¥ is T(QC).

1. INTRODUCTION

For an integer n > 1, let C" denote the Cartesian product of n
copies of C. For z = (21,...,2,) and w = (wy,...,w,) in C", we use
(z,w) = 21wy + -+ + 2,0, and |z| = \/|21|2 + -+ +|2,|? for the inner
product and the associated FEuclidean norm. Let B™ denote the open
unit ball which consists of points z € C" with |z| < 1. Let S™ denote
the unit sphere which is the boundary of B™. We denote by o the

unitary-invariant measure on S™ so normalized that o(S™) = 1.

Let A(B"™) be the algebra of all functions that are analytic in the
open unit ball B” and continuous on the closed unit ball B*. We write
LP for LP(S™,do) and H? for the Hardy subspace of L? for 1 < p < 0.
For each ¢ € S", ke(w) = (1 — [¢|)™?(1 — (w,{))™ is a normalized
reproducing kernel for H?. We have |k:|| = 1 and (p, k¢) = (1 —
IC]2)"2p(2) for all ¢ € H? Let P : L?> —s H? denote the orthogonal
projection. For any f € L*, the Toeplitz operator Tt and the Hankel
operator Hy are defined by Trp = P(fy) and Hrp = fo — P(fy),
respectively, for all ¢ € H?. We have T,; — T,T} = H;Hy for all
f,9 € L™. Let B(H?) denote the C*—algebra of all bounded linear
operators on H?. For any subset G of L, we denote by T(G) the
C*—subalgebra of B(H?) generated by the set {T; : f € G}. Then
T = T(L*>) is the full Toeplitz algebra. Let K denote the ideal of all
compact operators on H2. It is well-known that X C €. We us 7 to

denote the canonical map from T onto the Calkin algebra T /K.
1
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For any ¢ € S", let K be the closed two-sided ideal of ¥ generated
by the set {1} : f is continuous on S™ and f(¢) = 0}. Then each K,

contains the compact operators K and m K. = K. This follows from
gesn
the localization in ¥, see [5, p. 176-177].

For any subset S of B(H?), we denote by EssCom(S) the essential
commutant of §, that is,

EssCom(S) = {A € B(H?) : AT — TA is compact for all T € S}.

For any z,w € B", let d(z,w) = |1 — (z,w)|"/?. Then d is a metric
on S™ which is called the nonisotropic metric, see [9, 5.1]. Because
of the denominators of the reproducing kernels, it is this metric, not
the usual Euclidean metric, which is closely associated to the theory
of Toeplitz and Hankel operators on S™. Note that for || = 1 and

For ¢ € 8" and r > 0, let Q(¢,r) = {z € S": d(z,() < r} be the
open ball of radius r centered at ( in the metric d. There is a constant
A depending on n so that

(1.1) 272 < g (Q(C, 1)) < Agr®™.

For any function f € L' and any ¢ € S™, the mean oscillation of f
at C is

1
o(Qr)

LMO(O) = timsup{ et [ 17 = fol do @, < QUc.0).r <0},
Qr

where (), denotes a ball of radius r centered at a point on S™ in the
1
d—metric and fg, = —/f do.
“e@)y

A function f € L' is said to have bounded mean oscillation if
If1lBpo = sup{LMO(f)(¢) : ¢ € 5™} < oc.

A function f € L' is said to have vanishing mean oscillation if
LMO(f)(¢) =0 for all ¢ € S™.
Define
BMO = {f € L' : f has bounded mean oscillation},
VMO = {f € L' : f has vanishing mean oscillation}.
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Let QC = VMONL™. Davidson proved in [2] that for n = 1,
EssCom(L>) = T(QC). The key result from which Davidson derived
the above identity is the following Theorem.

Theorem 1.1. Consider n = 1. If S is a bounded operator on H?
which is not the sum of a Toeplitz operator and a compact operator
then there is a function h € H* such that TS — ST}, is not compact.
The function h can be taken to have at most one discontinuity.

For any ¢ € S™, let £L({) be the collections of bounded measurable
functions on S™ which are continuous on S™\{(} and let H({) = H>N

L(C)-

Xia proved in [11] the following Theorem which is a local version of
a result of Sarason and used this together with Theorem 1.1 to deduce
that EssCom(L£) = T(QC) when n = 1. Note that £ is indeed smaller

than L*°, which was also showed by Xia in the same paper.
Theorem 1.2. Let f € L™ and let ¢ € S*.

(a) If [Ty, Th] € K¢ for all h € H(C) then LMO(Qf)(¢) = 0.
(b) If LMO(Qf)(C) =0, then [Ty, T,] € K¢ for all g € H™.

Here (Q = 1 — P is the orthogonal projection of L? onto L? & H?.

We would like to generalize Xia’s results to Toeplitz operators on the
Hardy spaces of the unit sphere in higher dimensions. To do that, we
need the high dimensional versions of Theorem 1.1 and Theorem 1.2.

A result quite similar to Theorem 1.1 was proved by Ding and Sun
in [4] but there they did not have the continuity of h. In the following
Theorem we do have the continuity of h which is necessary in Xia’s
proof.

Theorem 1.3. Let n > 1. Suppose S is a bounded operator on B(H?)
which s not the sum of a Toeplitz operator and a compact operator.
Then there is a function h € H* so that TS — ST}, is not compact.
The function h can be taken to have at most one discontinuity.

One of the important ingredients needed to prove Theorem 1.2 is the
identity 1-T¢. T¢. = k.®k,, where z € B and £.(7) = (2—7)(1-27) 7},
where 7 € S!. We do not know if such a similar identity exists in higher
dimensions where there is no continuous inner function (note that each
¢, is a continuous inner function on S*.) So we cannot use Xia’s method
for n > 2. Nevertheless, with a different approach, we can generalize
Theorem 1.2. Note that when n = 1, by checking directly, we can



4 ESSENTIAL COMMUTANT OF TOEPLITZ OPERATORS

show that H¢k, = (Qf — (Qf)(2))k. and hence |li‘m1 |H k.|| = 0 if and
z|<
z—(
only if LMO(Qf)(¢) = 0 for any ¢ € S, see [12, Theorem 6] for more
details. Therefore, the following Theorem is a version of Theorem 1.2
for n > 2.

Theorem 1.4. Let f,g € L> and ( € S".
(a) If [Ty, Ty € K¢ for all h € H(C), then Ih‘m1 | H k.|| = 0.
z|I<

z—(
(b) If lim [Hyk: ||| Hgk-|| = 0, then HiHy = Top — TyTy € K¢.

z—(

An open question, which appears to be highly non-trivial, is whether
or not the converse of Theorem 1.4 (b) holds true in the case n > 2.
We know that this converse holds true in the case n = 1, see [12], and
the proof uses the identity 1 — T¢, T = k. ® k. in an essential way. A
related question is that, in the case n > 2, if H;H} is compact, where
f,g € L™, does it follow that

(1.2) lon |k || | = 0 7

From Theorem 1.4 (b) and the fact that K = ﬂ K¢, it follows that
cesn
(1.2) is sufficient for the compactness of HyH; (see also [13, Theorem
3].) In the case n > 2, the question whether or not (1.2) is necessary
for the compactness of H;H; seems to be highly non-trivial. In this
context, Theorem 1.4(a), which is the main result of the paper, can be
viewed as partial progress toward answering these open questions.

Using Theorem 1.3 and Theorem 1.4, we can prove Xia’s result on
essential commutants of Toeplitz operators on the Hardy space of the
unit sphere in high dimensions.

Corollary 1.1. Let H denote the subalgebra of H® generated by |J H(().
cesn
If f € L™ so that [Ty, T}) is compact for allh € 'H, then \hIITIi |Hk.|| = 0.

As a consequence, the essential commutant of T(H) is T(C), where
C={f e L>®: Hyis compact}.

Corollary 1.2. Let L denote the subalgebra of L™ generated by |J L(().
¢esn
Then the essential commutant of T(L) equals T(QC).
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In [11], Xia also proved the one dimensional version of the following
Theorem. We are presenting here the proof for n > 2.

Theorem 1.5. Suppose S is a subset of T and suppose that S is separa-
ble in the operator-norm topology. Then there is a real valued function
f € L™ so that f is not in VMO and [T, S] is compact for all S € S.
Furthermore, given such an S, there is a ( = ((S) such that there is
an f € L({) which satisfies the above requirements.

In the rest of the paper, we will prove a couple of Lemmas before
giving the proof of Theorem 1.3 in Section 2 and proofs of Theorem 1.4,
Corollary 1.1 and Corollary 1.2 in Section 3. In section 4, we construct
the function f that satisfies the requirement of Theorem 1.5.

2. OPERATORS ESSENTIALLY COMMUTING WITH ANALYTIC
TOEPLITZ OPERATORS

We begin this section by a Lemma about pointwise approximation
of a positive lower semi-continuous function on S™ by a sequence of
functions in the ball algebra A(B™). For a proof, see [7, Theorem 3.5
and Remark 3.6].

Lemma 2.1. Suppose ¢ is a lower semi-continuous function on S"
and ¢ > 0. Then there is a sequence {om}°_ of functions in A(B™)
with the following properties:

1) |oml < ¢ on 8", and

2) A{leml -, converges to ¢ a.e. on S™.

The following Lemma is a construction of the holomorphic function
which appears in Theorem 1.3.

Lemma 2.2. Suppose {E,,}2°_, is a sequence of mutually disjoint mea-
surable subsets of S™ which cluster at only one point { € S™. Sup-
pose {pm o ) is a sequence of functions in A(B") so that ||¢@m(1 —
XE ) |loo < @™ and ||omllee < B for all m, where f >0 and 0 < o < 1.
Suppose S is a bounded operator on B(H?) so that [T, ,S] is compact
and ||[T,,,.,S]|| > ¢ > 0 for all m, where c is a fived constant. Then
there is a function h in H™ which is continuous on S™\{(} so that

|7 ([Th, S| > c.

Proof. For each m, put A,, = [T,,,,S]. Then A,, is a compact operator
for each m.
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Let E= () U Emn. Then o(E) =0since Y o(E,) <o(S™") =1

k=1 m=k m=1

Forw € S™\E, thereis a k so that w € S"\(U -_, Em) = ﬂ (S"\En).

Hence |pn(w)| < o™ for all m > k. So the sequence {gpm}m:1 con-
verges to 0 almost everywhere. By the Lebesgue Dominated Conver-
gence Theorem, it follows that the sequences {7}, }oo_, and {75, }oo_;
converge to 0 in the strong operator topology. Therefore {A,,}>_,
and {Af }>_| converge to 0 in the strong operator topology. Now,
since ||An| < 26]|S]| for all m, passing to a subsequence of {Am}m:1
if necessary, we may assume that the numerical sequence {||A,.||}°_;
converges. So lim ||A,,|| exists and is not less than c.

By [6, Lemma 2.1], there is an increasing sequence of positive integers
{m(k)}%2, so that the sum

exists in the strong operator topology and

(A = 7Y An)ll = lim [|Ay]| > c.

k=1

Now put h = Z Cm(k)

k=1
For any neighborhood U of ¢ in S™, there is a k(U) so that E,,y C U
for all k > k(U). Thus

k(U) 00

D llemmxsmpllo D lemmXsmplle + D emmxsmpls
k=1 k=1 k=k(U)+1
k(U) oo
< lempxemploe + > a™®
k=1 k=k(U)+1

< BEU) 4+ 1/(1 — ).

So {Z Pm(k) }¥—1 converges uniformly to h on S"\U. Because this

holds true for any neighborhood U of (, it follows that A is in H* and
continuous on S™\{(}.
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Now in the strong operator topology,

N—oo

N
A= lim Z Am(k)
k=1

N
= lim [T,

N—oo Pm(k)?
k=1

5]

:[Tl

N

= [T}, S].
So ||w([Th, SPIl = llm(A) ]| = ¢ > 0. 0

75]

im legvzl Pm (k)
— 00

In what follows, by a characteristic function we mean the character-
istic function of a Lebesgue measurable set of S™. If g is a characteristic
function, we also use g to denote its support. We use w-lim to denote
limits in the weak operator topology of B(H?). The first two conclu-
sions in the following Lemma were proved in [2] for functions on the
unit circle. The high dimensional case is similar and was proved in
[4]. For our purpose of proving Theorem 1.3, we have added the third
conclusion.

Lemma 2.3. Suppose F': L™ — B(H?) is a linear map which has the
following properties:

(P1) If gn’s are in L™ with ||gm||lcc < M and g, — go almost every-
where, then wdim F(g,,) = F(go)-

(P2) If fi,fa are characteristic functions and have disjoint closed
supports, then F(f1)F(f2) and F(f1)F(f2)* are compact.

(P3) There is a characteristic function g so that ||7(F(g))| > « > 0.

Then there exists a sequence of characteristic functions of disjoint
closed supports {xm} so that ||F(xmg)|| > C(«)/2 > 0 for all m, where
C(a«) depends on a and the dimension n. These sets can be chosen to
cluster at only one point.

It then follows that there is a sequence of continuous functions {h,}
50 that hy, > 0, [[Fmllee <2, [[Am(1=Xm9) |leo <47 and || F(hy)|| >
C(a)/2 for all m.

Consequently, if F' is of the form F(g) = 1,5 — T,s, where S is a

bounded operator on H* and f is a bounded measurable function, then
there exists a sequence {¢om} of functions in A(B™) so that ||omlleo <

2, [lom(L = xmg)llec <277 and [|F(em)[| > C(a)/8.
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Proof. The existence of the sequences {xm }5°_1, {hm }5o_, and the con-
stant C'(«) was established in [4, Lemma 4].
Now, fix an integer m. Choose a positive number § so that ¢ <
4=m=1 and B||F(1)]] < C(a)/4.
Let gm, = hy+ 5. Then g, is continuous, positive on S™, ||gm |l < 4
and |gm, (1 — xmg)| <47
Also,
1 (gm) || = I1E (hm) [| = 1E(B)]]
= [[E(hm) || = BIF)]
> C(a)/4.
From Lemma 2.1, there is a sequence {9);} of functions in A(B™) so
that |0;]* < g, on S™, and |9;]* — g¢,, a.e. on S™
Since F(|9;|*) — F(gy) in the weak operator topology by (P1) and
| F(gm)|| > C(a)/4, there is a j(m) so that [|F(]9;mm)]?)] > C(a)/4.
Let om = Ujom). Then @, € A(B"), [lomlloc <2, [om(1 = Xmg)| <
27 and || F(|om[*)]| > C(a)/4.
Now if F(J¢m|?) = Tjpn2S — Tip, 2y for all m, then

Cle)/4 < [F(leml)]
= 1 Teon,S = Tompnr|
= ||T5, Ty, S — T, Ty, 1]l (since ¢, is analytic)
= HTEm(Tva — Toup)l
< N7, 76 S = Tl
< 2[|F(em) I

Hence, ||F(¢m)| > C(a)/8. O

Now suppose S is a bounded operator so that [T, S] is compact for
all ¢ € A(B"). So w(S) and 7(7T,) commute in the Calkin algebra.
Since 7(T,) is normal, Fuglede Theorem implies that 7(S) commutes
with ©(T,)* = n(T};) = m(Tp) for all ¢ € A(B"). Thus S essentially
commutes with the C*—algebra generated by {7, : ¢ € A(B")}. This
implies that [T,,, S] is compact for any continuous function ¢.

Now fix a sequence {&,,}°_; of functions in A(B™) so that

(C1) [|€mlloo < 1 for all m € N,

(C2) |&m| — 1, a.e. on S™ as m — oo,



ESSENTIAL COMMUTANT OF TOEPLITZ OPERATORS 9
(C3) Tz — 0 in the weak operator topology as m — oo.

On the unit circle, we can choose &,,(w) = w™ for w € S* and (C2) can
be replaced by || = 1. In higher dimensions, there is no function in
A(B"™) whose absolute values on the unit sphere are identically 1. This
is the reason why we require condition (C2) which is much weaker. The
existence of such a sequence can be proved as follows.

The ezistence of a sequence satisfying (C1)-(C3). Suppose 9 is an in-
ner function in the ball B". We then also use ¢ to denote the radial limit
of ¥ which is defined almost everywhere on S™. For each 0 < r < 1,
put ¥,.(z) = J(rz), z € B". Then 0, € A(B"), ||[V;]|oc < 1and 9, — v
a.e. on S™ when r — 1. Let 6 > 0 be given. By Egoroft’s Theorem,
there is a measurable set E5; C S™ with o(Es) < ¢ such that ¢, — o
uniformly on S™\Ej. Since |¢| = 1 a.e. on S™, we can require that
|¥(w)| =1 for all w € S™\Es. Also for any € > 0, there is an 7 so that
| (w) — I (w)| < € for all w € S™\ Ej.

Now take 7 to be any inner function with 7(0) = 0. Then for any
u e LY(SM),

(2.1) lim [ n™u do =0,
S"L
see [8, Lemma 5.1].

Apply the above remark to each 1™, we get a measurable set F,,
with o(F,,) < 27™ and |n| = 1 on E,, and a function &,, € A(B"™) so
that ||&n]lee < 1 and [n™(w) — & (w)| < m~? for all w € S™\E,,. Then
clearly the sequence {¢,,} satisfies (C1). We claim that it also satisfies
(C2) and (C3).

Let

E=( U En

k=1 m=k

Then o(E) = 0 because Y o(E,,) < oo.

m=1
Now for any w € S™\FE, there is a k so that w € S™\E,, for all
m > k. Hence

™ (w)] = [&m(w)]|
| w)i w)]

7

I/\ IN
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for all m > k.

Thus lim |, (w)| =1. So |, — 1 a.e. on S™ as m — 0.

In addition, for any f,g € H?,

(Te, [ 9 = [{P(§nf); 9|

. |/5mfg do]
<r/ fgd0!+!/ 0" Fg do]

< m £l gl + 2 / Fol do + | / " g do.
En Sn

Letting m — oo and using (2.1) and the fact that o(E,,) < 27™,
we get lim [(T¢ f,g)| = 0. Hence {T¢ } converges to 0 in the weak

operator topology as m — oo. 0

Put 0, = Ty ST, for m = 1,2,.... Then {0, });_; is a bounded
sequence of operators in B(H?). By passing to a subsequence if neces-
sary, we can assume that the sequence {0,,}°°_; converges in the weak
operator topology. Let T' = w—lim o,,. The following Lemma is about

m—00

properties of the operator T.

Lemma 2.4. Let T be as in the above remark. Then the followings
hold true.

(a) There is an f € L™ so that T = T}.
(b) For any continuous function h on S™,

w—lim T ThSTgm = Thf

m—00

(¢) For any continuous function h on S™,

w—lim T (Thng - SThﬁm) = ThS - Thf.

m—00

Consequently, for any o < ||Tp,S — Thy||, there is an m, so that
||Th§mo¢5 - SThgma || > Q.



ESSENTIAL COMMUTANT OF TOEPLITZ OPERATORS 11
Proof. (a) For any function b € A(B™), we have
T — TTT, = w—lim (T; ST, - ;T STe,T,)
=w—lim T (S —T;5T)1,

m—00

= w—lim {T; Ty(T),S — STy)T, + T Tip2STe,, }

m—00

= w—TiliIg)O TEmT1_|b|2 STgm,

because T3(1,S — ST}) is compact and Tgm converges to 0 in the weak
operator topology so w—lim Tngg(TbS — STy)T¢,, = 0.

From this, we have

7= T;TT, = w-lim Tg Toyn ST,

j=1
for any by,...,b, € A(B"™).
In particular, for b;(z) = z;, j=1,...,n, we get

T-> T.TT., =0.
j=1
By [3, Theorem 2.6}, there is an f € L* so that 7" = T}.
Thus,
w—lim o0, =w-lim Tz ST, =Tj.

(b) Since the span of {hihy : hy, hy € A(B")} is dense in C'(S"), it
suffices to prove the identity for h = hihy with hy, hy € A(B™).
For each positive integer m,
Ty Tpp,STe, = Tz Tr Ty ST,
=T; Ty [Tn,, SITe, + Tz T;, STi, T,
= Tfm 17, [Thy, S| T, + 17, Tgm ST, Th,.

Since [Th,, S] is compact, the first term in the sum goes to 0 in the

weak operator topology when m — oo. So

w—lim Tngﬁlfm STﬁm = TﬁleTM = Tﬁﬂlzf'

m—00
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(c) Now for any continuous function h on S™,
T; (The,S — SThe,.) = Thje,2S — Tz STyTe,
= (ThS = Th(1-jgm2)S)
— (Tg, ThSTe,, + Tg [, ThlTe,,)
= (T),S — T; TySTs,)
— (Tha-temr)S + Tg, [, Th] T, ).

Since {|¢,|} converges to 1 a.e.,

w—lim Th(l_‘gmp)s =0.

Since [S,T}] is compact and Tz — 0 weakly,
w—lim Tgm [S, Th]Tgm =0.

Also from (b),
U)—nil_}H(l)O TnghSTﬁm = Th f-
So
’UJ—%I_I)I;O Tgm (Thng — STh,gm) - ThS — Thf.
Since the norm is lower semi-continuous with respect to the weak
operator topology, for any o < ||1,S — Tj||, there is an m,, so that

ITe, (Then,S — SThe,, )l > o

But [|Tg  (They, S = SThem, )l < [Then, S — SThe,, ||, hence
[ TS = ST, || > O

Now we are in the position of proving Theorem 1.3.

Proof of theorem 1.3. Suppose S is a bounded operator on H? which
is not the sum of a Toeplitz operator and a compact operator. We
need to find a holomorphic function h so that [T,,S] = TS — ST},
is not compact. If there is a function ¢ € A(B") so that [T,,S] is
not compact, take h = . Now suppose [T, S] is compact for all ¢ €
A(B™). Let f be the function in Lemma 2.4. Let F : L® — B(H?) be
defined by
Fg) = T,5 = Typ, g € L.

Then F satisfies the properties (P1) and (P2) in Lemma 2.3, see [2].
Since S is not the sum of a Toeplitz operator and a compact operator,
F(1) =S —T} is not compact. The last conclusion of Lemma 2.3 gives
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a sequence {p,, }o°_, of functions in A(B") and a sequence {x, }>°_, of
mutually disjoint closed sets so that ||om|leo < 2, [@m(l—xm)| <277,
and

175, = Topll = | F(om)| > Cla)/8 for all m € N,

where o = ||w(F(1))||/2. Furthermore, the sets {x,,} cluster at only
one point of S”, say (.

For each k, apply part (c) of Lemma 2.4 to ¢, we get a function
19,@ = @k&mk in A(Bn) so that ||191c||oo <2, ||19k(1 — Xk:)”oo <27 and
1T, 1 > Cle)/8.

By Lemma 2.2, there is a function h in H* such that A is continuous

on S"\{¢} and [T}, S] is not compact. The proof of the Theorem is
thus completed. ([l

3. LOCAL COMMUTATIVITY AND ESSENTIAL COMMUTANT

In order to prove Theorem 1.4, we need a couple of results. The first
Lemma gives a necessary condition for an operator to be in K.

Lemma 3.1. Let ¢ be in S™ and A be an element in K¢. Then for any
€ > 0, there is an open neighborhood V; of ¢ depending on A and € so
that for any continuous function n with supp(n) C Vi and ||n||e < 1,
we have ||7(T,A)| <e.

Proof. Let € > 0 be given. There is an A in the ideal of T generated
by {T, : ¢ € C(S"),(¢) = 0} so that ||[A — A| < ¢/2. Now there are
continuous functions ¢1, ..., @, with ¢1(() = -+ = () = 0 and
operators By,..., B,, and Cy,...,C,, in ¥ so that A= Z;n:l B;T,,C;.

Since each ¢; is continuous, the commutator [B;, T,,] is compact, so
A=>70 T, BiCj e K.
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For any n € L>*(S") and [|n||c < 1, the semi-commutator T, —
T,T,, is compact for each j, so we have

Im(T, )] < e/2+ |m(T,A)|

= ¢/2+ |ln(Y_ T, T, B;C))l

J=1

=¢/2+ ||7(}_ Ty, BiC))l|

j=1
< ¢/2+ MY leil)llsc,
j=1

where M is a positive constant, depending on B;’s, C;’s and m. Since
@ = i-1 )l is a continuous function on S™ with (¢) = 0, there is an
open neighborhood V; of ¢ so that for all w € V., 0 < p(w) < e(2M)~1.

So if 7 is any continuous function on S™ with supp(n) C V; and
IMlloc <1 then [[nelee < €(2M)7". Hence, [|7(T, A)|| < e. N

The next Lemma asserts that some commutators of a certain kind
cannot belong to K¢ unless they are compact.

Lemma 3.2. Let ( € S™ be given. Suppose f € L™ and g € L(().
Then [Ty, T,] is in IC¢ if and only if it is in K.

Proof. Because each g € £(() is continuous on S™\{(}, for any continu-
ous function n on S™ with n(¢) = 1, we have n (T, [Ty, T,|) = ([T}, T,)).

Now if [T, T,] is in K¢, Lemma 3.1 together with the above identity
show that ||w([T,Ty])|| < € for all e > 0. So [T}, T,] € K.

The converse is obvious since K is contained in K. O

Lemma 3.3. Suppose g is a function in L™ with ||g|le < 1. Suppose
¢ € S" and {zn} in B so that lim |z, —(| =0, hence lim d(z,,,() =

0 as well. Also suppose that ||Hyk., || > a > 0 for all m € N, where
0 < a <1 s a constant. Then there exists a function h € H* which
is continuous on S"\{(C} so that [Ty, T,] is not compact.

Proof. For each m, there is a 9, > 0 so that

/ k., |*do < a*/9,

Q(¢,0m)
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where Q((,0,,) = {w € S" : d(w, () < 4}

We may choose 9,, such that 9,, — 0 as m — oc.

For each m, let

€m = (2, C) +3a7%(1 — |2 )",

Then €, — 0 as m — oco. So we can choose a subsequence {€,, }7°,
so that €,,,,, < €m,, and €,,,,, <, for all l € N.

Let

By={weS": €n,, <dw,() < ém,}

Then these are mutually disjoint open sets of S™. For each [,

/ |gkzml ?do < / |kzml ?do + / |kzml |*do

Sn\Bl Q(C,Gm“_l) Sn\Q(<7€ml)

<a*/9+ / |k, [*do.
SMQ(C emy)

(3.1)

Now for w € S"\Q((, €, ), we have
d(w7 Zml) 2 d(wa C) - d(Zml, C)
Z eml - d(zmu C)
= 3a*2(1 — ]zml|2)1/4.

So
3a_2(1 - |Zmz|2)1/4 < d(wv zmz) = |1 - <w’ Zmz>|1/2'
Hence,
1 — |zm )"
e (@ = s < (a/3) <)
Thus,
(3.2) / |k, [Pdo < a* /9.
Sn\Q(C757nl)

Inequalities (3.1) and (3.2) give

/ |gkzml|2da <a*/9+a*/9 < 4a*/9.

S\ By
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So
(3.3) x5\ 8,9k, || < 20%/3.

Now, since ||Hyks,, || > a, we have

(Hgk.,, , Hyk.,, ) > a®.

Zml7

On the other hand,

|(Hyk,, , H,

Zmy ) TTgXSn\ B, kzml>| S ”Hngn\Bl kzml”
S HgXS"\BlkzmlH
<2a*/3 by (3.3).

So
|<Hgkzml’H9XBl kzml>| > a? —2a°/3 = a®/3.

Now write g = (f1) — f@) 4i(fB3) — f®) where 0 < fU) < 1for1 <
j < 4. For each [, the above inequality shows that there is a j = j(I) €
{1,2,3,4} so that \(Hgkzm”Hf(j)XBl k.,.,)| > a*/12. By approximating
f@y B, almost everywhere on S™ by continuous functions with compact

supports in B;, we can find a continuous function ¢; so that 0 < ¢; <
1, supp(¢;) C B; and

(Hgk., ,Hyk., )| >a®/12.

Zml7 my

Let a be any positive number less than a?/24. For each | € N, put
m = max{ed,a'}.

Then n; is continuous, ol < < 1+ o, g(w) = o for w € S"\ B,
and [|n — dileo = .

So

|<Hgkzml ) Hnl_¢l kzml >| S ||H77l_¢l kzml ||

< [lm — &illo

= Oél.

Thus, for [ € N,
(Hyk.,, , Hyk., )| > a?/12 — o > a®/12 — a®/24 = a?/24.

From Lemma 2.1, for each [ there is a function ¥, € A(B™) so that

(a) [0 (wW)]*? < m(w) for w € S™, and
(b) (Hgk,,,, H, k-, )| > a?/24.

Zml
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Property (a) implies that |||l < 2, and [9;(1 — x5,)| < (Va).
Property (b) implies that
| Hj, 12 Hyll > a?/24.

Now
H\EZ\ZHQ = Tio,2g — Tiwy2 1y
=151, Ty, — T5, 1,1,
= —T5, (T,, T,).

Since ||T3,|| < 2, we get
1T, Tylll > a*/48.

If there is an [ so that [Ty,, T;] is not compact, let h = ;. Otherwise,
apply Lemma 2.2, we get a function h € H* so that h is continuous

on S"\{¢} and

([T Ty = a*/48. O

Before going on to the proof of Theorem 1.4, we need one more
Lemma about functions in A(B™). This is a kind of Urysohn’s Lemma

for A(B").

Lemma 3.4. Suppose ¢ € S™ and 0 < 9§, € < 1 are given. Then there
exists a function n € A(B") so that n(¢) = ||n]|lc = 1 and [n(w)| < €
for w € S™ with d(w, () > 6.

Proof. Let ¢ be any continuous function on S™ so that 0 < ¢ < 2 and
for any w € S™, p(w) = 2if d(w,() < §/4 and p(w) < € if d(w,() >
5/2.

By Lemma 2.1, there are functions {¢,,}>°_, C A(B") such that
|om| < on ",

and |o,| — ¢ a.e. o.

So there exist mg € N so that [[pm[lc > 1. Let ( € 5" such that
[£mo (O] = llomolloe- Then d(¢, () < 6/2.

Put 9 = —2™_ Then 9() = 9]l = 1 and [9(w)] < —2 <
Pmo (€ [ @molloo
if d(w, ¢) > 6/3.

Now take U to be any rotation on S™ so that U¢ = ¢. Put n = 9o U.
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Then n € A(B"), [n]l =1, n(¢) = I(U¢) =9(() = 1, and for any
w € S" with d(w, ) >4,
d(Uw,¢) = d(w,U%)
Z d(wv C) - d(<7 U_lg)
= d(w,¢) — d(¢. ()
>0—4/2
=0/2,

so [n(w)] = [I(Uw)| < e. O

Proof of Theorem 1.4. (a) If it were not true that Ili‘m1 | H k.|| = 0 then
z|<

z2—C
there would be a sequence {z,,} of points in B" and a constant a > 0
such that lim |z, —(| = 0and ||Hsk,, || > a for all m. By Lemma 3.3,

there is a function h € H(() so that [T, T}] is not compact. Lemma 3.2
then implies that [T, T}] is not in K¢ either, which is a contradiction.

(b) Now suppose |li‘m1 \|H ¢k ||||Hgk|| = 0. Let € > 0 be given. There
z|<

z—(

is a 0 > 0 so that for all z € B™ with d(z,() < 36,
(3.4) [H k- || Hgh-|| < e.

By Lemma 3.4, there is a function n € A(B") with |||l =n(¢) =1

€
and [n(w)| < € = — if w e 5™ with d(w, () > 6.
[Glloo 1 flloo + 1
We claim that
(3.5) “‘ﬁ?Fp | H ok || [ Hgk || < e.

To prove this, it suffices to show that for any @ € S™,

lim sup | H k. ||[| Hgk. || <.

We have
Hyyk, —nHek, = (fnk. — Tpk.) — n(fk. — Trk:)
=Tk, — Tk,
= (T, Ty — Ty,)k. (since n is holomorphic)
— —H:Hjk..



ESSENTIAL COMMUTANT OF TOEPLITZ OPERATORS 19

So
| Hppk. —nHyk.|| = || HyHyk.|.

Since H is compact because 7 is continuous and k, — 0 weakly as
|z| — 1, we have llilm1 | HyH k.|| = 0.
So for any @ € S™ with d(w, () < 36,
i | g |k | = s . | ]| < c
z|<1

|z|<1
z—w Zz—w

by [l = 1 and (3.4).
Now fix an @ € S™ with d(@, () > 26. For any z € B",

1 fnkella < {€llxsmacsk=ll2 + lIxaesk=ll2 I flleo
< {€ + Ixaeok:l2} 1 fll-
For w € 8™ with d(w, () <  and for z € B" with d(z,0) < §/2, we
have
d(w7 Z) > d((IJ, C) - d(w7 C) - d(Z, d})
>20—80—0/2=4¢/2.
Thus the function xg(cs k- is bounded by (2/8)*", which is indepen-

dent of z when z — w. On the other hand, k, — 0 a.e. as z — @. So by
the Lebesgue Dominated Convergence Theorem, lim || x¢(c6)k:||2 = 0.

It then follows that
limsup || fnk.||2 < || f]loo€-

|z[<1
Z—w
Hence
limsup || Hppk|| < || flloo€s
|2]<1
ZzZ—w
and so

lim sup || Hy ke || Bk | < [7llocll £l o€’ < €.

|z|<1
Z—w

Therefore, (3.5) has been proved. From the proof of [13, Theorem 3],
for any v > 0 there is a constant C,, > 0 so that

(3.6) lm(Hg Hpy)l| < C(Cre + ),

where C' depends only on the dimension.
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Now
Hg*an = Lgfn — Tngn
=T,/T, —T,TfT, (since n is analytic)
= (Tgf - Tng)Tn
= (Tgf - Tng) + (Tgf - Tng>T77—1'

Since n — 1 is continuous on S™ and 7(¢) — 1 = 0, the second term is
in K. Let m¢ denote the canonical map from ¥ onto /K. Inequality
(3.6) then gives

17e(Trg = TaTp) || = llme (Hg Hyy )|
< |7 (HgH )l
< C(Cye+7).

Since € and v were arbitrary and C' depends only on the dimension,
we conclude that ¢ (T,r — T,T%) = 0. O

Proof of Corollary 1.1. The first conclusion follows directly from The-
orem 1.4 (a). Now suppose S is a bounded operator that essentially
commutes with all Toeplitz operators T}, h € H. Theorem 1.3 implies
that S = T + K where f € L* and K is a compact operator. Now
Ty essentially commutes with all 7;,, h € H. Hence ‘Elrﬁ |H k.|| = 0.

By [13, Theorem 5], H; is compact. So EssCom(ZT(H)) = F(C) where
C={f¢€ L>: H;is compact}.

U

Proof of Corollary 1.2. Suppose S is a bounded operator that essen-
tially commutes with all Toeplitz operators T, where g € £. Then in
particular, S essentially commutes with all 7}, where h € H. Theorem
1.3 implies that S =Ty + K, where K is a compact operator. Now T
essentially commutes with all T, where g € L. Since L is *—symmetric,
T7 = T7 also essentially commutes with all Ty, g € £. As in the proof
of Corollary 1.1, both H; and Hy are compact. Hence f € VMO, see
3, p. 365] or [10, p. 465]. O

4. ESSENTIAL COMMUTANT OF A SEPARABLE SUBSET OF ¥

In this section, we will prove Theorem 1.5 by constructing a real
valued function f that satisfies all the requirements. We begin with
the following Lemma.
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Lemma 4.1. Let 0 < a < 1 and let n be a continuous function on
la, 1] with n(a) = n(1). Define ¢ : [0,1] — R by ¢(0) = 0 and ¢(t) =
n(a=™t) if a™ < t < a™. Then ¢ is continuous on (0,1] and it
satisfies the following properties:

(a) For any m >0 and 0 <t < a™, we have p(t) = p(a™"t).

(b) For any e > 0, there is a 6 > 0 so that for any s,t in (0, 1] with
11— s~ | <6, we have |p(s) — p(t)] < e.

(c) Suppose n > 2. For any complex number « there is a constant
¢ depending on n and o so that for any 0 <r < 1,

(4.1) / (1-— |z|2)"_2|<,0(|1 — z|1/2) - oz‘ dA(z) > er®™,
1-2]<r2

|z|<1

where dA(z) = 7~ dzdy.

Proof. (a) Suppose a** < a™™t < a® for some s > 0. Then a*T™! <
t < a*™™. So by the definition of ¢, we have

p(t) =n(a>"t) =nla™>(a™™1)) = p(a™"1).

(b) Let € > 0 be given. Since ¢ is uniformly continuous on [a?, 1],
there is a dy > 0 so that |p(u) — ¢(v)| < € for all u,v € [a?, 1] with
|u—v| < dp. This 0y depends only on 7, a and €. Let § = min{dp, 1 —a}.

For s,t € (0,1] with |1 —s7 | < §, we have 1 —§ < s7't < 1+4. But
a<l—¢dand1+6d<2—a<al soa< st <a?t Thisimplies
that there is an m > 0 so that s, ¢ € (a2, a™].

Now a™™s,a"™t € (a?, 1] and

la™™s —a "t] = a "s|1 — st
|1 —s7't| (since s < a™)

< dp.

Hence |p(a™™s) — p(a~™t)| < €. By (a), we have

lp(s) — (@) = lp(a™™s) —p(a™™t)] <.
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(c) By change of variable u = 1 — z, the integral on the left hand
side of (4.1) becomes

/ (1= 11— )" o(jul”?) — o] dA(u)

jul<r?
1—ul<1

! / (1= [1 = teP)" 2| (t]?) — ot dtd

0<t<r?
[1—te??|<1

=7t / (2t cosf — t2)n_2’go(]t\1/2) — alt dtds.

0<t<r?
0<2cosf—t

For|0|§%and0§t§1wehave

2t cosl — 2 > /2t — t?
= (t—1})+ (V2 -1t
> (V2 - 1)t

Hence the above integral is not less than

7'2 7T/4

w—l/ / (V2 = D)2 2| (t/?) — alt dodt
0 —m/4

2

=271 (vV2-1)"? /t”1|<,p(t1/2) —af dt

0
r

— (V21 [ ()~ al ds

0

Now choose an m > 0 so that a™t! < r < a™. Then

r qmt1
/ 2" o(s) — al ds > / 27 o(s) — af ds
0 0

ak
o

= > [ et~ al ds

k:m—l—lakJrl
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1
_ Z a2nk/02n_1|g0(1)) —Oé| dv

k=m+1

a2n(m+1) _—
=T /v" lo(v) — al dv

a

a2n7,.2n

o /v2n_l|<p(v) — o dv

a

v

a2nr2n

1
S /v%lm(v) ~ ol dv.

a

1

/v2"1|7](v) — a| dv. We then have the

2n

Let ¢ = (V2 —1)""2

1 —a?n
a

inequality (4.1). O

For each function f € L'(S™), we use f to denote the harmonic
extension of f in B". So for any z € B",

1) = / F(w) Py (w) do(w),

1 — 2\n
where P,(w) = % is the Poisson’s kernel.
—(w, 2)|?"

For for ( € S™, any f,g € BMO and 1 < p < oo, define
B9 =timswd ([ 1£ = 1IPP. do [lo- o). do)'"
Sn STL

1< L) <o},

My (1900 =timsup] (s [ 17 = focol do

Q(z,r)
! P 1/p |
X WQ(/ 9 — 900 da) 1 Q(z,r) CQ(Caé)}-

277’,)
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Then LMO(f, 9)(¢) = Mi(f, 9)(C) is called the joint local mean os-
cillation of f and g at (.

It was proved in [12] that for any f,g € BMO, any ¢ € S and any
1 <p<oo, My(f,g)(¢)=0if and only if P,(f,g)(¢) = 0. The proof
can be carried over to the case n > 2 with only some minor changes.
In particular, for any f,g € L*> and ¢ € S™, LMO(f, g)(¢) = 0 implies
that Pi(f,g)(¢) = 0. It then gives Py(f,¢)(¢) = 0 because f,g are
bounded.

For f € L? and z € B", define
Varfi2) = [10= [ 1P aoPPdo = [If = 2R P. do

sn sn sn
Then for any f,g € L* and any ( € S™, we have
(P>(£,9)(C)" = lirglsup{Var(f;Z) Var(g; 2) « 2| < L,d(z,() < &}
0

= limsup Var(f;z) Var(g; 2)
|z]<1
z—(

(4.2) > liﬁn‘s?p || H e ||| Hgk. |1,
z|I<
z—(

since ||Hk,||* < Var(f;z) and ||Hgk.|*> < Var(g; z), see [10, Inequal-
ity 6.4].
Inequality (4.2) the above remark imply that for any f,g € L> and
any ¢ € S if LMO(f.9)(C) = 0 then lim || k. || Hh. | = 0.
z|<
z—(

Now fix 0 < a < 1. Choose a function 7 as in the hypothesis of
1

Lemma 4.1 so that /t2”_1|77(t) —al dt > ¢y > 0 for all a, where ¢ is

a constant independent of a. Any continuous function 1 on [a, 1] with
na) =n(l) =0, n(t) =1ifag <t < ag, N(t) =0if ag <t < ay,
where a < a1 < ay < ag < ayq will satisfy the requirements. Let ¢ be
as in Lemma 4.1. Let ¢ be a point on S™. Define f(w) = p(d(w,()) for
all w € S". Then f is a continuous function on S™\{(}. The following
proposition gives more properties of the function f.

Proposition 4.1. Let f be as in the preceding paragraph. Then the
followings hold true.

(a) LMO(f)(¢) > 0.
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(b) For any function g € L*™ so that ¢ is a Lebesgue point of g, we
have LMO(f, g)(¢) = 0. Therefore, |1i|m1 | H ¢k ||| Hgk.|| = 0.
z|<

z—(
Proof. (a) Let 0 < r < 1 be given. Put « L /fd
. ven. = — 0.
a(Q(¢,7))
Q(¢r)
We have
[ 1= faol do
Q(¢r)
= [l - @) - a dotw
=(n—-1) / (1= Jul)* (|1 = ul/?) — | dA(u) (see [9])
luj<1
\1—u|1/2§r
2n
> (n—1)(V2 - 1)”_2#007‘2” (from Lemma 4.1)

Recall that there is a constant Ay so that o(Q(¢, 7)) < Agr*™. Hence
forall 0 <r <1,

a2n o

1 — a2nA_0'

g

1
a(Q(¢,1) / f — foen| do > (n—1)(V2 —1)"2
Q)
This implies that LMO(f)(¢) > 0.

(b) Now let g be a function in L™ so that 7 is a Lebesgue point of g.

Let € > 0 be given. By Lemma 4.1(b), there is an M > 0 so that
lo(s) — p(t)| < € for all s,t € (0,1] with |1 — s~ 1| < M1

Since ( is a Lebesgue point of g, there is a ;5 > 0 so that for all
0<r<do,

1
S ()

/ lg—9(¢)| do < (M +2)"*".
Q¢

)
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Now for all 0 < r < (M + 2)"'6y, we have

1

Q¢ (M+2))
o (Q(¢, (M +2)r))

ST QG M

Since o(Q(¢, 7)) > 27" and o(Q(C, (M +2)r)) < Ag(M +2)>r?,
the above inequality implies

1

(44 Q)

/ 19— 9(0)] do < 2" Age.

Q(¢,(M+2)r)

Let Q(z,7) be any ball of radius r centered at z that is contained in

Q(¢, (M +2)715y). Then r < (M + 2)~15.

There are two cases. First, suppose Q(z,7) N Q({, Mr) # (. It then
follows that Q(z,7) C Q(¢, (M + 2)r). Therefore,

1 9
o(Q(z,7)) / 19 = 90| do < m@é«) lg — 9(¢)| do

Q(z,r)
2
o(Q(=7) / g —9(¢)| do

Q¢ (M+2)r)
< 2" Age  (because of (4.4)).

1 2
Here we have used TE)/M —gg| do < o(B) / lg — a| do for all
E

«, in the first inequality.

Hence
(4. 5)

/|f szr|dU ( /|g ngr|dO'<||f||002nA0€.
Q( r)
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Second, suppose Q(z,7) N Q({, Mr) = (). For any w € Q(z,r) we
have d(w, () > Mr. This gives

|d(w, Q) = d(z Q| _ d(w, 2)
d(w, ¢) -

By our choice of M, we then have

[f(w) = f(2)] = le(d(w, () — e(d(z, ()] <

Therefore
1 2
m / |f_fQ(z,r)’dU§m / |f_f(Z)’dO'
Q(z,r) )
< 2e.

Hence for this case,
(4. 6)

/|f fotm| do—t /|g g0t do < 2glle.
(Q Q( )

Inequalities (4.5) and (4.6) give

—/|f fQ(zr)|dU /|g ngr|dU

< HlaX{2n+1A0||f||oov 2||glloc te,

for any Q(=,7) C Q(C, (M +2)~'6).
Thus, LMO(f, g)(¢) = 0. O

Proof of Theorem 1.5. The separability of & implies that S is in the
operator norm closure of a countable subset {4, Ay, ...} of T. Now
each A; is the limit in the operator norm of a sequence of operators

of the form Sl Ty -+ Tyers» where gy € L. Hence we can find a
countable set G = {g1, ga, - - - } of real-valued functions in L* so that

S is contained in T(G).

For each g;, all most every point of S™ is a Lebesgue point. Therefore
there is a ¢ € S™ which is a Lebesgue point for all functions g;, for
j=1,2.... For this ¢, let f be the function in Proposition (4.1). Since
f is continuous on S"™\{C}, LMO(f, g;)(w) = 0 for all w € S"\{(}. So
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Ililm1 | H k. ||[|Hg, k.|| = 0 for all w € S"\{C}. Proposition 4.1 also gives
z|<

Ililm1 | H k. ||[|Hg, k.|| = 0. By Theorem 1.4 (b), T,y — T, Ty € K, for
z|<

z—(

all w € S™. Thus, T,y — T, T} is compact. Since both f and g; are
real valued-functions, it then follows that [T, T} ] is compact for all j.
Hence [T}, S] is compact for all S € T(G). Proposition 4.1 also yields
that LMO(f)(¢) > 0, hence f ¢ VMO. O
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