SQUARE ROOTS OF WEIGHTED SHIFTS OF
MULTIPLICITY TWO
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ABSTRACT. Given a weighted shift T of multiplicity two, we study the
set V/T of all square roots of T. We determine necessary and sufficient
conditions on the weight sequence so that this set is non-empty. We
show that when such conditions are satisfied, \/T contains a certain
special class of operators. We also obtain a complete description of all
operators in VT.

1. INTRODUCTION

Let H be a complex Hilbert space. We use B(H) to denote the algebra
of all bounded linear operators on H. For T € B(H), we are interested in
bounded operators @ for which Q? = T'. If such an operator exists, we say
that 7 has a square root and in that case we would like to describe /T, the
set of all possible square roots of T'. It is known that while many operators
have an abundance of square roots, others do not have any square root at all.
Halmos et al. [§] obtained necessary and sufficient conditions on a domain in
the complex plane for which the operator of multiplication by the coordinate
function on the Bergman space possesses a bounded square root. Lebow (see
[6, Solution 111]) showed that when H is infinite dimensional, the set of all
square roots of zero is dense in B(H) in the strong operator topology. On
the other hand, Halmos proved (see [, p. 894]) that the unilateral shift S
and more generally, weighted shift operators do not have any square root.
It was shown in [I] that the direct sum and the tensor product of S and
its adjoint S* do not have square roots either. For properties of square and
nth roots of normal and other classes of general operators, see the papers
[3, [7, 9 10} 11, [12] 13] 14 [16].

Our work was motivated by a recent paper [I5] in which the authors
provide complete descriptions of the set of all square roots of certain well-
known classical operators. More specifically, square roots of the square of
the unilateral shift, the Volterra operator, certain compressed shifts, the
unilateral shift plus its adjoint, the Hilbert matrix, and the Cesaro operator
are discussed. Particularly interesting to us is the square of the unilateral
shift. Let us discuss this case in more details.
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Recall that the Hardy space H? consists of all holomorphic functions
f(z) => 07 yanz" on the unit disk for which

7l = (3 lanl?) " < o0
n=0

The set {en(z) = 2" : n = 0,1,...} of monomials forms an orthonormal
basis for H2. The unilateral shift on H? is defined as

Sen = epy1 forall n > 0.

We see that S is the same as the operator M, of multiplication by the
variable z:

(SF)(2) = (M:f)(2) = 2f(2), [fe H. (1.1)

In [15, Section 2], a characterization of v S? is given. Besides the trivial
square root, which is S itself, [15, Remark 2.19(iii)] provides another simple
but interesting square root, which acts on the orthonormal basis as follows:
for n > 0,

S’en _ Jen+3 %f n ?s even, (1.2)
en—1 if nis odd.

As it turns out later, weighted versions of S and S play important roles in
our study.

The unilateral shift is a special case of (unilateral) weighted shift opera-
tors. Let {e,}7°, be a fixed orthonormal basis for H. A weighted shift is a
linear operator A on H such that

Ae, = Wn€n+1

for all n > 0, where w,, € C. Weighted shift operators were investigated
in great details in [I7]. It was shown (see [17, Corollary 3]) that if A is an
injective weighted shift, then A has no bounded kth root for any k > 2.

In this paper, we study square roots of A2 for a general injective weighted
shift A. More generally, we shall be interested in square roots of weighted
shift operators of multiplicity two.

Definition 1.1. Let H be a Hilbert space with an orthonormal basis {e, } 72 .
A weighted shift of multiplicity two with weight sequence {A\,}22, is a
bounded linear operator T on H such that

Tep = Anénia
for all n > 0, where A, € C.

We alert the reader that there is a more general notion of weighted shift
operators of multiplicity two but we restrict our attention to only those
defined above. Since we assume that T is bounded, the weight sequence
{An}02 is bounded. We shall only consider the case T is injective, that is,
An # 0 for all n > 0. Following the proof of [I7, Corollary 1], it can be
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shown that any such T is unitarily equivalent to a weighted shift operator
of multiplicity two with weight sequence {|\,|}22,. Our goal is to find nec-
essary and sufficient conditions on the weight sequence {\,, }>2, for which T’
has a square root and to determine all possible such square roots. Examples
illustrating various scenarios will be presented.

2. WEIGHTED HARDY SPACES AND MULTIPLIERS

One of the crucial ingredients used in [I5, Section 2] is the fact that S2
the square of the unilateral shift, is unitarily equivalent to the direct sum
S @ S. It turns out that any weighted shift operator of multiplicity two is
also unitarily equivalent to the direct sum of two weighted shifts. In order
to establish this result, we need the notion of weighted Hardy spaces (see,
for example, [2, Chapter 2] and [I7, Section 4]).

Let 8 = {Bn}22, be a sequence of positive real numbers. The weighted

Hardy space Hg consists of all formal power series f = > >/ f (n)z" for
which

. ; /
17z = (S 1fm)Pe2) " < oo
n=0

The inner product of any two elements f,g in Hg is given by

(fr9mz =) f()a(n)B].
n=0

It is clear that Hg has {3, Lon. > 0} as an orthonormal basis and hence
the set of all polynomials, C[z], is dense in Hg

If 3, = 1 for all n, then we obtain the Hardy space H?. In the case 3, =

\/7% for all n, we have the standard Bergman space A2. If 3, = v/n + 1,
then H/% coincides with the Dirichlet space D.

We shall use M, to denote the operator of multiplication on Hg by the
function ¢(z) = z. It is immediate that M, is a weighted shift with weight

sequence {Bn+1/0n}rey so M, is bounded on HE if and only if

sup{ﬂgJrl :n:0,1,...}<oo.
n

Let T be a weighted shift operator of multiplicity two with weight se-
quence {\,}>2 such that A, > 0 for all n > 0. Define Sy = wp =1 and

Br = Aoz - Aog—2, Wk = A1A3- - Agp1 (2.1)
for all £ > 1. We recall the direct sum
HE o H2={(f.9): [ €H} g€ B2},

on which the inner product is given as

<(f1,91), (f2,g2)>H

ZOHZ

= <f17f2>H§ + (g1, 92) 12 -
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DeﬁneW:H%Hg@Hfj by

W fmen) =( ";: 2" Z“fo ). (2:2)
n=0

n=0

Note that

(S

0o
H2n o Hon+1 _p 2
‘H2@H2_HZ g—i—HZ o H2
n=0
0o
= (Z |M2n|2> + (Z |M2n+1l2)
n=0 n=0
|3 e
= Hn€n
n=0 H

So W is an isometry. On the other hand, the range of W is dense in Hg ®H?
because it contains all pairs of monomials. As a result, W is a unitary
operator. The inverse W1 : Hg ® H2 — H admits the formula

o0

Nt = Z (f(n)ﬁn e2n + g(n)wn 6’2n+1), (2.3)

n=0

whenever f = 3% | f(n)z" € Hg and g =Y °°  G(n)2" € H2.

Proposition 2.1. Let T be a weighted shift of multiplicity two on H with
weight sequence {\,}72 o such that A, > 0 for alln > 0. Then T 18 umtamly
equivalent to M, ® M, on H2 ® H? for B and w defined as in . In fact,

we have the following commutative diagram:

H s HEe H?

lT le@Mz

2 2
H - H}® H2
where W is given by ([2.2)).

Proof. We first note that since T' is assumed to be bounded, the weight
sequence {A,}o%, is bounded and hence M, is bounded on both Hg and
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HZ. For any h =Y °° | e, € H, we have T(h) = >0 pinent2 and

W_I(Mz@Mz)W(h) W M, @M (Z H2m M Z H2n41 n)

-1 Z H2m _m1 Zﬂznﬂ n+1
—2z , —z
m 0 Wn

M2n5n+1 H2n+1Wn41
= Z oan+2 + — . e+

n

= Z Anfhn€nt2
n=0
since Bn11/Bn = Aon and wpt1/wy = Aopt1 for all n > 0. Therefore, we
have W—=Y(M, @ M,)W =T as desired. O

Proposition [2.1] shows that in order to study the square roots of T', we
need to 1nvest1gate the square roots of M, @ M,. Let A € B(Hﬁ ® H?) be a
square root of M, & M,. Then A must commute with M, & M,. Write

A A
A =
[Am A22:| ’

where A11 : HE — Hg, A12 : HE] — H,C%’ A21 : Hg — H‘% and A22 : H‘% —
H?. Accordingly, we also write

M,® M :{MZ 0]

0 M,

Because A is bounded on Hg @ H2, all operators A;; are bounded. Since A
commutes with M, & M,, we have

for 7,7 € {1,2}. In order to obtain a characterization of such A;;, we need
the notion of multipliers between two weighted Hardy spaces.

Let 8 and w be two sequences of positive real numbers. The multiplier
space Mult(HE,, H?2) is the set of all formal power series ¢ such that f - ¢
belongs to H2 for all f € HE We shall use M, to denote the multiplication
operator f — f-p. We write Mult(HE) to denote the space of all multipliers
of H, that is, Mult(H3, H3).

We list here two important facts about multipliers. The case 8 = w was
proved in [I7, Section 4]. The proofs for § # w are similar.

(M1) For any ¢ € Mult(Hg,HU%), the operator M, is bounded from HE

into H2. We call the operator norm of M, the multiplier norm of

(M2) }ngo € Mult(Hg,HL%) and ¢ € Mult(Hf,,H%), then the product oy

belongs to Mult(Hg, H%) and MyM, = My,.
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The following result generalizes the well-known fact that the commutant
of the unilateral shift on the Hardy space H? is the set of all analytic Toeplitz
operators.

Proposition 2.2. Let 8 and w be two sequences of positive real numbers.
Suppose R : Hg — H?2 is a bounded linear operator such that

M,R = RM,,
where the left-side M, acts on H? while the right-side M, acts on Hg Then
there exists ¢ € Mult(HE, H?2) such that R = M.

Remark 2.3. In the case § = w, this result is well known, see [17, Theo-
rem 3]. The proof for the general setting is quite similar but for complete-
ness, we provide here the details.

Proof. For all integers n > 0, we have M,R(z") = RM,(2"), which gives
z- R(z™) = R(z"*1).
Define ¢ = R(1). It then follows that
R(zF)=¢-2F VE>o0.
By linearity, for any polynomial p in z,
R(p) = ¢ p= Myp.
From this identity and the boundedness of R, there exists B > 0 such that
le - pllaz = [RW)az < Bllpllasz-

Because polynomials form a dense subset in HE, we conclude that ¢ belongs
to Mult(HE, H?). Since the bounded operators R and M, agree on a dense
subspace of H2, they are equal on all of Hg That is, R = M. O

It is well known that Mult(H?) and Mult(A2) are both equal to H*, the
algebra of all bounded holomorphic functions on the unit disk. However,
the situation in the general setting becomes quite complicated. It is known
that Mult(A2, H?) = {0} while H>® C Mult(H?, A%). Characterizations
of multipliers between Hardy and Bergman spaces over the unit disk and
over more general domains have been considered by several authors. See
[4, 18, 19] and the references therein. In the results below, we offer some
fundamental properties of Mult(Hg, H?2) which will be needed for our work.

Proposition 2.4. Let o =Y ¢(n)z" belong to Mult(Hg, H2). Then for
each n >0, if (n) # 0, then 2™ belongs to Mult(HE, H2).

Proof. Consider the multiplication operator M, : HE — H?2 defined by
f=f-pfor fe Hg By property (M1), M, is bounded so there exists
B > 0 such that for f € Hg,

1Mo fllmz < Bl fllaz-
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Setting f(z) = 2™ gives

- ~ n-+m||2 1/2 m m
(S ) = 1Mol < Bl s

n=0

It follows that for all integers n,m > 0, we have
16(n) 2" |5z < Bll2"™ ||z,
which implies
B m
127 g < il g, Ym0

provided that ¢(n) # 0.
Now suppose f(z) =>.>°_, f(m)z™ € Hg We then have

m=0
n 2 = n-+m 2
@)y = 152 Fmze]
m=
oo
= 1fm)P - 12"l
m=0
B N 2 2
< - l2™
< [ty 2o - "l
RECEEC
It follows that B
n
< — .
12" f(2) ||z < 5(n) 1/ 113

Therefore, 2" € Mult(Hé, H2).

O

We now determine conditions for which the multiplier space Mult(Hg, H2)
contains a nonzero element or when it contains all polynomials. Motivated
by Proposition [2.1, we only consider weighted Hardy spaces on which the
multiplication operator M, is bounded. Note that we use C[z] to denote the

space of all polynomials in z.

Theorem 2.5. Let 5 and w be two sequences of positive real numbers such

that M, is bounded on both Hg and H2. Then

(a) Mult(HZ, H2) # {0} if and only if (Mult(Hg, H2) ﬂ(C[z]) £ {0} if

and only if there exists k > 0 such that

sup{wg+k: nzO,l,...} < 00.

n

(b) Clz] C Mult(HéHZ) if and only if
sup{ﬁ: n:O,l,...} < 0.

n
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Proof. We first prove (a). Suppose there exists ¢ € Mult(Hg,Hg)\{O}.
Then ¢(n) # 0 for some index n > 0. Proposition tells us that 2" €
Mult(HE, H?2). Therefore, Mult(HE, H2)NC[z] # {0}.

Let 0 # p € Mult(Hg,Hf,) N C[z] with degp = k > 0. By Proposition
2k € Mult(HE, H?2) and by Property (M1) of multipliers, the operator
M. is bounded from Hg into H2. Thus, there exists C' > 0 such that for
allm >0

1Mk (") [z < Cll2" [ 12

Equivalently, for all n > 0, we have

Witk < CBy.
Consequently,
sup{M: n:(),l,...} < C < 0.
Bn

Now suppose that the previous inequality holds. Then for ¢ € HE,

o 2 [o¢] o
|53 ema|| =D lem)Puly < €Y lem) 262 = CPlpls < oo.

n=0 « n=0 n=0

Thus 2* € Mult(Hg,Hg) which proves Mult(HE, H2) # {0}.

Now, we prove (b). Suppose Clz] C Mult(Hg,HL%). Then in particular,
1e Mult(Hé, H2). By Property (M1), there exists C' > 0 such that for all
n >0,

2"z < Cl" .

That is,
w

sup{—n: n:O,l,...} < C < oo.
B

Conversely, if the above supremum is finite, then as we have proved in
(a), the constant function 1 is a multiplier from Hg into H2. Recall that we
assume M, is bounded on Hg, which implies that z* belongs to Mult(Hg)
for any k > 0. Using Property (M2) of multipliers, we conclude that z*
1-2F is an element of Mult(HE,HEJ). By linearity, it follows that C[z]

Mult(H3, H2).

0N

Example 2.6. For each n > 0, define w, = %, where k? < n < (k+1)2
and define 8, = w,,1. Note that since k! < k¥ < (y/n)V™,

1
1>w, > ———= for all n.
(v/n)vr

Therefore, lim,,_,o ~/w, = 1, which implies that all elements of Hfj are
holomorphic on the open unit disk ID. We also have lim,, . /5, = 1 so all
elements of Hg are holomorphic on .



SQUARE ROOTS OF WEIGHTED SHIFTS OF MULTIPLICITY TWO 9

Since {wp }72 o and {5, }02 are decreasing sequences, M, are bounded on
both H2 and HE On the other hand,

sup{&: n:(),l,...}:sup{ n : n:O,l,...}:oo
/Bn Wn+1

so 1 is not a multiplier from HE into H2. But

Sup{ﬁi n:()’l’”_}:sup{w”—H: n:O,l,...}<OO

Wn Wn

so 1 is a multiplier from H? into Hg In addition, since wy4+1 = B, for all
n > 0, the operator M, is an isometry from H[% into H2. Furthermore,
Proposition implies that for any ¢ = > 72  @(n)z" € Mult(Hg, H2), we
have $(0) = 0.

As we shall see in Section 3, the characterization of /M, @& M, involves
multipliers a, b and c satisfying the equation a® + bc = z. We conclude this
section with two results concerning such multipliers.

Lemma 2.7. Let a = . ja(n)z",b= 320 b(n)z" and c = Y00, é(n)2"
be formal power series in z such that

a’® +be = z.

Then exactly one of the following statements is true.
(i) b(0)é(0) # 0.
(ii) b(0) =0, b(1) # 0 and ¢(0) # 0.
(iii) ¢(0) =0, &(1) # 0 and b(0) # 0.

In particular, both b and c are nonzero power series.

Proof. By considering the constant coefficients and the coefficients of z on
both sides of the equation a? + bc = z, we have

(a(0))2 +5b(0)e(0) =0 and  2a(0)a(1) + b(0)&(1) + b(1)&(0) = 1.

If b(0) = 0, then a(0) = 0 and so b(1)é(0) = 1, which implies that both
b(1) and ¢(0) are nonzero. On the other hand, if ¢(0) = 0, then a(0) = 0
and so b(0)¢é(1) = 1, which implies that both ¢(1) and b(0) are nonzero. [J

Proposition 2.8. Suppose M, is bounded on both HE and H? and there
exist formal power series a € Mult(Hg) N Mult(H2), b € Mult(H2, Hg) and
ce Mult(Hg,Hf,) such that

a’® 4+ be = z.

Then z € Mult(HE,,Hg) N Mult(Hg,Hf)), and either 1 € Mult(Hf),Hg) or
1 € Mult(H3, H2).
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Proof. Write a = 320 ja(n)z", b = 3.0 b(n)2" and ¢ = 3.°°  &(n)2". By
Lemma we have three cases to consider. Firstly, suppose that I;(O)é(O) #+
0. Then by Proposition the constant function 1 is a multiplier from Hg
into H2 and also from H? into Hg It follows that HE = H? (with equivalent
norms) and C[z] C Mult(Hg,Hg) N Mult(AHg,Hf)).

Secondly, consider the case b(0) = 0, b(1) # 0 and ¢(0) # 0. Then by
Proposition 2.4} z € Mult(H2, H3) and 1 € Mult(H3, H2). Using Property
(M2) of multipliers and the fact that M, is bounded on H2, we conclude
that z € Mult(Hg, H2) as well.

Lastly, if ¢(0) = 0, &(1) # 0 and b(0) # 0, then a similar argument as in the
second case proves that 1 € Mult(H2, Hg) and z belongs to Mult(H2, Hg) N
Mult(H3, H2). O

3. CHARACTERIZATION OF SQUARE ROOTS

Proposition shows that in order to study the square roots of weighted
shifts of multiplicity two, we need to investigate the square roots of M, ® M,.
The following result offers the description of any such bounded square root.
In the Hardy space case, we recover [15, Theorem 2.7], even though our
statement is slightly different.

Theorem 3.1. Let 5 and w be two sequences of positive real numbers such
that M, is bounded on both Hg and H2. For A € B(HE@HEJ), the following
statements are equivalent.
(a) A2 =M, ® M,.
(b) There exist a € Mult(Hg) N Mult(H2), b € Mult(Hg,Hg) and ¢ €
Mult(Hg,Hf,) satisfying

a’?+be=z
such that
o Ma Mb
A= [ Vo MJ .
Proof. Suppose (a) holds. Write
A A
A=
[Am A22] ’

where A11 : Hg — H§7 A12 : H‘% — HE, A21 : Hg — H(,% and A22 : HE; —

H2. As we have seen in (2.4), these are all bounded operators that satisfy
AijMz = MZAZ]

for i,j € {1,2}. By Proposition there exist power series a € Mult(Hg),

b € Mult(H?2, Hé), ce Mult(Hg,,H ) and d € Mult(H2) such that

. Ma Mb
A_[MC Md}
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Squaring A, we obtain

M, 0 42— My2ype Mapypa
0 M, Megrde Mepyg2

which gives
a’? +bc=cb+d* =2 and bla+d)=c(a+d)=0.

By Lemma the first two identities imply that both b and ¢ are nonzero
power series. This, together with the last two identities and the fact that the
ring of power series does not have zero divisors gives a + d = 0. Therefore,

d = —a and hence,
_ Ma Mb
=i
for a € Mult(H3) N Mult(H2), b € Mult(HZ, Hj) and ¢ € Mult(Hz, H2)
satisfying a? + be = 2.
Suppose now that (b) holds. Then A is a bounded operator on Hg ® H?
and since M, commute with both M, and M., we have

o [MaMy + MM, MaMb—MbMa]_ [Ma2+bc 0 ]

A% = -
MM, — M M, MM, + MM, 0 Moy,

Because a® + be = z, it follows that A2 = M, & M,. O

Theorem combined with Proposition [2.8] provides us necessary and
sufficient conditions for the existence of a bounded square root of M, & M,.

Proposition 3.2. Let 8 and w be two sequences of positive real numbers
such that M, is bounded on both HE and HE) Consider M, & M, as a

bounded operator on Hg ® H?. Then VM, @ M, # 0 if and only if one
(possibly both) of the following two cases occurs:

(a) sup{‘é—g: n:(),l,...} < 00 andsup{%—:l : n:(),l,...} < 0.

In this case, Q,, = /ﬁl ,u](;/lz belongs to /M, & M, for all i # 0.

(b) sup{g—:: nzO,l,...} < 00 cmdsup{% : nzO,l,...} < 0.

_ o
In this case, R, = M](\)/—[ ’LLO belongs to /M, & M, for all u # 0.

Proof. 1t is clear that if (a) or (b) holds, then /M, & M, is nonempty since
it contains all @, or R, (or both) for ;1 # 0.
Now suppose there exists a bounded operator A on Hg @ H? such that

A? = M, ® M,. Then by Theorem

. Ma Mb
A=l )
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where a € Mult(Hg) N Mult(H2), b € Mult(Hf,,Hg) and ¢ € Mult(Hg,Hf,)
satisfying a® + bc = z. Using Proposition we conclude that the multi-
plication operator M, is bounded from HE into H2 and also from H?2 into
HJ3. This implies that

/Bn—i-l
Wn

sup{wgﬂ: n:O,l,...}<oo and sup{
n

Also from Proposition we have two cases. If 1 € Mult(HE, H?2), then

: n:O,l,...}<oo.

w

sup{—n: n:O,l,...} < 00
Bn

and the matrix @), represents a bounded operator on Hg @® H2 for any p # 0.

A direct calculation shows (Q,)? = M, & M,. Therefore, (a) holds.
If 1 € Mult(HZ, Hj), then

sup{&: nzO,l,...} < 00

Wn

and R, is a bounded operator on Hé @ H? which satisfies (R,)* = M, ® M,
for all u # 0. Hence, (b) holds. O

Now suppose T is a weighted shift of multiplicity two with weight sequence
{A\n}22 such that A\, > 0 for all n. Proposition and Theorem
describe all possible square roots of 1. On the other hand, Propositions
and together provide us a necessary and sufficient condition on the
sequence {A,}o2, for the existence of bounded square roots of 7. Recall
that 8y = wp = 1 and for all n > 1,

Brn = AXoA2 - Aop—2,  wnp = AA3 - Aop_1.

Theorem 3.3. Let H be a Hilbert space with an orthonormal basis {ey }o2 .
Let T be an injective weighted shift of multiplicity two with weight sequence
{An )02y with respect to {en}o,y. For any Q € B(H), the following state-
ments are equivalent.
(a) =T
(b) There exist power series a € Mult(Hé)ﬂMult(Hg), b € Mult(H2, Hé)
and c € Mult(Hg, H?2) satisfying

a?+be=z

such that

_ -1 Ma Mb
Q_W |:MC _Ma:| VV7
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where W is given by (2.2). Equivalently, for all integers n > 0,

Q(e2n) = i (&(m_n)ﬂ*‘f?m*‘ e(m _n)%‘??mﬁ-l)a

— Bn
Q(eant1) = mZ::n (B(m - n)i:egm —a(m — n)i—:engﬂ).

We recall here that for a power series o, we use &(j) to denote the
coefficient of 27.

Proof. By Proposition we have T = W~1(M, ® M,)W. As a conse-
quence, Q%> = T if and only if Q = W~LAW, where A> = M, ® M. on
H3® HZ. The equivalence of (a) and (b) now follows from Theorem E To
obtain the formulas for Q(e2,,) and Q(e2,+1), we note that

W(ean) = <ﬂ—nz 0) and Wi(egpt1) = (0, wlnz").
As a consequence,
e = (2 M )
and
[%Z _J\]/{/_z; ] (€2n+1) ( Z 2™, f: am )

The required formulas then follow from the definition of W' asin (2.3). O

Theorem 3.4. Let T be an injective bounded weighted shift operator of
multiplicity two with weight sequence {\,}7 . Then VT # 0 if and only
if there exists a positive constant C' such that one (or both) of the following
conditions holds:

A1z Aap1

1
(a) ek [Aon| < m < C for alln > 1. In this case, for any

p # 0, the unilateral weighted shift Q, defined as Q,(e;) = wjeji1
i a bounded square root of T', where

K if j =0,
Ao~ ifj=1,

w, = A s Agn - .

’ ke Aon 2 1 if j =2n withn > 1,
Xodz-Azn-_2don  — o '
Aodadonndon =L if j =20 4+ 1 with n > 1.
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1 AOA2 -+ Aop_9
b) — - |Aon < |
()C | 2+1’_‘)\1)\3'-'>\2n71

any p # 0, the operator R, defined as

‘ < C for allm > 1. In this case, for

Ro(e)) wjejyz  if J s even
€, pry
oA wjej_1  if j is odd

is a bounded square Toot of T', where

r)\lu 7;sz07
pt ifj=1,

wj = %M if j =2n withn > 1,
Aoda-Azm_a  — o _
| 3Esz=2ut ifj=2n+ 1 withn > 1.

Proof. As noted in Introduction, 7' is unitarily equivalent to a weighted shift
of multiplicity two with weight sequence {|\,|}52,. Therefore, without loss
of generality, we may assume that A, > 0 for all n. Then as in the proof
of Theorem a bounded operator () is a square root of 7' if and only if
Q = W™LAW, where A is a square root of M, @ M, on Hg ® H2.

Note that for n > 1,

Wn  AA3c o Agpd Brt1 Aoz Aoy

Bn Aodac-Agna’ wn  AA3 o Aopo]
and

Bn _ Aoda---Aang Wnt1 _ A3 Agna

Wi A1A3 - Agpe1’ Bn oAz Aoz
The conclusion of the theorem then follows from Proposition The for-
mulas for @, and R, follows from those in Theorem [3.3(b). O

Remark 3.5. If T = S2, the square of the unilateral shift, then both
conditions (a) and (b) hold. The operator @); coincides with S while R; is
the same as S defined in (1.2). For general T, while @, is a weighted shift
(a weighed version of S), the operator R,, is a weighted version of S. Tt is
surprising that if v/T # (), then either weighted shifts or weighted versions
of S must be square roots of T'.

Since both conditions (a) and (b) in Theorem are invariant under
taking pth powers for any p > 0, we obtain the following corollary.

Corollary 3.6. Let T be an injective bounded weighted shift operator of mul-
tiplicity two with weight sequence {\,}72 . Suppose T has bounded square
roots. Then for any p > 0, the weighted shift operator of multiplicity two
with weight sequence {\L}°2, also possesses bounded square roots. (Here,
Mo can be taken to be any p™ power of \,.)
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Example 3.7. Consider T the square of an injective bounded unilateral
weighted shift with weight sequence {6, }22 ;. Then T is an injective weighted
shift of multiplicity two whose weight sequence is given by A, = 6,041 for
all n > 0. Due to the fact that the sequence {0, }22 is bounded, a direct
calculation shows that condition (a) in Theorem holds. It follows that
Q. € VT for all ;1 # 0. In particular, for © = &y, we recover the original
unilateral weighted shift.

On the other hand, since
AoAg---Aan—2 _ do.
AMA3 A1 do2n)

condition (b) in Theorem holds if and only if |d2,] > |do|/C for all
n > 0, that is, {|d2,]}22, is bounded away from zero. If this condition is
not satisfied, then for u # 0, the operator R, is not bounded, hence, cannot
belong to VT.

Example 3.8. In this example, we examine the square roots of T = M?2
on H,% for a class of weight sequences v = {y,,}72,. We assume that M, is
bounded on H% It is immediate that T is a weighted shift of multiplicity
two with weight sequence {\,}22, given by

\ _ In+2 n> 0.

n — )

Tn

Recall that with this T, we associate the sequences [ and w defined by
Bo =wo =1 and for n > 1,

72 T2n+1
Bn=AoAa- Aon_o = 22 and wy = MMz Agp_g = L,
Yo il
We assume further that there is a constant C' > 1 such that

%L < von < Cvp, and %L < Yopt1 < Cv, forallmn > 0.

(Note that these two conditions are satisfied by all the classical spaces in-
cluding the Hardy, weighted Bergman, and Dirichlet spaces.) It then follows
that the spaces H2, Hfj and Hg are the same as sets and their norms are
equivalent. As a consequence, the multiplier spaces Mult(Hg), Mult(H?2),
Mult(Hg, H2) and Mult(HE, H2) are all equal. Let us denote this common
multiplier space by M. Theorem [3.3] asserts that a bounded operator @ on
H,% is a square root of M2 if and only if there exist a,b,c € M satisfying
a® + bc = z such that

2n 0 2m 2m-+1
z R Bm z . Wi 2
Q(—)z (amfn—iJrcmfn— )
Y2n mzz;n ( ) Bn Yo2m ( ) Bn Y2m+1
0 2m 2m-+1
= (&(m—n)z——l—é(m—n)ﬂz ),
Y2on Y1 V2on
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which gives

gi!
Similarly,
2n+1 e R 2m 2m+1
(221 2 5 (b= 0222 22

Yon41 men Wn 7Y2m Wn Y2m4-1

e 2m 2m+1

:Z<lb(m—n)z —am—n)z )
men 70 Yon+1 Yon+1

which gives

It follows that
2y, 0 2 My 2 2y) 9o(2)
— 2,. . Mp(a2y - 2. .
Qo)) = () + 2= () )gele) + (T20(2) = = -a(%)) %
Here, for g(z) = Y 07, g(n)z" € Hg, we define the even component g.(z) =

>0 5.G(2n)z*" and the odd component go(z) = > oo g g(2n + 1)z*" 1. Re-
placing b(z) by 22b(z) and c(z) by Ztc(z), we may write

(Qg)(2) = (a(z2) tz- C(ZZ))ge(z) + (b(%) 'y a(22)>goz(z). (3.1)

In the case H% is the Hardy space or any weighted Bergman space over
the unit disk, the multiplier space M is equal to H*. Formula (3.1)) (with
a,b,c € H*) then provides a complete description of all square roots of M2
on these spaces.

We also remark that becomes formula (2.20) in [15] if we replace
a(z) by z-a(z) and ¢(z) by z - ¢(z).

We conclude the paper with an example of a bounded weighted shift of
multiplicity two which does not have any square root.

Example 3.9. Define A,, = 1 for all odd positive integers n. For even n > 0,
define A\, = 2 or % in the following pattern: 2 appears once, % appears twice,
then 2 appears four times, then % appears eight times, etc. The first several
terms of the full sequence {\,}°2, are

SRR IR NI R I RIS RS RIS NS Ui NI NS NS RIS I NS
2 2 2 2 2 2 2 2 2 2
We see that

AMA3 - Aan—1 1
su —:nZl}:su {—:nzl}:oo,
p{/\0>\2“')\2n—2 P AoA2 - Aop—2

and

{)\0)\2"')\%—2 .
sup{ —————=

AMA3- - Aono1 nzl}zsup{)\o)‘Q"')‘2n—21 nZl}:OO.
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Let T be a weighted shift operator of multiplicity two with the above weight
sequence. It then follows from Theorem that T = 0.

(1]
2l

3l
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]
(12]

(13]

(14]
(15]
(16]

(17]

18]
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